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ni(Mip:ii  .\L(ii':in?A 


<ii.\rTi:i;  i 

I!  Alio. 


1.  I)i;fimtm.v.  Ratio  is  Ih,.  ..■lation  \Nl.i<l.  ,„„.  (iiumtity 
l>r.irs  tu  allot  li.T  ut'  tlif  s>i„i,'  kind.  \\„.  cuiiipaiiM.n  Kciiii,'  iiia.lf  liv 
<niisi(|.Tii|.^r  uliai  hnihij.l,.,  [lart.  nr  jiaits,  i.iic  «|iia.it  it  v  is  ot'  tli'c 
otlnr. 

Th.'  iaii(.  <<{  A  tn  /;  is  iiMialiy  uriti.-ii  A  :  /!.  'I'h..  <|iiaiit  it  irs 
.(  and  /;  ar<-  rall.d  tlir  /.rins  of  tli."  rati...  'J'lic  first  trim  is 
tall.d  1 1 ir  antecedent,  the  s.-.-oiid  tfrm  t lie  consequent. 

-.  To  lind  wliat  iiiiiltiiilf  oi-  j,a,i  J  is  ,,f  /;.  ,^„  di\id.'  .1 
\>y  II:   lirnc..    th.'    lalin.l    :    /;  may   Ih-  iiicasiiivd    l.y  tli.'   tVa.-tio'ri 

^,  ,  and  w,.  shall  iisiially  Iji.d  it  .•oiPciiimt  to  .uloj,!,  this  notation. 

Ill  oidrr  to  .  ..iiiparo  t\No  (luantiti.'s  tli.-y  must  l.o  fxpn-ssfd  in 
t.Tins  of  til.'  saiii.«  unit,      'i'hus  (lit'  ratio  of  fl  to  l.'i..;.  is  lucasuml 

,      ,     ,.      .      •-'  •■  I'd       8 

I'V  I  h.'  ila.t  l.)li  —   OI' 

1 .)  W 

N"iF.     A  ratio   fxpres-ts  the   u>iin[„'r  of  tiin.  s  tliiU  on.-  iiiiaiililv   r..n- 
taiii.s  iiiiDthcr,  and  therefore  tverij  rnUo  is  nu  ,il,.<liii,t  ijiiaiiliti/. 

'■V      Sin.-c  liy  tiic  Laws  of  fraL'ti.ms, 

'(       ma 

/'        mh  ' 

it    f.)ll..ws  that   thf   ratio  a   :  h  is  .-.lual   to  tho  ratio  /„a   :   ,„/, ; 

tiiat  is,  (he  viilne  <i/  a  mho  r'in.ilns  muiUtrtd   if  th.i  unt^cfdvnt 

and  llfi  ro,u<r.j<„n/  ar-  ,a>iltli>lnd  or  dlrll^-d  b<j  the  mine  quantity. 

il.  11.  A.  1 


2 


llI<;iiKi(    \h;kiiI!A. 


'■M"l^.■'l'■nt    tract.uns    m   ;.    .■,„„iMnn    .l.i,..,ui„at.,r;     Tims   .suj,,„,s,. 

"    :    /'  .umI  ,r    :    .,  ,•„..  ( ^^  u  ,;,ti.K.       Now  J'       ^"^  ,  .umI  •''       '"' ;    |„.„,,. 

•!"•    •••-.ti-,,    .    /,    is    ^,r,,t..,     lliMM,  .•.|U;.l    to,    or    l,.ss    tku.  Tl,..   rati., 
.'■         //  .ir,,,,,!,,,-  ,-,.  .^v   is    -,,,lt..r  III;,,,,   ,..,U,-,I    In,    ,  „•   |,.ss   t||.,ll   I,,-. 

■'■      ''■'"■  'I'i"   ">'    l\^"    t'l.i.tii.ns    .-.ui    1...   rs|,ivss,.,l    as  a    ratio 

(it'     tw,,      ililf'iTs  'I'lllls      till'      litii,    "     ■     '        ;  II  I 

'  ""^     ""      lalln    I     ■      ,    ^K     liitasiufil     l)V     the 

n 

..  //  III/ 

tiart  loll   _  ,     or' 


,1 


;     and     is     III.  I, •tore    fi|iii\,i|,.|,t      to     til,,     f.iti, 


"/    :    hr. 


''  .  "  '"'"■'•'  •"•  '"''I'-  "'■  <!"•  t.MiMs  of  a  fatio  !».  a  suid 
<|iiantity,  llin.  ii..  twn  ii,t..-r,s  ,au  !,.•  fc.iin.l  wliirl,  uilj  ,.r,irf/,, 
iiiras.in-  lliLir  ratio.  Tlius  tlir  rati-.  ^  2  :  I  ,am,ot,  I,.-  cxa.tlv 
•  ■njho-imI  liy  any  two  intci^cis. 

7.  Kkfimtion.  If  tl...  ratio  of  any  two  .,i.at>t it irs  can  l.e 
.•xp.vs.siMl  ..xa.tly  l,y  tl„-  ratio  of  ,.,„  inf-rrs,  tl..-  ...lai.t iti.-s 
an.  sai.l    to   I,,,   commensurable;    otI„.rwis,.    thrv   arr   said    to    In- 

incommensurable. 

Altlioiiyl,    Nv,.    raniiot    lin.l    two    intc-.-rs    wlii.l,    wij]    ..xa.tlv 

inrasur,.    th,.    ratio   of    two    in.- n.-nsural,!..  <,iiant  it  i.^s,    w,.    ..ali 

always   IuhI   two  mti-r,.  ul.osr   ratio  .liili-rs  froiu   that   n-quircd 
liy  as  .siiiall  a  <|naiitity  as  wf  iijcasi'. 


'riiii.v 


ami   llicrcfo 


J.'i     •Jj:!);(»(;7... 


^'•")      ■).".!ioi(; 

1  KiDIKHMt  '""     ■     KmK^OOU' 


•.■'.">'joir..,. 

■).">9(»17 


so  that  th.'  (liHrivti,-,-  lictw,,.!,  tlic  rat ios  :>:.<JUl6  •  lUtMMittO  •ind 
,  •■-  :  I  is  1...S  than  (MMKM.I.  |!y  rarryin^r  tli,-  drrimals  further,  a 
ili.si.r  a|i|iroMiiiat  ion  iiiav  Kc  arri\f(l  at. 

N.  l>KKIMTIoN.  Itatios  ar.'  rumjinniofi'il  l.y  inuhiplvill.'  to- 
.U.'thrr  thr  trarth.ns  uhi.h  drnot,.  H,,.,.,  ;  or  l-V  Mmlti|,rvii,"  to- 
^'.tiirr  th..  antivr.l.-nts  tor  a  urw  aafvcdcnt,  and  the  cui,.M.,iuent.s 

>'■■•■'  •(    !:'■"■   •  '^isftjii;;;!. 

l:.,,ni,pl,.     Fin,l  th,.  ratio  coiupouiidod  of  tlif  three  rutins 
•J.(  :  M,.  full,  :  ,-„-■    ,.  :  ,< 


KAIIO. 


8 


Tlic  iiiMiifcl  iiitici  =  " 


l\.il' 


'.<.        IIKHMTION.        Wl.rll     llir    ratio    „    :  /,    js    r.  .,„,„  ,,111.1..,  |     witll 

iiM  If  il,..  KMiltiii-  rati.,  is  a' :  //,  at..l  is  .  all.,!  tli.-  duplicate  ratio 
..I   .1     /..      Similarly  </'  :  //  is  .all.-.l    tli..  triplicate  ratio  ..f  <,  ■  I, 
AUi.  ,/    :  /,    is  .  all.'.l  th.-  subduplicate  ratio  ..f  a  -. },. 

I.r,nni,l,<.  (|)  I'li,.  iliiiilicutc  mlio  of  2./  :  ;</.  w  l„-  :  <iA'-. 
(•_'»  Tlic  siil)(liiplir,iti'  rnti..  i.f  |<.»  :  2",  j^  7  :  ,-,. 
''.^)     Til.'  tripliciit.'  riiti,.  of  2.r  :  1  is  s.r'  :  1. 

10  I>i;kimti..s-.  a  rati.,  is  sai.l  t,.  1„.  a  ratio  of  ,,rrahr 
n,..l,n,hh,^  ot  Asw  i„>'.iu„l,ti,,  or  of  ,:,„„r,l,,,  a.vor.ji,,.'  as  fl... 
ant.,-..,|..Mt  is  ,jrratrr  ih„n,  A.v.v  th,,,,,  01   r,,„.,l'ln  t|„.  .•.,„s.",M...it, 

II.  A  r.ilin  i,/i,,:„l,r  ;„.,i„,,lii,,  Is  ,//,///„/../„.,/,  ,no/  a  rati.,  ,./' 
/..«   u,..,nar,l,f   is   i,„r.ns,d,l,y  od.llnj  ihr  «.,,„•    ,inai,tU.j   to   hull, 


!/•<  /'/•;/(.<. 


)l    ■   ./• 


L.'t    ^^    1„.  tl...  rati..,  iuid  l.'t  ^^^'^    I„.  th,.  ,„.«•  ratio  f..riM-.|   l,_v 
addiii;,'  .'•  to  l.otli  its  ti'rius. 

V    ,,  "        "   '  •'■         flM  -  fu 

.>  OW  .- 

/'         ''    •    .'■        /(  (/>  +  X  I 
X  (,f  -  h) 
b  {b  ^  ./•)  ■ 
aii.l    (I     /,   is    j,ositiv.-  or    iici,'ativo   a.-c.r.IiMi,'   as  „   is    "n-atrr  or 

il'SS    tll.lll    /l.  " 


(I       (I  t  ./• 

'(      ii  ~  j: 


llfiiif  if  a    ■  II, 

and  it'  ,/      A, 

which  proves  the  j.r.ip.isit ion. 

Similarly  it  can  I,.-  j,ro\r.|  that  (i  ruth,  <,/  (jn'ntcr  iwqiui/lf,/ 
IS  i)irreo,s';/,  and  a  ntlio  »/  A  %>•  'ui>;j,(,ilitii  is  ,liiala!sl„',l,  by  t(iki,i,j 
til''  sniiii'  iptantilii  from  huth  its  tf-r/ns. 

1-.  Wlicii  two  oi'  iiiorc  ratios  arc  cjual  maiiv  useful  j.ro- 
{.ositK.iii;  may  !>.>  prov.'d  l.y  iutro.lu.iiii,'  a  single  syiidx.l  to 
denote  ca.li  of  the  cjual  ratios. 


1—2 


IMCIIKU    AI.CKIIItA. 


Til.-  |n<H.f  of   thr  t'.illcivsiiii,'  iiii|H.r«.iiit    tlH'i.iriii   will   illiiHtnite 
I  he  iii'-tliiiil  <pf  |iiiiic(luif. 


//• 


(((./(     !</       till  SI       llltlll.1  I 


I,     .1     f 

|ili"  I  (|il"  t  I  i" 


) 


I'lii  ri    i>,  (|,   r,  II  "'■'■  "////  i/iiiiiifitii.i  ir/iii/ii'ii'. 


tllCII 

W  liclllf 


I,    ll     f 


/■: 


„      1,1.;   I-     if/.;  p    ./■/.■,..; 
jia       fill  A  ,   '/'•       7''  /.  ,    /'        './    /•  , 


jKl       '.     Iff       i    V' 

nil'    ♦   ifil  '  I    /■/   '   •    .  . 


jili"/c"  i  iji/'/:"  '  rj  "k"  t 
pi,"  I  7./"  I  ;;/■"  (  ... 


f till   1  iji'"  f  /■' '  +  . .  ."     .     ll     I' 

^    I.     d 


n„,     ,  7--    f  ,:■    +  . .      " 


I'.y  >;i\iiij,'  dititTciit  \;iiiics  tu  ]>,  7,  /•,  a  iii.iny  p.iiticiil.ir  cases 
lit'  tliis  l;cii('i;i1  |irii|><isit inn  iiiiiy  In"  dciliiri'il  ;  ni'  flicy  may  In- 
juoscd  ii:(lc])('inlciitly  Ky  iisin;;  tlic  s.uiic  im-t liud.      Km-  iiistam-t', 

n      c       >\ 

h       d     J 

li  \  C    k-  V  -(     ... 


if 


facli  <.f  tlifsc  ratios 


l>  4-  (/  !  /■+ 


a  ri'snlt  of  snrli  fivijufMit  utility  that  tlit>  fnllowin;,'  vcflial  fiiui- 
vali'iit  slididd  1h'  iioiicfil  :  ll'Ai'/*  n  siriis  <>/ frarllinis  ore  rquid, 
iiirh  0/  t/ii  III  is  iifiiid  ti,  till'  sum  vf  all  tin'  nnniernturs  ilirhli'd  bi/  the 
sum  of  <dl  till'  ill  iiinniiiutiirs. 


/■..riiiiiiilc  1.     If  .   -    .        ,  sliiiw  tliat 

Ij         ll        I 


ii^h  ■  2r"f  -  '.iiii'-f      i/iv 
h*  .  -lilf     :i/,r  '   ^  hilf' 


Let 

then 


a      r      I' 


.    L- 


I.      ■•     J 
a  =  l,k,  c     ill;,  e  -  I'k  ; 


UMIo. 


„';,  .'j.v     :i-i/7-     /,«;.'•  •.'./■■rA'    :»/./H' 


',      ./      f' 


■r      '/ 


I  r^iiiiiilf  •_'.     If         ',  -  '  ■  ji">vc  ilia;  , 

'  (I       h        '■ 

x"  ■  It'      !/■-■  f  '»'      ;■-  t-  r-      (r  ,-  1/  .  ;')'-■  t  ('I  '  ''  ♦  '')"■ 


It         0 


A  ,  no  that  X  -  "*,  ij  -Ilk,  z  =  li  ; 


then 


J  +  (/         dX'  +  a  A  t  1 

(A-  -1)/)      (A-  .  Dr 


.r-'  .  „■-      7'  ,  //-      z-  ■  c'      (A'  4-  It ./      (A---  M )  /<   ^   (A-  .  1 1 
•■•     x  +  u    '^'>J  +  I>  ""   :  ^c   ~      At  I  At-1  *:  t  I 


(A- 4  1)  (.(  ^fe  f) 

A-  (.(  4-  b  ,  -f  +  (.J  4  ''  +  •■)' 
k (it  ¥  I'  ■■  <■)  +a  +  b-i  n 

{hij-kh  i  ky)-  +  Ui  +  l>  ■■  <■)- 
~(k(t  +  kh  +  Ac)  +((  +  /<  !  <• 
(.r  +  !/  +  i)-r  ((i-rfc  +  r)-_ 
J  +  J/  4^  -■-  "  +''  +  '■ 


i;;       If  .■III  ((iiution  is  liuiii()j;fiirniis  with   rc^]"  rt   to  .•.■it.im 

MU.iMtitics,  Nvr  m.iv  for  tli.-s.-  .luaiititi.'s  sul.stitutv  in  tl lualioii 

any  otlicis  proportional  to  tlii-iri.      For  instance,  tlir  .Mniation 

is  I>nn.o;;.>n.-.us  in  r,  y,  =•      T^'t  «,  P,  y  '•<■   tl.ne  .,uantitirs  pn. 
portional  to  u\  y,  =  n'spi'ctivcly. 

I'ut  k     -       ''      '  ,  so  t'i'it  ^     uA-,  //     lik\  --.      yk ; 
a      (i      y 

t!'..-.*  is.  /"Y^  '  ?/(a/3'v  ^  iifi'y'     0  ; 

,ui    .■.,n.iti.>n    of    tl.o    wiinr    form    as  tl.o  ori-inal   on,-,    l.nt  with 

,.,  /i,  y  in  thf  places  of  x,  y,  :  respc'jlively. 


6  IIKMIKK    AI.CKIiKA. 

1  1.      Tlif  t'ollou  in^  lliforciii  is  iinpfntjiiit. 


// 


•  'i,       •'.       ■■' . 


/;<■    liiii'ijiiiiJ  Jrdi'tiiiiis,    ol    ^rhirli,   tlin   de- 


'iHiiid  luiliirs  (III   nil,  of  (he  saiai:  xi'jn,  then  thi;  J  rm'ttdit 

■A,  .  .•!_, -*a,  )    ...    )  .•!„ 

'•■+''.  +  ''.+  ■••  +'»" 

Jits  ill  iiiiiijiiiliiili'  bihrei  n  the  f/i'eat''st  and  lenxl  i>J  them. 

Siiiijiosc  tli.-it  .-(11  tin-  (Ifiioiiiiiiutnr.s  ;u-(' positive.     Let      '  In;  tlic 

1 1 

least  fi'ju-liiiii,  ;iiul  (IriMitf  it  1>v  k  ;  tlicii 


.-.    Ity  .■iddition, 


'    /:■; 

.-.  <t^      hh,; 

'  >  A- ; 

: 

.-.  «,  >  A(!/,  ; 

-'.A; 

•••   <K      kli^^ 

;ili(l  so 

Ol  1 ; 

A,  +  h,  +  h.,  + 


+ "        ,        ,        .         (I 
,'      /•:    (li;it  IS,  >  ,^ 
I-  (I  1 1 


Siinilar'lv  wf  iii-iy  ]irov«;  tliai 


rt,  +  ft,  +  rt^  + 


+  (i.. 


f>    +  li    +b,  +  +  h        h' 

wlicic     "  is  tile  greatest  of  tlic  ;ii\('n  fi-artioiis. 

In  like  MiaiuHM-  tlic  tliooiein  mav  lie  proved  when  all  tiie 
(loiioiinn.-itors  are  iiei;ative. 

l.").  The  ready  ajiplieat  ion  of  X\h^  iji'ui'rid  prhirifJe  \n  :o\\ci\ 
ill  Art.  12  is  of  siuli  tinat  \aliie  in  all  hrani.'lies  of  iiiatlieiiuities, 
that  the  studfMit  should  lie  alile  to  use  it  with  some  freedom  in 
any  jiartieiilar  case  that  mav  arise,  without  iieeessarily  introdueing 
an  au.xiliarv  svmliol. 


K.riuiipU  1.     If 
l)rove  that 


li  +  e     II      c  i-  II  -  I)      II  +  h  -  e 
•r  4.  _,/  -;-  ;  ^  ,r  (v  i- 1)  ..^ ,,  (:  -f  .r)  +  z  (x  +  y) 
ii  +  b  +  c  "2  ^<(.r  +  hij  +  cz) 


UAlli>. 

-inn  of  iiimii'iiitors 
E.ich  of  the  Kiven  fractions     ^^___^  ^,.  ^i,,„,„„„..^,„,. 


a  -r  ''  -t- 1." 


(1). 


each  fraction  = 


At,'ain.  if  \ve  multiply  l.otli  nuni.'iat..r  and  d.'noniiniitnr  of   the   thr.o 
given  fractions  by  y  +  :,  z  i- .r,  x  ^ ;/  risi)tt;tivi.ly, 

Mini  of  nunu'rators 
Mini  of  ilenominators 

.r(;/  r-)  •  i/l:  -.r)^:{j  +  l/) 


l-'i. 


.-.  from  (1)  and  ['2) 


X  ■'  ^  ' 


I 


.1-  (/,!/+«  -  (ix)  '    >J  (c:  +  <i.c  -  hii)      I  (rix  +  hi,  -  <;) 


X 

T 

z 
n 

;/i/>i-  »!• 

-  /a 

m     n 

-  mh      ~l 

I  r  liib 

-  }IC 

provt!  that 


We  liave 


2 /-I 
=  two  similar  cxprt'ssions ; 

iiij  -f  mc     /;  +  "X      »»T  -i-  III 
a       "      I)  '' 

Multiply  the  first  of  these  fractions  above  ami  below  by  x,  the  secoiul  hy 
y,  and  the  third  by  :;   then 

nx'i  --  )iijcz     hi:  -'.-  urij  __  m.i:  -t  /;y-: 
(IX        "        '•;/       ~       '■' 

2hjz 
hij  +  rz-  a.r 


:t\vo  MiViilai  c A|-r("s.>*oi;;; ; 


•■•     xOxj  +  cz-ax)      y{r:  +  ,t.r-h,j)      z  (ax  r  uil  -  czY 


B 


^ 


8  IIICIIKIl    AI.<iKlt|{.\. 

1().       It'    \M'    li.i\f    ttri)    (M|u;it  ions    roiituiiiiiii;   time    unknown 
(]U.inl  it  iis  in  tlu'  llist  (irj^'icc,  suili  ;is 

„,.i-  +  f>j/  +  r^-.      (.1 (1), 

",-':+'>,//  +  ''.i-    "  (-'), 

we  cjiMniit  solve   tlirM-  cDiiijilctcly  :   liiit    liv  writing;   tlicni    in   tlm 
form 


I  c,      <>, 


*  c.      (I 


'/I    '  ]  i   l> 


(0 


wo  c.-in,    '>y   I'ri^.irdinu'    -  ■ind   '     us  tli<'    unknowns,    sohf   in    tho 
fU'diiiJii  V  \vay  and  ohtani 

or,  more  syninK'tricidly, 
a; 


'/      '">" .  ■ 


^^/^  —oj)^ 


.(:5). 


^\<',-<>,'^^    <">"j-'V'>    ",'',~"J\ 

It  thus  ajijicai's  tliat  wlicn  we  lia\('  two  filiations  of  tlic  tyini 
icpn'scntcd  hy  (1)  ;ind  {'2)  we  may  always  by  tlit;  above  formula 
write  down  tlic  r<ttii>s  x  : //  :  :  in  turuis  of  the  cocHic-ieiits  of  tlie 
t'(juations  by  *.'.,v  following  rule: 

Wiite  down  the  eoeilirieiits  of  r,  //,  ;;  in  ofder,  bej^dnninj,'  with 
those  of  //;   and  i-ej)eat  these  as  in  the  diagram 


,-/ 


^ 


Midli]'lv  {\\i-  enelliriems  aeioss  in  the  Way  indieaied  liy  the 
allows,  reineiiiliering  that  in  forming  the  jirodints  any  one 
olitaiiied  bv  deseeiidiiig  is  ]iositi\(',  and  any  oiu;  (obtained  liy 
ascending  is  negatiNe.      Tiie  three  ii'sults 


/(  r        li  <•  ,    (•  <i    -  f  (I  .    (>  h    -  -  II  ii 


are  jiiojioi  t  ional  to  .<•,  _v,  -  resjieetiv cly. 

This  is  ealled  the  Rule  of  CrciS  Multiplication. 


»i 


UATIO.  9 

Ej:(iiii]iI,'  1       TiiiJ  tliu  iiUi<'S  oi  jr  :  ij  :  ;  fioiu  tlie  oiiuatioiis 

7x-  1(/  +  M--,      ;5,==12.r  :  11;/. 
liy  tiansiiositiiin  wo  Luve  7x  -  1^     s.=0, 
12j'-^ny-:!--^0. 
^VIito  down  thu  oifllicit'iits,  tluis 

-  t      -  H       7      -   1 
11         :i     1-2       11, 
wlienco  we  t]btaiii  tho  i>ri)(lucis 

( -4)  X  (-:})- 11 /(-.S),     (     s)xl2-(^H;.,  7,     7.11     12y(-J), 
or  100.      -7".,      12:.  ; 

X       y    _   ' 

■  ■    100  ~  -  75  ~  12..' 

that  IS,  =.    •     = 

■1       -A      o 

J^xample  2.     Elir.    late  x,  y,  :  from  the  iiiuations 

(i,.r  +  ^,y +  <•,;  =  0 (1). 

(i^  +  h.,ij  +  c._j--^0 (2), 

,/,.r+?;^+C;^-0 (3*. 

l'"roiii  (2)  imd  (■<),  Iiy  cross  inultiplicatiou, 

•'■      ^ .     y      ^      '       . 

(U'liotiiiK  each  of  these  ratios  \>y  k,  by  iiiultiiil>int,'  uii,  KubstilutiuK  in  (IK 
and  dividing  out  by  k,  we  obtain 

Tliis  ivliitiun  is  calleil  tlio  eliminant  of  the  given  eiiuations. 

Kxiimple  3.     bulve  tile  cciuatious 

ux  +  hij  +i-z-ii (1), 

x+   y-r   ^=:0 (^), 

U-.C+CHIJ  +ithz       {h-i)[c       it)('l    -'')..  (•'>)■ 

From  (1)  and  (2),  by  cross  niulliplicatiou, 

^  y  ^       , 

,         —  —    — T  ---  k,  BUi»i)OS«  ; 

u  -  c      (■  -  a      a  -  u 

.-.    X-  k  (/;  -  (  ).  y  -  k  {'■  -  II),  z  -k  {u  -  h). 

Sul).-tiluting  in  (ii), 

k  \hf  (h  ~  V)  +  i-n  {(■  -  '()  +  ah(,i  -  h)\  ~-(l>-  c)  (c  -  a)  {((   -  6), 

/.•  { -  ('/  -  (■)  (i-  -  (I)  {(/  - 1>}',-  (I)  -  <•)('■  -  ")  ("  - '') ; 
.-.  k:=-l: 
whenci)  x  —  v-li,y  =  ii-c,z=:h-  it. 


\0  HKJHKK   AI.CKBRA. 

17.      If  ill  Art.  Hi  w<-  put  .-.      1,  t-cjuiitions  (1)  and  (2)  Ijocome 

" ,'■  +  f'j/  +  '^:  0 ; 

and  {.'>)  ))t'c<MiH'.s 

X  11  1 

llrnro  any  two  siinultanoous  ('(luations  invnlvin-,'  two  un- 
knr.svns  in  tlio  tir.st  d.-give  may  Ik'  solved  by  the  rule  of  tToss 
niultipliciition. 

.").r -;?(/- I     0,  .r  +  %  =  12. 
5,c_3i/-    1=0, 
j-  +  2»/-r2  =  0; 
J"  ?/        _      1      . 

3t;  ri     -  1  +  (10  ~  10  +  3 ' 


Krample.     Solvo 
By  transposition, 


whence 


38       _  59 
^13'  ^~13' 


EXAMPLES.    I. 


1.  Find  the  ratio  coniixinndcd  of 

(1)  the  ratio  -In  :  .U,  and  tlie  duplieate  ratio  of  !>/<-  :  ah. 

(2)  the  Mil)duiilicatc  ratio  of  fM  :  ;»,  and  the  ratio  27  :  rie. 

(3)  the  dnplieato  ratio  of  "^^    \  ^ ^.,     ,  and  tlie  ratio  3a.r  :  )Lbij. 

2.  If  .1  +  7  :  2  {.!•+  14)  in  the  diiiiHcatc  ratio  of  5  :  8,  find  .v. 

3.  Find  two  nunilKjrM  in  the  ratio  of  7  :   12  mo  that  the  grciitcr 
exceeds  the  l&ss  l>y  275. 

4.  Wliat  iiunil)or  must  \k'  added  to  oadi  term  of  the  ratio  5  :  37 
li>  iiiiike  ii  iiju.ii  til  i  ;  .; i 

5.  If  .'•  :  ^/  -3  :    \,  find  the  ratio  of  7.'- -  4  v  :  3.c  \-i/. 

6.  If  15  rlx--y-)-'iXy,  find  the  ratio  of.''  :  y. 


UATIO. 
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I 


IP 


7.    If 
prove  thiit 


ii      I'       e 


8.      If  "  ^   '  -  '' ,  i.iovu  that  ".   is  l.lUill  tn 

/,!■• +  /,'-,■- +  /r'r- 


9.      If 

shew  tli.at 
10.     If 

If 
shew  that 
12.     If 


.t;  _  //  • 

'/+'■  J'    '■  ^/'-'i    y+v    '■' 


.'/  +  • 


.r-- 


—  -  ,  fiiul  tlie  mtiiis  of  .>•  :  y  : 


//  +  J         c  +  .v    ^    ■i'+.'/ 
^)6  +  70     />c  +  7«     pa  +  <ib ' 

2^(,,:  +  y +  :)  _  (M-c)a-+  (f +  «).'/  +  ("_+J')- 

a  +  6  +  c    ~  6c  +  t«  +  a6 


shew  that     ^,  ^  ^,  +  -,  ^  ^,  +  ^.Tf-.  -  {x+yVzf + («  +  6  f  <•  < 


•i ' 


13.     If 
shew  that 


2  ■  +  2--  - .r  _  2zAj.x--y  _  2x  +  2i/-z 
^~"^i  b         ~         c 

X         =         y         =         -  -^^ . 
26  +  2c  -  a     2c  +  2a  -  b     ia  +  -2b-c 


14.  If  (a2 4-  ^2  +  c»)  (,<■••!  +  y-  +  c2)  =  {„.v  +  bj/  )•  c.-)^ 
ehfw  that  x  :  a=->/  :  b  =  :  :  c. 

15.  I f  ('  ("ij/  +  "-■  -  ^-i')  =  »'  ("-  +  ^•'-  "  "^i/)  =  "  C-^'  +  "'■!''  ~  "*'' 
l.ruvu  - 1       -       ;;;  "     „        • 

16.  Shew  thiit  the  oliiaiiiant  of 

ax  +  rt/  )  hz  --=  0,  <m'  +  by  +  «--  --  < ),  bx  +  «y  +  cc  =0, 


*%      I  /\ 
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17.     Kliuiiiuite  ,r,  .y,  ^  fnmi  the  equations 

aa'  +  /(y+^.-  =  0,  //,i'  +  %+/:-0,  y.-- +/y  +  c:  =  0. 


1-2 

18.     1 1 

>»lll'W   t  ll.lt 


llli;llKK    Al.tiKllKA. 


1      a-      \-h-       1   -  f-  ■ 


19.  Civrii  tli;it  ft(,'/  +  -j     .)•,  /',:  +  . (■)     .'/,  eic  k  ;it 
imivo  tlwit,  hi:  i  <;i  +  <th  +  -2.ili,--^  1. 

Siihc  tlio  Idlliiwiii;,'  ciiu.itiDiis: 

20.  :'..'•     l/z  +  T:-   0, 


22. 


24.     1  f 


•slicw  tli;it 


■2.r     1/      -1:        0, 
:{,;-''-/  +  ;■'-    IH. 

7//:  f  :U.f-^4./;v, 

.6- +  :!.'/  + 3- -1'.). 
I 


21.  .'  ^  ." 

■Xr     iii+  \1:=-     0, 
.--■'  +  ;}/  + 2--''- 1()7. 

23.     3.('  -:2//-'  +  r..-^0, 

7.-'- -;{//■-- 1.'').--!!, 

.'i.f  — 4y  +  7;-<). 
ii 


I  III  n 


l^a~h){c-s/<ii:)      il>-r){it  -  \,lhr)      !,'-u){h-sJac) 

Solves  llic  eini.itioiis: 

2^  (».f +  /»/  +  .  ■--  =  (), 

bci+cii//  1  afK  =  0, 
.<■!/■'  +  "''(-•  ("■'■'■  +  '''V  +  <-'"''-)  =  0- 

26.  <'■'-•  +  ?'.'/  i  '■-  =  "'"•'-'  +  ^''J  +  <-■"-  -'  •^' 
.1'  I  ii-^:  +  \b-  (•■)  (c  -  a)  {It  -  f<;  ^^ 0. 

27,  If  a  (//  +  *)  =  .v,  i  (;  +  .(;)- V,  c-(.f+^y)  =  --, 

.."2  ,,'1  -i 

jiriivi'  tliat 


a\\- bi-)      h{\  -  ca)      c{l-ub)' 
28.      11"     ii.r  +  /ii/ +;/:-(),  /,.'.:  ib>/+j':^*),  <j.r+fi/  +  c:^0, 

]il(i\o  that 

•1  ■>  _  -I 

til'  -  !  -      ca  -  I/-      ah  -  li- 

•1)      [hi-     /-)  (I'tl  -  I/-)  (itb  -  /<■-'  1    :  (yy  -    .7/1  :y/(  -  iif)  y/t/  -  bij). 


L 


('IIAITKR   II. 


IMiOroKTKt.N. 


IS       Dkkimtiov.       Wli'ii     tw..    iuti..s    aio    .Miu.il,    tl..'    four 
,l,mutiti.-s  ,-<.M.i.<.si„.:  tl...n  .'uv  sai.l  to  1m-  proportionals.    Tims 

if    "       "  ,  th.-n  o,  /.,  r,  ,1  aiv  iM-op-itiniials.      Tl.is  is  cxpn'sscl   l.y 
savin-  tliat  a  is  to  h  as  <■  is  to  ,/,  aii.l  tl..-  jToport  io,,  is  wtitt.-ri 


or 


Tlio  t.Tiiis  (I  ami  il  aiv  ••allt'il  tiu>  f>.»7/r/>i>'.-<,  I,  and  c  lla-  //«'*«//,<. 

19.      //■  /'<""•  f/X'infifi'"  iiri'  in  proportion,  th>:  proihni  oj  the 
extremes  i.s-  equal  to  the  jiroihirt  of' the  nuaiis. 
Ix^t  a,  h,  r,  il  Ix"  tlip  juojiortionais. 

(I      r. 
Tiiou  by  (I'tinitioii  ^       ^^ ; 

whence  '"' "  ^''■ 

Hence    if    .-iny    three   terms    of    a    proportion    are    •,M\.-n,    tiie 

fourth  may  he  found.      Thus  if  o,  r,  d  are  f,Mven,  tlien  6       ^  . 

Converselv,  if  there  are  any  four  <|uantiti..s,  a,  h,  r,  ,1,  such 
that  a,l=:hc,'t\mi  a,  b,  r,  r/ are  proportionals;  a  and  d  l«ing  the 
extremes,  b  and  c  the  means ;  or  vice  versa. 

oo  Definition.  Quantities  are  said  to  he  in  continued 
proportion  when  the  lirst  is  to  the  se^^^ond,  as  the  second  is 
ifx  the  third,  as  the  third  to  th(^  fourtli  ;  and  so  on.  1  hu3 
^^^  l^  c,  d are  in  continued  proportion  when 

(I       h       C 

b     '  c      d      
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HKiUKR    AI.'iKHKA. 


If  tliif'O  (jii;intit  ifs  n,  I,,  <•  .-irt'  in  coiitinncd  j.i()|)<irtii>ii,  tlini 

It  :  1)     b  :  r  ; 

.:       <ir     Jr.  [Art.  IS.] 

(?i  fliis  <;ist'  1)  is  s;ii>l  *n  !'<•  .i  mean  proportional  li.twtMii  a  aiul 
r  ;  ,iikI  c  is  s.iid  to  Ik-  .1  third  proportional  t<>  r*  .iml  A. 

■_M.       //"  thi'ii'  oitiniti/iis  iii'f  jiro/iDftiiiiiiifs  the,  Ji rsl    is   ti>   tlti' 
third  in  lli''  i/iijiliaiff  ratio  nf  tlnjirsl  Id  the  itirond. 

•  .       ,  ,  ,        «      /' 

l,<(  (lie  tlircf  (iiiaiilitics  Iw  'f,  '•,  '•  ;   tlifii 

'  /)       <■ 

Now 


<i.      a       l> 


tli;it  is. 


({      (I      (I 

I  "'  b       Ir  • 


It  will  lie  seen  that  tliis  jn'njKisition  is  tin?  .sjiiiio  us  tlio  ilrjuiitioa 
of  ilupliiati'  rati<i  j^ixoii  in  EiU'iid,  I'.ook  v. 

22.       If  ((  :  b     (•  :  (/  and  e.  '.f-'j  :  h,  tlit'ii  will  ai'  :  ///'    nj  :  dh. 

Im-  -  -  and    .=  .   ; 

b      d  J      It 

nc      cif 
■  ■   b/     </h' 


or 


CoK.       If 


and 
tlit'ii 


(it^  :  bf     rij  :  dh. 

II  :  b  c  :  il, 
b  :  .»;  -  (I  :  _y, 
a  :  .<•     f  :  y. 


This  is  the  tiicort'ni  knosvn  as  e.c  mjiiii/i  in  (iconu'try. 

2.'5.  If  four  <iuantiti('s  a,  b,  c,  d  form  a  proportion,  many 
otluT  proportions  may  hii  (U-diu-t'd  by  llit'  propt-rlifs  of  fiailioiis. 
Tilt!  results  of  these  operations  are  very  useful,  and  some  of 
them  are  often  ijuoted  Ijy  the  annexed  names  borrowed  froia 
Geometry. 


I'KOI'OHTION. 

(1)      If  a  :  b     r  :  >/,   tlnii  h  :  'i     >l  : 
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\[  nvertfiulo.^ 


a      c 


tor  j--y,  tlu'ivfo...  1  -^^      1^^/. 

I,      ,/ 
th.it  is 


or 


th.it  is 


or 


(I  r, 

/<  :  ti  </  :  c. 

(•J)      If  «  :  /'     '■  :  '/,   tl"'"   "  :  '■      ''  ■  ''• 

f/./  /«• 

For  ml     /»• ;  tlit-n-fon'  ^^^  _^^  ; 

"  ''  • 

c  </ 

a  :  r  I)  :  il. 


[/l/<^r»/T«*/<>.] 


(."5)      If  («  :  6     r  :  </,  tlit-n  a  \  b  :  b     c  ^  d  :  d.      {Cumixjnendo.'] 


For  I      '-,  th.Mvfun-  ^  -  1      ^,4.1; 
a  +  b      c  ^  <l 

tiuit  is  J        ,7- ; 


or 


(4)     If  a  :b     c  -.d,  tiicu  a -b  :  b -^  c  -  d  :  d.        [Dimdejulu] 


a      c 


"     1     --!• 
1      ,     1 , 


that  is 
or 


For  ,   -   , ;  therefore  -  -1  -  -■■ 
b      d  i>  " 

a-b      c -d 

~b     "     d     ' 

a-b  :  b     c  -d  :  d. 

{'))     If  a  :  6     c  :  d,  then  a  + b  :  a-b     c  +  d  :  c -d 

a  +  b      ('  +d 
For  by  (3)  ^         ^^    ; 

a-b      c -d 
amlhy  (4)  j      -    -J~'' 

a  +  b      c  f  '/ 
.-.l.y  division,  ^^_^^      ^_,/; 

or  a  f  6  :  «  -  />  ^  c  4  f/  :  c  -  d. 

This  proposition  is  usually  (juoteil  as  Vumjjoneiulo  and  Divi 
dendo. 

Several  otlier  proportions  may  1>e  proved  in  a  similar  way. 


k; 


Hicm.K  .\i.<;khi{A. 


"t.       Tin-   results  of  till-    jnfrtdiii'^'   .-irtiilc  ;iri'   tlif  .•iL'<'l>|-;ii«;il 
.■MlirvMlrlltsof  S..lll.-nf  til.-  l.rn|.MMti..I,s   ill    llirlittl.    I..".k  of    Ku.lid. 

hihI  tlio  stii.lriit    is  ;nhi-r,l   to  ii,;ik.-  Mnis.lf  f.i miliar  witli   tli.'i.i 
i,,  tlirir  sfil.al   form        W.,.- .xainpl.',  Jn-h/r,,,!,,   may  !»■  .|Uotr.l  as 

follow  s  : 

117/. /t   Ihrr,   „,■•■   h"'r  j„n/.nrli:n,n/s,  t/,,-  ,'.•■;..<  ,,///„■  Ji,>l  (ih,,r.- 

I'liiirtli   if  to  lie  /I'liill'- 
'J,:^.       We  sliall   now  comi.an-  lli'-  al-'l-iai.  al  drlinii  i..ii  of   pio 
jioitioii  wiili  that   u'i^'ii  in   I'lurlni. 
I'.uiliils  (litinii  ion  is  as  follows  : 

|.-oiir  .|.iantiti.s  aiv  sanl  to  !,.■  i,i  o|,oi  I  lonals  u  Inn  if  n„.i  ,,,>n 
7,iul/l/>'"<  ir/,„l,r.r  1,..  takrn  of  til.'  Iii-t  and  t  liii  .1.  ami  aUo  ,/„,/ 
,y„ii,H>"!/'>"<  "■/'"'■'■■mi  till'  s.rond  an. I  foiiitli,  tli.-  miiitipl.-  ot 
th."  tiiird  is -r.at.r  t  liaii,  r,,ual  to.  or  l.'ss  tlian  tli.-  miiltii.lrot  tlir 
foiiitli,  a.ronliimas  the  midtil'lrof  tlir  lii-t  is  liival.r  t  han,  .•.|nal 
tu,  or  less  than  the  multiiile  of  the  s.M'oiid. 

Ill  jiliirl, laical  symliols  the  dfliiiit  ion  may  !•<•  thus  stated  : 

l-'oiir   <|iiantiti.'s    a,    h,    r,    ./  are    in    jiroportioii    « hen    j:'  ^./.i 

aeeor.lin-  as  /..i  "  >jl;  /•  and  '/  l"'ini,'  "/'//  ycvV/r,'  n</^:,>,s  irhul,  n  r. 

I.      To  dedme  the  geometrical  detinition  of   jnoj.oili.m   from 
the  ali;el)raical  detinition. 

Since  "       '".  l.y  multiplyiiii,'  both  sides  l.y      .  we  ol.tain 

/"'      /"■  . 
'/'•      'J''  ' 
hen.'e,  from  the  properties  of  fractions, 

III-      (yi/ aeeordin:,'  as  /'('     <///, 

wiiicli  jiroves  the  jd'oposit ion. 

II.      To  deduce   the  alLCfl'i'.d.al   detinition  of  proportion  from 
the  jieometrieal  detinition. 

(liv.-n  that  yc      ']■'  according;  as  y»/  ^    <//,.  to  prove 

a      c 


rU'il'dKl  Id.N. 
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f         IS    li"t     ri|n,ll     tM        ,     iilif     " 


f    til.  Ill    nnist     !..■    ill.-    -ir.iw  r. 


til,. I,      il     uill      \„-      |,..>-il(lc     III     lillll      Milll''     Ir.KlH.M 


II. n 


sslii.li  li.v,  li.'tvM-.'li  till-Ill,  7  :iUi\  /'   l»-ili-,'  lM,-iti\r   ilit.-^.T>. 

7 
/' 

7 

/' 
Kiiiiii  ( I ) 
ti'-iii  (•-') 

.-111(1  tlic.M'  ,-..|iliai|iil   ill'-  li_v|intln->is. 


il 


/, 


7 


J,.-.   .,.1 


■riirlvtMl.'   ,  .111(1       aiv  n..l   Ulir.jllaU    thai   l-<  \n  lii.li  pnA .-. 

I  111-   iirii|iiisil  inli. 

•Jl'i.  it  >li'iiilii  lir  iiiilir<-il  that  t  hf  ;^i-iiiiii't  i  ii  al  .Irlili  It  n  Hi  i>i  pi" 
i.i.itinii  (Irals  \sith  ,;, I, ■■,■''■'  ni,-i:,'nit  ii>l<'s,  .sii.li  .is  liii.-s  <m-  .im-;.^, 
i.-iifisfiitril  L,"'"iii<'tri';illy  hilt  11. .t  rctVi-iv.i  t..  .iny  .■..iiii.i..ii  uimI 
.,t   iiir.iMiiviiM'Mt.     .^H  that    l-ai.ii.l's  .l.-linition  is  iiiipli.-.-.M.'  t..  in- 

,. iii.iismaM.'  as  well  .is  in  .•..iiiiiinisuiahl.'  .|uaiit  in.->  ;    uli.-i.-.is 

thr  alu.-l.i-.ai.al  (l.-tiiiit inn,  slii.tiy  sprakiii;:,  apiili-s  on!;.  I.,  .-oim- 
II,.  nsiiralil.-  .lualit it i.-.  silu.-  it  la. -illy  ,-i-,Mlliirs  that  .»  i>  th.'  sain.; 
.l.-t.Tiiiiiiat.-  iniiltii.l.-.  l-.n-t.  oi  p.iit-,  nf  /-  ih.it  -■  i^  ..t  ./.  lint  th.- 
pi-nnts  whi.-li  liHVf  l)f.-n  -i\.n  fni-  ,-..iuiii.Misui;iM.- .iiiantiti.s  will 
still  11..  tiuf  t'.ir  in.'()iiiiiinisiiralilf>,  sin. i-  the  i;il  in  of  t  wn  lll.•nln- 
nl..nsm■al.l.•s  .-ail  always  1..-  ma.l.'  t..  .Iitl.-r  from  th.-  vali.x.f  t^M> 
int.-u'iTS  /»'/  /'s.^  thaa'diiii  assl'jii'iU.'  ./^u,  ,</lt;/.  This  'ia>  1..  .-u 
slifwii  in  Alt.  7  ;  it  may  als.)  he  prnve.l  nmr.-  ^.-n. -rally  a^  in  th.; 
iit'xt  artii-l.'. 

■JT.  SiippnM'  that  II  ami  />  .n-.-  in.-.Hiiin.-nsiiialil.- ;  ili\iii.'  f> 
int..'///  .■.pial  p.iits  •■.uli  .'.pi.-il  t..  /i,  s..  th.at  /,  n>fi,  wh.-i.-  //;  is  a 
p..sitiv.'  iut.'-.T.  Als"  suppns.-  fi  is  o.nt.iin.Ml  in  n  in-.i.-  than  ,i 
tiiiK-s  and  Ifss  than  n  +  I  times ; 

,/       1>I3         ,      tn^\)li 
'/       iiiji  iiiji 


thill  is, 


,/  /(         ,   //  +  1 

.    iit'S    iict.v.'Uli         ami 
6  ;//  III 


so  thai?  iHU'.Ts  fn.m  '    l-y  Ji  tniftntity  less  tliau 
b  III 

H.  H.  A. 


1 


/Il 


Ami  .sim.^  we 

2 


llli.lllK     M,<.ir.K\ 


,.;,,,  ,  1,....  ..■  /i(nur  Mini  ••\  i^in.iiiriit  )  .i^  --iii.iil  .i^  \\>'  pi' m-"',  m<  .ux 

1^    Wr    lilia^f.         Ilrllii-  '.III     !"■    Iliailr   ,l>   ^lli.lll 


lie    iii.\ili'  :i-'   '^ri'.il 


W.'  Ii;i\. 


.•I,  \vr   J. I. ■.!-.•,  and   tu.>  iiih'U'l--   "   ■■ili'I    '"   '-111    '»■    l"'lli'l    \^li"-'-   l-i'l" 
will  rxliM  -,  ilia  I    .'t'  ,,  ami  A  Im  any   H'lnin  >1  .1.  -n  .■  mI  a.ruia.  y. 

•J>.  'I'Im'  lii(.|".-iliiMi,  jiiMMcj  ih  All.  I'.i  ai.-  litl'Mi  II  'III!  Ill 
s,,1mI,U  l.r.il,l,.in  .  I',  (.allli-illar,  ll,.'  ^mImIimi,  .f  .,ilalli  <'[n:>. 
ti,,i,.  fs  -ivativ  ta.ililalril  l.y  ;i  klllul  ii  -■  "I  iIm  ,  .i..  i  at  |m|,  .  ,',iu 
iKiin  11'/"   allil   ill  'i'f'  ii'lo. 

1 .1. (/"/./.■  1. 

ir  (•J/i/./     iii/i/.     :',//,•     '.1)1. /|r-'/'M     •""''     -ill. ■  t  '.t//'/i 

(■_''».(     iW/i'.  •  :wi.     '•/(./)  ('.'///./  (  i''»('/     :'./(.■     '.•»«'), 

)iiiur  lliat  ./,  '■,  .■,  ./  iiM'  |'i.>|i.irlii.n.il-. 

•Innt        f.)»'.        :i/-         '.•"•'         -'"•'        '■""''       •'""•       '•'"'' 

•_'(i/a       Iiim''      ■'"/.■      '.•//'/       -"Ill       ''"(''      :!»•■ +  '.•'"/ 
r()liil"iil>  liil'i  :ili'l  ilui'ii  li'l". 

'-'  ['liiiit  f  :i/(.  I       ■-'  [Ini'i      '-III') 

•_'  (r.(/(/i    '.•"!/)  "  •-'  (•'i'"'j    '.i/zw  I ' 

•_',/,,(    :•,/,.•     r."/'.    '.''"' 

\lt<  iiKiiiili',  .  ..  ,■     J      .,    ;■ 

j/'«i     .(/I.-      i"»'i     ■''"' 

.\;_'aiii,  iMiM|'"ii'  ii'l"  aiiil  ilivi'li  iiil'i, 

\iiia       \'liiih 

{■„„■        !>"./  ■ 

,1       /. 

,       ,i' 

.,    :  I       r    :./ 

};X,lltll<ll-   'J.        Si'l\l     till'  rc|lUltliUl 

J r   i    1        ^'r        1  1,1 

,/,-4,  /,  1  -^  • 

AVo  lia\r,  cMiniN.n.  ii.lo  luid  ili\  i'l'  ii'l", 

'^>y-\  ^  >'■  ■■*'■ 

.1-  t  1        1 '■.'■-  ,     H.r  i   1 
■'".,•      1        Iti.r-  -•Jl.r  +  '.r 
Aj;ilin,  t'oiiijioiu  \uh<  iiml  div  i  Uniln, 

•>r      :t-J.i-'  -  H;.r  r  111 
■>   "  :i-.'.r  -  K         ' 

1  (•,,/•■-'     S.i-  1  .".  _ 
■    ■     '         ili.r   -  4 
wlu'iicc  lllr-  -  Ir  -^  l''-r''  ~  ■'^■'-  +  •"'  ; 


wliii 
or 


.•.  X 
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II 


EXAMPLES.    II. 

1.  I'lmi  thf  t'.niiili  i'i"i»'iiiiiii,il  In  A,  .'.,  ■^' 

2.  I'liiii  '1'"'  iii'Mii  i'r"|"'i'i"ii.il  Irt'tw.',  II 

3.  rm,l   tin:  tllllll  pl"l"i|t|nl|.il   fc.   ^     i     ^    '"',,■ 

If  ,t  :  h     .    :  </,  pn.\r  iImI 

5.     /"<-  ♦  7''-    :  /'"'     v'''     /" "  '  7'^'   •  J"''     '/''"• 

7.  v'"-  •  -'  :   \'''  '  'I-     \/"''  •  '„    ■    V  '"'"^  /,  • 
ll' ./,  /',  -■,  ./  an-  ill  i-(iiitiinii'l  |.|i'i'"rt  i.>ii,  ),im\c  tli.it 

8.  u   :  !•  \'l     ■■'■   ■   .■'/4,/. 

9.  ■j.nJ,:\'l  :  :<'(     \<i    -■'  t  ;«/'•  .  :<"'    •»''  • 

10.  >./-  +  /'-'('■-,;''- 4'- f'/-i       "/'  +  /"    t"/,-. 

11.  It'/'  i>  .1  liiiMii  iin.i"'ltiiiii.il  Ik'Iwi'iii  "  ami  .,  iin.vr  thai 

„    -     /,    -  +  .• 

12.  ll  .1   .    /'    -•■  ;   ./.anil-    ;    /'     ;/      A,  l.lti\  r  I  Im* 

,,,  f /./' :  <"j     /./--.■./  +  (//<  :  '</     i/A. 

Sm'iVI'  tlir  r<pi;itii>ll.i  : 

•_'./-"    :<,'■■■:  +  ,,■+ 1      'Xr'    .<■-  +  .">.'■    i:« 
^^*    :>,,-    :{./■-    .>■{     :5.'-'    .<■-    '>.'■+  i:r 

.•<,i'  +  .'■-    -ll-    :i  _ .^'H i'.'-'-    T '■  + :? 

;}.i-*  -  .(•-  +  I'.t  +  .3  "  -yr*     -Ir-  4-  T.r     3  ' 

(«i  +  «\'--("  -  /')  _  (iit  +  ii).r  +  <i  +  r. 
■    ,',„/';.»•- (a  +  6)  ~  (?«-/()•'■  +  « -'■' 

16.     If  I',  '', '',  (/  are  i>r"iH)rtii>iiiils,  pnivo  that 

,     ,  {fi-!>)(n-r) 


U. 


14. 


17.     If  («,  /',  <•,  '/,  e  are  in  eontiiiufd  propurtinii,  ]^tovc  that 
(a6  +  Ik  +  cd  +  c/.,'/-  -  ("■-  + '''  +  <•■■  +  ''■;  (''*  +  ^"  +  '^'  +  *''^- 

:i-2 
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iiii;iii:ii  ai.(;kiuia. 


18.  It' tlic  wiM'k  ilniir  liy  .'•  -1  iiH'ii  ill  .'■+ 1  il.i.vs  i>  to  tlii'\V(.rkd«>no 
liv  .'■-»--  iiifii  ill  ./■      I  ii:i_\  s  in  t!ir  i-,itiii  (if  It    ;   In,  liiiil  ,''. 

19.  Finil  iMiir  )iiiipnrt,i(,iiul.s  mkIi  tlijt  the  sum  of  tin'  cxtri-mrs  is 
■2\,  tlir  Miiji  of  till;  iiuaiis  1<),  iiiiil  thf  Mini  of  tlic;  s'luaiTs  of  all  ("ur 
Munilit.'is  is  ■i\-2. 

20.  'i'wii  'M-k^  .1  ai^.l  />  wcic  tillr.l  with  two  kimls  of  slicrry,  iiiixfil 
in  tlir'cii-k  .1  in  tlic  falio  .if  -2  :  7.  and  in  tlir  rask  II  in  tlir  ratio  of 
I  :  r..  What  (|iiantiiy  inusi  I'c  takrii  iVoiii  carh  to  form  a  mixture 
which  shall  roii.-ist  of  J  ,i,'allons  of  our  kind  and  :»  lmIIoiis  of  the  otlirr.' 

21.  Niin'  ■gallons  arc  drawn   from  a  cask  full   of  wine;   it,  is  then 
I  with  wat.'i-,  then  nin<,'  ,uallon>  of  the  mi\turr  arc  drawn,  and  the 

.s  a^'am  liUod  witli  water,  if  tlic  i|Mantit_v  of  wine  now  in  the  cask 
li"  to  tla'  ijuaiititv  of  water  ill  it  as  l»;  to  '.t,  liow  mneli  <locs  the  cask 
..'d' 

22.  If  four  positive  ijuantities  are  in  eoiitiinied  jn-oport  ion,  shew 
that  the  dltreiviiee  hotweeli  tlie  tir-t  and  list,  is  aL  least  thl'ee  times  as 
eiral  as  the  ■  ;itlt'rinee  hetwien  tiie  other  two. 

23.  Ill  Kii.;laiid  tlic  iio[iiilation  im-reased  lo'.t  pei'  cent.  l.etAceii 
ls7l  and  l^^l;  iftlietown  iio|iulatioli  im  rea.-cd  \^  |ier  cent,  .md  tiic 
coiintrs'  |io|.ulatioii  I  per  .ent.,  eom[iarc  the  ti^NMi  and  eountry  iio|, illa- 
tions ill  IsT  I. 

24.  Ill  a  (■■■itaiii  eoiintiy  tlie  eoii-iimpt  Ion  of  tea  i-  ti\c  times  the 
eolisui.iption  of  rotiee.  If  "  Jicr  edit,  more  te.i  aiid  /<  per  cent,  mol't! 
coi'iT  were  eon-iimed.  the  au'u'rc'iate  amount  eoii-^iinied  s\ouid  I"'  7e  per 
cent,  more;    hut,  if  /<  |>cr  tent,  niorf  te.i  and   •'   per  cent,  more  coti'oo 

were  consumed,  *hc  au"-'reL.'atc  a: iiit  eonsunicd  would  l>e  ;'.■'  per  cent. 

more  :  compare  .(  and,  /'. 

25.  r.rass  is  an  .dloy  i>f  .-oippi'i'  and  /ine  ;  hr  iii/c  is  an  .■illoy 
coiitaiiiiii'.:  Sn  per  cent,  oi'  coiiimi',  -1  of  /ine,  and  Ki  of  tin.  .V  fused 
mass  of  hi'assaiid  liroii.'.c  is  found  to  cont.iin  71  jier  cent,  of  coppcr-lti 
of  zinc,  and  I (t  of  tin  :  tlnd  tiie  ratio  ..f  eopp.-r  to  ,.ine  in  the  composition 
of  l)i'ass. 

26.  A  crew  can  row  a  e,  rtaiii  coiir.M'  up  sti'eam  in  M  minutes; 
thev  <-an  row  the  same  course  down  stream  in  !t  iiiimites  less  than 
theV  could  low  it  in  still  water:  how  long  would  they  take  to  low  down 
witii  the  stre.im  / 


CH  Al'TKR    Til. 


VAltlAl  l«)N. 

L".).  I>i:kimtiov.  Oim'  (|u;nitity  .1  is  said  to  vary  directly 
as  aiiotlicr  />',  wliiMi  tlic  t\M«  i|iiaiititii's  (li'|(cn(l  iiim.ii  each  otlicr  in 
Mirli  a  iiianiiiT  that  if  li  is  cliaii:,'!'!!,  ,1  is  cliaiiu'i'il  in  '/"■  x'tm" 
rah". 

Noll.  'I'll!'  wiml  ilirrrtl;!  is  dt'trn  (unittcl.  ami  .1  is  said  to  vary 
as  /;. 

For  iustaiHC  :  it'  a  train  iiio\  iiii,'  at  a  iiiiifoini  rate  tta\cls 
10  iiiilrs  ill  tHi  inimitrs.  it  will  -lav.d  L'O  miles  in  ."'.D  ininut.'s, 
M>  niilis  ill  1-"  iiiiiiut.'s,  and  so  on;  the  (iistaui<-  in  «'arli  case 
l.cpii,'  innca^fil  or  diniinislird  in  the  sainc  ratio  as  the  tiiiif. 
'I'liis^is  cviuv^-rd  liy  savin;,'  tliat  wlii-n  tlic  velocity  is  unit'oini 
///'    iH<hiiii:-  i-:  jin>/i<)rfii)u'il  to  thf  fiiii';  or  t/if  (/istmifi;  ntri'.i  (is 

:',().  The  svniliol  -/.  is  (i>cd  tu  denote  \aiiation;  so  that 
.i    /     />'  is  read  ••.!  \aries  as  /I.' 

:'.  I.  //"A  niri'-s  c-i  l>,  t/i',1  A  is  ,;jihil  tit  \\  mnUipIii'd  Inj  some, 
coiistiiii!  ipmutitii. 

I'or  suppose  that  n.  a,  (i ,,  rr  . ..,  /.,  /-  ,  /. ..  A,...  are  corrvs|,oii(lint,' 
values  of  .1   and   /<. 

(/  /l  H  ll  (I  fi  , 

Then,  l.v  d.-tinition,  ,    ;    -        ,    ;    -        ,    ■.   ■n"'  >•'>  "" 


li 


"i      "•      "i 

/,'       /-"      //'.' 


.. .,  eai-h   iieiim  ••iiual   (o 


Helici 


that  is. 


anv  value  of  A  .       ,  ,. 

IS  a  vv  ays  the  same  ; 
i;....  ,  .J, V    /;  •'  ' 


A 


III.  where  III  is  constant. 

.-.A        711 /i. 
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IlHiHF.U    Al.fJKIlRA. 


If  uiiy  pair  of  rorrcsiiniiilin;,'  sallies  of  A   and    />  am  known, 
tlic  lonstant  m  ran  l)c  (lct<iiiiiin'(l.      For  instance,  if  .1      3  when 
//      1  -', 
\Nc  lia\c  n     III  X  \'2  ; 


<i 


A-\/l. 


.'>■-'.  I  >r.KiMTin\.  ( >in' (luantity  •(  is  said  to  vary  inversely 
;is  anotliiT  //,  \\  li!  II  ,1   xarit's  i/irri-//i/  as  tlie  r'('ci|iroial  nf  /»'. 

'I  Inis  if  .!   \arics  iii\  fisi-lv  ;is  /,'.  A       y,  ,  nnIkto  /;(  is  constant. 

'i'lic  follow  iiii;  is  an  illiisf  I'ation  of  iincrsr  \ariati(in  :  If  (>  men 
do  a  i(  rtaiii  work  in  S  lioiirs,  12  nii'ii  would  do  the  saiiif  work  in 
I  hours,  2  men  in  'li  iionrs  ;  and  so  un.  'I'liiis  it  a]>j)('ars  tliat 
when  till'  nmiilx'r  of  nirn  is  increased,  the  time  is  jn'ojiortionately 
decreased;  and  \  ic<>-\crsa. 

I:.i<iiiiji!r  1.  Till'  culic  root  iif  J-  v;iri(  s  inversely  us  the  sciuare  of  y;  if 
.(      S  when  1/     '^,  tiiul  ,(■  wlicn  i/-  H. 

r.v  sniiiiii'^ilion  ^.r         ,  wliere  m  is  rnti-taiit. 


I'utlin).' r      '^i  y      :i,  we  liitvc       'J 


licnce,  liy  |mttin)-'  ;/     ,,  ,  \v< 


itiiiii  J  -  ")1'J. 


Kxiinqilc  '1.  'J'lie  K(iiiiiri>  (if  tlu'  liino  of  a  iilanet'a  rfvohjtion  varies  as 
the  (Mibe  (if  its  (listiinee  ti oni  the  Suii;  liiid  tile  time  of  Venus'  rovulution, 
ii>siiiiiiii;,'  the  iH>t;iiie(  s  (if  the  Kaitli  iirnl  Venus  fnini  tlii!  Sun  to  1m;  'Jl  j  ami 
(jti  imllicins  (if  milt  s  ic-iieelively. 

I.I  t  /' 1h'  tiu'  perioili  '  tune  nici-uied  In  days,  />  the  distiMiee  in  niilliniis 
of  nuie-.;   we  have  /'-  r  I>', 

,ir  /'-     /./'^ 

wliere  k  is  siiine  eiin  .lant. 

F.ir  the  llailli,  nr.'.     :»•:.     /,■  .  ',)1|  ■  I'lj     ',tl{. 

I     4x4 


wlieiiee 


/. 


liCi.'i 


l''(ir  Venn- 


VAIUATION'. 

4  V  1  .  I      

/'-    -  .        ■  Ml      (ill      (iti  ; 

/'--J;.. 
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V  m;:, 


-  •-'•'il   x^'T'^'i'l,  upinoxiliiiitcly. 
lli'iicc  tli(>  time  of  revolution  is  marly  '2-M';  days. 

3:;.     I)KnNiTioN.     <  »ii<'  (jiiaiitity  is  said  to  vary  jointly  as  a 

huiiiImt  of  tithci-s,  wlicii  il  \.iiii's  (lincily  as  their'  juniluct. 

'I'lius  .1    \aiics  jiiintly  as  //  and   ' ',  ulicii    .1      ///A'''.       Vm-  in 
staiirc,   till'    intcri'st   mi   a   sum    nf    inmicy    \aiirs  juimly    iis    tin' 
jiriiicijial.  tin'  time,  ami  tlie  rate  jier  leiit. 

;'t1        I  )rKlNlTH)N.        .1    is  said    tu   vaiv    diiectlv   as    A'  and    iii- 

/! 

versely  as  (',  when  A   vaiies  as       . 

!'>.!        //   .\    i''ii'i'''<   "s'    l>  ir/i'ii  ('    in  coiixtii lit,  iiii'l  A   I'll i'i'-<  nn  ( 
irli'ii    \\  l.t  CHistiuit,  ih'-ii   I'-ill   A     r'iri/<is    l'>(  '   ir/nn  Ae//t   I!   'tii.l  (' 

The  variation  of  .1  ilejiends  jtaiily  on  liiat  of  /-'  and  ]iar(ly  on 
that  of  (',  Sii]i|>ose  these  latlei'  variations  to  take  jijaee  sejiu- 
rateiv.  each  in  its  tiifii  iiroduiiiiL,'  i's  own  elle,  t  on  A  ;  also  let 
a,  l),'r  lie  eeitain  simultaneous  values  of  .1,   /I.  f. 

I  Lit  ('  III'  riinttiinl  uiiile  A'  eliaiiLTes  to  l>  ;  then  .1  mu^it 
uiidei"()  a  ital'tial  ehauL.'''  'Hid  sv  ill  a^^inne  some  inlelinediate  \alu(! 
(/',   V.  hi'l'e 

■'  ;■■ 0). 

2.  /,./  11  />'■  riiitstinit,  that  i-,  let  it  i-etain  its  value  A,  wliile  (.' 
e|iani,'es  to  <■  ;  tlii'U  A  must  comiilete  its  chani^'e  and  i>ass  from  its 
intermediate  \alue  ir'  to  its  linal    value  e,   where 

"■      '' i-2. 


From  (  1  )  and  ( 'J  ) 


.1      II'       Il      C 


a        II 


I, 


that   Is, 


.1       .     .AT 
III' 


ov 


A  V  .aries  as  A''\ 


21.  mcHKIt    AI.CKl'.KA. 

'.]i).  'I'Ik  folliiv  ii  i;  alt'  illustrations  of  tin'  tin'oicni  proNCil  iTi 
til.'  last  ai'licli'. 

'I'lii'  aiiiniml  of  Work  dolii'  I'V  "  ii'iriii  iiinnlur  o>  iiiru  \ai'i('S 
iJiriitU  as  llii'  iiuiiilii'i'  of  ilays  they  \\orl<,  ami  tlif  aiiioiiiit  of 
work  (lour  //(  ('  i/ii-iii  It  III''  \  aiics  <liirct  ly  as  t  lie  iiiiiiilici'  of  iiii'K  ; 
tlicrcfoii'  wiii'iL  the  iiuiiilifi-  of  (lays  and  tin'  iiuimImm-  of  iiirii  ai'O 
liotji  variahlr,  tli.'  ainoiiiit  of  work  will  vary  as  tlic  jiroduct  of 
till-  iiiiiiilici  of  iMi'ii  and  tin'  niindx'!'  of  days. 

A^'aiii.  in  (  ironii'ti'v  tlio  arra  of  a  irianLilf  \arics  directly  as 
its  ha'-o  wlirn  till'  lic'i:;lit  is  constant,  ami  directly  as  tlie  liei^dit 
uh,n  the  lia'-''  is  constant  ;  and  wlien  I'oti:  tlie  liei;,dit  and  liase 
are  \arialilc,  the  area  \;iries  as  the  ]irodiict  of  ilie  niiiiiliers 
re|ire-'nl  ini;  the  hei^iit  ami  the  lia>e. 

Extniii'l''.  'I'lif  vohiiiii'  of  ii  I  ij-'lit  riiciiliir  vuiw  varies  as  the  s.iiiaro  ef  the 
lii'lius  iif  tli<'  lias.'  wli.ii  till'  hl■l^'ht  is  fi)ii>taiit,  ami  as  liip  lici;^lit  when  the 
liasi:  is  ((iiistaiil.  If  the  lailins  i.f  tlio  liasc  is  7  fed  ami  tlie  lifi!.'iit  1")  feet, 
the  viihiine  is  77<l  cuhie  feet;  liml  the  lii'it:ht  of  a  ccme  whose  vohiiiie  is  1:52 
cuhic  feet  and  wliieh  stands  on  it  hase  wiiose  radius  i<  '.\  feet. 

1,1  t  //  and  /•  denote  n-peetively  the  hei^'ht  and  radius  of  the  base 
luriisuied  ill  IVrt  ;   also  ht   I'  hr  the  \ohinie  in  eul.ic  feet. 

'I'In'ii   r     lur'-li,  win  IT  til  is  coiif-taiit. 

l?v  sui'i'ositimi,  77i>     /"  ■  7-     I'l; 


whine.' 


•n 

.-.  1.V  Mihslitillink,'   r  -    l.'V2.  /■     :!,  w.' t;et 


<Vi. 


V.',: 


>.\ 


:»  ■  // ; 


wlu'ue.'  ''  ^11; 

mill  therefoie  the  h.'i;.'ht  is  11  feet. 

'M .  The  jiroposition  of  Art.  .".a  can  easily  lie  (wfcnded  to  tlie 
case  ill  which  the  %aiiation  of  .1  de))eiid.s  upon  tli.'it  of  iiiorc  tluin 
two  \aii;ililes.  Kiirther.  the  \ariations  may  he  either  dii'ect  or 
in\erse.  'I'lie  princijije  is  interesting,'  Ix'cause  of  its  fi-eiitieiit  oc- 
iiii-reiice  in  I'lissical  Kcieiiee.  For  example,  in  the  theory  of 
j;ases    it    is  found    liy  experini'nt   that   the   pressiii'e   (/*)  of  a   j.'as 

,-..,.C,.,^     ...^     I  h;'     "  ;i  !  ;-,;  ;!  !!  t :'     t  :'!!'.!  S! 'I'at  I!  Ve  "    it\    W'hen     itS     \fdM!i'.e     i  }'\     is 

constant,  and    that    the   pressure   \aries   inversely   »-   the   vuluine 
when  the  tempei'atuie  is  const.'U't :   tli;it  is 

ji   1.    I,  when  !•  is  constant; 


i 


and 


VARIATION. 


p  -r.    -  ,  wlicii  t  is  (.•ou.st.'iiit. 
'         V 


25 


From  tlit'sc  I't'siilts  wo  should  cxjK'ct  tli;it,  wlu-ii  butli  /  and  c  art' 
\a?iahlt',  wo  sliould  lia\('  tl;i'  fi>nnula 


1 


ji  y.  -  ,  or  ]>v  --  /it,  wlicrt'  L  is  cniistaiit  ; 

and  liy  actual  experiment  this  is  found  to  l)e  the  rase. 

!■  jrnmple.  The  duration  of  a  railway  journey  varies  directly  as  the 
distMice  and  invcrsrly  us  the  velocity;  the  velocity  vurii  s  directly  rh  the 
square  root  of  tlie  (|uaiitity  of  coal  ii>cd  jicr  mile,  and  inversely  as  the 
number  of  carriuk'es  in  the  train.  In  a  journey  of  2.j  mileH  in  lialf  an  lionr 
witli  18  carria^'cH  10  cwt.  of  coal  is  rcciuirid;  liow  niui'h  coal  will  oe 
consnnicil  in  a  journey  of  21  miles  iu  'iS  minutes  with  10  curriagesj? 

Let  t  be  the  time  expresHed  in  hours, 
d  the  distance  in  miles, 
V  the  velocity  in  miles  per  hour. 
<7  the  number  of  cwt.  of  coal  used  pT  mile, 
c  the  number  of  carriages. 

We  have 

and 
whence 


e  X 


or 


t  r  , 

'■■'■'         ,  ,    • 

,   where  k  is  constant. 


Substituting  the  values  ^;iven,  we  have  (  since  7  ^    .  j 


1  _  A-  :■:  IH      •>:,  ; 


tliiit  is, 

Hence 

Substi 
(|Uestiou,  we  have 


121 


10 


t 


r,  ■  m; 
vTo  •  cd 


12".  X  ;?«  ^'./  ■ 

Substituting  now  the  values  of  /.    c,  d  t;ivcn  in  the  second  part  of  the 
28  _  ^,/lOx  IC.     21 

t;o "  12")  ■:m\\'~,i  ' 

^'''  75x28         "25  v'lO; 

32 


that  is, 
whence 


125 


21     32 
Hence  the  quantity  of  coal  is        ^^     =  SjVTj  c\vt. 


26  lIKIHEIt    AI.OKHKA. 

EXAMPLES.    III. 

1.       If.''  \,iries  .'IS  _//,  ami  .c-N  whrli  y       l"p,  lilid  .)■  ulifii  y       It). 

2       If  /'  \arifs  iiivri-cly  as  f^,  aii<l  /'     7  wlun  ij     :<,  tiini   /'  wlicii 

3.  If  t!ic  s<iuaro  :if  .(■  varies  as  the  nil'C  nfy,  anil  .'■  .'{  wlicii  y  4, 
liml  tti<;  value  df  v  wlini  .-■  . 

3  10 

4       .1  varies  as  11  ami  <'  j'piutlv;   if  .1      -J  wlien  //     .  ami  ('=         , 

•  >  _/ 

find  C  wlieii  .1      .")»  ami  /^     .'5. 

5.  If  .1  varies  as  (\  ami  1\  varies  a-  ' ',  llieii  .1  jrA'aml  \'.l/;  svill 
eai'li  \  ,iry  as  ( '. 

6.  If  .1  \aries  as  ll(\  tlieii  li  \aries  inversely  as 

7.  /'  \ari(M  directly   us    O  anil   invirsely  as    A';  also    /'  •      when 

(l     '_...,,;/;      '    ;   liml  V  ^vheii  /'-=\'lH  ami  /.'     V7.">. 
I  1  1 

8.  If  .f  \aries  asy,  iiri>\e  that  ./■-+y-  varies  as  ,i'-'-  y-'. 

9.  If  (/  varies  as  the  sum  of  tun  i|Uautitie>.  nf  wliirli  ni.e  varies 
<lireitl  V  as  .r  anil  the  ntliei'  inversely  as  ,;  :  anil  if  y  (I  win  n  ./■  1,  ami 
V      ;{,'    .v!:en,r     ;{ ;    liml  t  lie  ("[Uat  ion  Kel  ween  .c  anil  y. 

10.  If  '/  is  I'lpial  to  the  sUMi  iif  twii  i|Uantities  due  of  whivii  Varies 
as  .(■  liireetly,  ami  the  other  as  ./-'  inversely  ;  ami  if  y  !'.»  when  x  li,  or 
.'{;  timl  y  ill  terms  of  .r. 

11.  If  .1  varies  (lirertlv  as  the  square  i"ot  of  /,' .unl  inversely  .v« 
the  eiilic  of  {\  ami  if  .1    -  :>  vv  hen  />     -Jod  ami  f  '=    -J,  limi  l>  whi-n  .1  -   tX 

ami  r     \. 

1  .1 

12.  '  ii\eii  that  x  I  y  vai'ies  as  ;  )-     ,  ami  that  .<■     y  varies  as  r   -  _  , 

timl  the  relation   lietvveen  x  ami    ;,  |ii'oviileil   that    .      •_'   when  x     '.\  anil 


13.  If  .1  val'ies  as  /.'  ami  ''  jointly,  while  /,'  varies  as  /'-',  ainl  {' 
varies  inviTselv   as  .1,  shew  that  .1   varies  as  />. 

14.  If  '/  varies  as  the  sum  of  three  (|uant'ties  of  whieh  the  lirst  is 
{•ulistant,  the  seeoml  varies  as  .r,  ami  the  thinl  a>  .' - ;  ami  if  y  <l  when 
./■     I,  //      1  when  x~-l.  anil  y-  4  when  .'■     W:  tind  y  when  ./      7. 

15.  When  a  iMnly  falls  fiom  rest  its  distaiief  from  the  starling 
I'oint  varies  as  thesiiuare  of  the  tune  it  has  heen  I'allini,' :  if  a  hody  falls 
throuu'li  Ktl'.',  fe(>t  in  a  seconds,  Ihmv  far  dors  it  fall  in  |()  seioudsV 
Also  liow  fardoes  it  fall  in  the  In"'  setond  { 


VAUIATIMN. 
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.^ 


V 


16.  (liven  llwt  tlin  vohinio  of  ;i  splii'in  vaiics  as  tin;  iuIk*  uf  it.i 
radius,  and  t'aat  wlioii  tliti  finlius  is  ',i\  feet  tin;  vdliiiuc  is  17'.!;'!  ciiliic 
fi'ct,  find  the  voluiiu!  wlieii  tlie  railiiis  is  1  font  i)  iiicla's. 

17.  The  weight  uf  a  tiivu'  ir  di-.c  varies  as  tlio  siiuari.'  uf  the  radius 
when  tlio  tliirkness  remains  tlie  >aiiio;  it  also  varies  as  tlie  thickne.ss 
when  the  radius  remains  the  same.  Two  discs  liave  tlieir  thieknes.M's 
in  tiie  ratio  of  !)  :  8;  find  the  ratio  of  their  radii  if  tiie  weight  of  tlie 
Jirst  is  twiee  that  of  the  .second. 

18.  At  a  certain  rei,'atta  tiie  uamtK'r  of  races  on  each  day  varie<i 
jointly  as  the  nunilHjr  of  ilays  fi'oni  the  i>e;,'inninLj  and  end  of  the  repittA 
up  to  and  incliidiiiL.'  tlie  day  in  tiuestion.  <>n  three  .successive  days 
there  were  resiK'ctively  (i,  f)  and  .'}  races,  ^\'llicll  days  weie  the-se,  and 
liow  l<ing  did  the  regatta  last  i 

19.  The  price  of  a  diamond  varies  as  the  xpiai'e  of  its  weiL;ht. 
Three  rings  of  equal  weight,  e^uh  composed  of  a  diamond  set  in  gold, 
ha\e  vahie.s  £>t,  £/i,  £i;  the  diamonds  in  them  weighing  '.i,  l,  .";  carats 
respectivt'ly.     .Shew  that  the  \alue  of  a  diamond  of  one  carat  is 

the  cost  of  workmanship  heing  the  .-^i'.me  for  each  ring. 

20.  Two  jiersons  are  awar<led  jK-nsions  in  proi>ortion  to  the  .si|uari! 
root  of  the  numher  of  y(>ais  thi\v  have  served.  One  has  ser\cd  '.)  years 
longer  than  t\w  other  and  re  eives  a  pension  greater  hy  £'>0.  if  the 
Icic'th  of  service  of  the  first  had  exceeded  that  of  the  second  i>y  1]  yeai-s 
their  pensions  would  ha\e  U'en  in  the  pinpoition  of  U  ;  S.  How  long 
had  they  served  and  wiiat  were  their  lopective  iieiisioiis? 

21.  The  attraction  of  a  jilanet  on  its  satellites  varies  directly  as 
the  mass  (M)of  the  ]>lanet,  and  in\ers  ly  as  the  scpiari'  of  the  distance 
(D);  also  the  squaie  of  a  satellite's  time  of  revolution  \aries  duectly 
;is  the  distance  and  inversely  a.s  the  force  of  attraction.      If  ,,*,,  </,,  ^,, 


and  )/(.,,  (/.,,  /j,  are  sinuiltancous  values  of  ^f,   />,  T 
that 


»pecti\('ly,  prove 


"'I'l'. 


'/, 


I 


of  riMilution   of  that  moon    of  .lupiter  whose 


'M,   having   given 


Hence   find   the  tinu 

distance    is    to   the  distance    of   our    Moon    as    ."?;" 

that  the  ma.ss  of  .luinter  is  ;\V.i  times  that  of  the   Karth,  and  th.it  tht 

Moon's  peri(Hl  is  'll'^-  <Iays. 

22.     The  consumption  of  coal  hy  a  locomotive  varies  as  the  sipiare 

of  the  velocity  ;  when  the  s]H'ed  is  Hi  miles  an  hour  the  consumption  of 

coal  jier  hour  is  2  tons  :  if  the  ]price  of  coal  he  10.<.  per  ton,  ainl  the  other 
„ _ .  ..4'  *i.„  ^,.  _:,.^  l...  11.   'J  /   —  I,    —   i:...I  ♦!...  1 » ^  ..r,.  ;....». .,..r 

ei|^":r.e.*-,  \'l    tlie  eil^;3:v  '  -■  I  i  -.  'i-*.  .:::  ::■■■::,  ;:::•  i  •;:',-  :*:t-t  • •  •;  -•■  j---"  '•*  ^• 

of  100  miles. 


ClIArTKR    IV. 

AIMTIlMKTirAI,    I'lH  XiltllSSK  tN. 

^is.  |)F>iMri()\.  {.pliant it ifs  .ut'  said  ti«  In-  ia  Arithmetical 
Progression  wlicii  tln'y  increase  or  iltcrca^c  liy  a  cuntinon  dif 
jWetire. 

Tims  oaili  nf  tin'  fdllowiiii,'  si'iii's  finnis  an  Aritliiiict ieal 
I'rogrt'ssiun  : 

\  7,  II,  i:.,   

^  -1.  -t,  -1". 

(I,     ((     I    (/,      U    i     "Jl/,      ((  +  ;>r/,     

Tilt'  eiiiiiiiKtii  (litl'crt'iict'  is  foiiiiil  liy  siil't  tactiiiLj  (in//  ti'iin  of 
tlie  series  fr'oiii  that  •,v\ut\i  /'a/ fairs  it.  lu  the  tirst.  of  the  aliose 
examjiles  t  he  coiiiiiioii  (lill'ereiice  is  I  ;  in  the  second  it.  is  —  (i  ;  in 
tiie  thii-d  it  is  ,/. 

'■'>'.).       if  we  examine  the  sei'ies 

<t,  a  I  (/,   a  I  '2'/,  (I  \-  ',')(/,... 
we  notic«'  tli.it  //(  "/'//  /''nn  tin'  roefficii'id  of'  d  /,•*  /(/irni/s  /<.•<;*  bi/  oiw 
tliitii  tin'  /iHiiili'  r  iif  the  t'T/a  1)1  t/if'  si'ri''s. 

Thus  the  .')'■''  term  is  n  i  27  ; 

G"'  tei-m  is  II  )  .")(/  ; 
JO"'  term  is  a  •  lit-/; 
.and,  j,'eiiei-.illy,  the       /;"'  term  \s.  a  +  ( j>  -  \)if. 

If  n  lie  the  luuuher  of  terms,  .and  if  '  ilenott  tlie  Last,  or 
Jt"*  term,  'AC  h,i\e  /      a  ■  (n --  ]  )  d. 

Pro^/i-t'ssiDu. 

Let  It  denote  the  tirst  term,  <l  thi'  common  ditlerence,  .and  )i 
the    nundicr  of    teians.      Also    let  /  denote   the    last    ten,.,   and  « 


t 
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tin*  rctiuiicd  sum  ;   tlirii 

,s  a  .  (a  I  </)  +  (a  +  •2</)  +  ...  +  {I-  •-'-/)  '.  (/  ~ '')  ■  f . 
.iiiil,  1)V  writing  tin-  sciics  in  the  icst'isc  nidcr, 

J,  /+(/_,/)+(/  -J,/,  »-  ...  +(,t  4-  L'(/;  t-  ('(  I  (/)  t  ". 
,\.(l<lill.^■  togftlli'l-  tllfM-  two  series, 

-s    (<t  1  /)  t-  ('(  ;  /)  t  (<*  *  0  '  ■  •  '"  "■  i'''"!'' 
?t  (it  I  /), 

.-.    6      "(rt   t   /) (1;, 

.•in.l  In  t  (/t-  i)'/ (-). 

.-.  ^^'',\-2a  ,  (a-  1)./; (;}). 

41.  Ill  the  last,  article  we  lia\e  three  llMt'llI  foriimhr  (1), 
(:,'),  (:'>);  ill  euch  <it'  these  any  niie  of  the  letters  liuiy  deiinte 
the  uiikiiowii  (juantily  wlieii  the  three  others  are  known.  For 
instaiui',  in  (!)  if  we  Mih-^titute  given  values  for  k,  v,  /,  we  olitaiii 
Jill  i'(|U!ition  for  tiiitling  <i  ;  and  similarly  in  the  other  formula'. 
r.ut  it  is  necessary  to  guard  against  a  too  ineclianical  use  of  these 
general  formula',  and  it  vsiil  often  tie  found  hetter  to  solve  siiiijihi 
questions  liy  a  mental  rather  than  liy  an  actual  reference  to  the 
requisite  formula. 

Ilnimplf  1.     l''iiKl  the  sum  of  the  series  ;V^,  f.^',  H, to  17  tonus. 

Ilure  the  coiiiinou  ditltrincu  is  l\  ;  liciui'  from  {'.i), 

the  sum  '.;    ['-'  •   'J  ;  lO-U  j 

-'J  (11 +20) 

17  X  31 

2 

^•il'iHl. 

Kxitmplf.   2.     The   first  term  of  u  series  is  .">,  the  Ust  4"),  and  tlie  sum 
400.   tiud  the  number  of  terms,  and  tlie  common  ditference. 

If  n  be  tlie  nu:  -IttT  of  terms,  then  from  (1) 

-<00  =  'j(5  +  4r>); 
whence  «  —  !•'• 


:{() 


IIK. 111.11   .M.iill'.UA. 


If  (/    1)1'   tllV  CiillllIlnM   illlTiTl  IllL' 

I'l      til.:    If,'    I. nil       .'■  ,    !.■>,/; 
wlirllif  (/      'J  j. 

\'2.  It'  "//'/  /ivii  lirins  uf  ;iii  Ani  liim't  icil  l'fin;ifssi.iM  l.o 
;,'i\i'ii,  till-  siiir.-;  ciii  In-  cipiiiplftrl  v  ili'tci  iiiiiH'd  ;  for  tlic  (lat.i 
tilini^li  (ill)  siinult.iii"iiii>  I'liii.it  ifil's,  tlir  sdliiliuii  ni  wliicli  will 
^'i\('  tlif   tiisl   trriil   /lliil   till'  ciiiilliioll   (litlt'l-clii  r. 

I  .iiitiii'lr.     Till   ."jr'iiiiil   t  "  t(  nils  of  ail  A.  I',  nil'      til  uikI  til;    timl  tin; 

L'.'l    '    I.'IIM. 

If  ii  111'  till    tiij-t  til  III,  III  III  (/  ihr  II  111  III  Kill  ililTrliliL'i', 
•  il  _  till'  .")  1  "   ti'llii      (I  1   'I'-'iil , 
illitl  til  — till.'      1  "'  ti'ilii      (I  i  lii^; 


wlirlirr  ui'  iililiini  d  - 

anil  I  lie  -'.i'  til  111     ./  (  ■_'•-'.(      111',. 


..    71 ; 


\'.\.      I  >i';nMri<>N.     W'lii'ii  I  III!  r  <jii,iiit  it  ii'>  ;irf  ill  Arif  lnnrtir.-il 
l'ri)^n'>sii:ii  tlic  iiiiililli' mil'  is  >,ii.|  to  Kr  t In '  arithmetic  mean  i it' 

I  111'   lit  lllT   two. 

'lliiis  a  is  till'  ;u'it  liiurt  il-  iiir.ni  ln'twi'in  n      </ ;uiil  n  i  il. 
I  I.       Tiijmil  till'  (inlh  nil  tf  nii'iiii  lnln-ii'ii  tiru  ifirrii.  ijniin/i/ii  h. 

Let    a  ,'uiil  //   1)1'  till'  two  i|ii,'iiititi('s  :    .1    tlir  .•irilliiiii-tir  iin';iii. 
'i'llfll  .siluf  II,   .1,  /*  ;il'c  ill  A.  I'.  Wi'  liui.st   li;i\i' 

l>-.\      A-,i, 

cai'll   Ix'ini;  ii|ll.il   to  tlir  rolilliioll  ilitlrrriiri'  , 


W  llI'lU'l' 


l.'i.  iii'i  wi'i'ii  two  ^ivi'ii  i|u.iiit  it  ics  it  i>  iilw.u.-,  jios.sililf  to 
iiisnt  :\v.y  iimiil«'f  of  trriiis  mhIi  tli.it  flir  w  lioli"  ,si't'irs  tlilis 
foniiril  sh.'ill  111'  ill  -\.l'. ;  .'iiiil  liy  .-iii  extrusion  of  tin"  (Irtiiiitioii  in 
Alt.  13,  till'  ti'iiiis  tliu.^  insi'ttnl  .-ifc  c'llifil  tiit^  urit/it/tetic  nttoiui. 

K.i(ittii>h'.     Insert  '20  aritlinii'tic  meaii.s  bLtwecii  i  and  i>7. 

Including  the  t-xtrenies,  tlu'  iiiiinlicr  of  terms  will  be  22;  so  that  we  liave 
to  liiid  a  series  of  22  trrni';  in  A.l',,  of  which  I  in  the  first  aud  t)7  the  last. 

Let  (/  lie  the  coiimion  difference ; 
then  f.7  =  the  22'  term      1  i  21</ ; 

whence  if  =  3,  and  the  series  is  1,  7,  10, (11,  (ij,  rp7  ; 

and  the  reiiuired  means  are  7.  10,  IH, oM,  71.  tU. 


AllI  rilMKIIi    \l.    ritotiKKSSloN. 
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It").  Ti>  iiisiii  a  'jii'ii-  iiiiiii'nr  i>l'  iirilliiii'tir  ni'iiiti  Inlir-ia 
lilt)  i/in  II  ijinii(fili'S. 

Let   ((  ami  I)  lir  tlif  i;i\rn  <[.litlit  itifS,  ii  tlir  nilliilx'i-  ot  liir.llls. 

lliclll<lllr^  til"  txtniius  ill.'  lilllnIxT  "f  lillns  will  In-  (/  !  "J; 
M.  I  liat  \M'  li.iM'  to  liiiil  a  >ii  iis  of  u  1  -  ti  1 111^  ill  A.  I'.,  of  vvliirli 
,(  i>  till'  lii--t,  ami  //  i->  til"'  la^l. 

l.i'L  (/  '"•   I  li''  (  i.inliitih   ilillil  ihi  !•  , 


tl,.- 


/;       ill.'  (//    .    L'l"'  t.'lli 


./ 


a  ■  (II  ■    I  )  (/  ; 

/,      „ 


ali.l  t  III-  I .  i|imiil   III.  aii^  a|.' 

Ii  -   ii  "_'  {li      II I  II  (''      " ; 

,1    t  .  .       "   •  ,       ■"■  I       • 

,1  (I  »   '    I  /t  t    1 

i.i'iiiilili-  1.  'I'll.'  Mini  '.f  till..-  iiiiinli.'i-i  in  A.l'.  n  Vi7,  ami  tbf  sum  of 
till  ir  >c|Ulin  s  i^  'J'.i:! ;   llml  tin  In. 

I.il  ,1   1..'   til.-   iKnliHi-  niinilMi,./  til.'  1 ninii  ilitT.'iL'n.'i".    tlnu   tin:  tliri-c 

nimili.  i>  iiic  >i     (/,  II,  ii  '  '/. 

Hcticf  II     il  ■  ii  X  ii  :  ./     -7  ; 

wluiit-i:  11      '.',  iind  till-  tliii-i'  niiinli.'r.s  ari'  '.t     </.  '.',  '.•  •  ■/. 

.'.  ('.I     ,/)-  •  ><\  ,  t'.t  -  ./I- -•-".•:!; 

%sli.  ni't'  ''  —  -1  •' ; 

and  tlir  nuiiili.  rri  ;ii<-  I.  '.•.  I  I. 

l.niiiifil.-    •!.     l-'iii.l  tin-    .--uiii  of    llio  tii"t   I'    l.im.s   of   tlic    m-iu.-f  wliuse 
n"   I. -nil  1--  ;{;(      1. 

\'iS  iinttiiij.;  ;/     1,  uiiil  v     i>  if^\ni:li\v\y,  wo  uldiiiii 

lirsl  tt'iiii     "2,    lii.-it  ti-un      :</'  -  1  ; 


.-.  suin^flcJ  I'.'iji     1)     !|(:5i'  *  1| 


EXAMPLES.    IV.  a. 

1.  Sum  -2,  :?],  -U,...  t"  -20  tornis. 

2.  Sum  v.).  4»,  3;;,...  to  1  7  t.'rm.s. 

T  •?  ~ 

3.  Sum'  ,   ■  .     '.,,...  t.)  I'J  tonus. 

4       •  J       1  — 
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4.  Sum  'A,      ,    I  -[,       til  ,(  tciiii^. 

5.  Shim  :{-7.".,  ;«."),  .'{  i'.".,...  t..  I<;  tciiii.x 

6.  Slim       7\,       7,      <;',,..  '')  - 1  liriiiv 

7.  Sum  1  :{,       :M,       7"i,.  .  f'l  li>  t.riii-.. 

8.  Sum    ,    ,  .'K  •',     ,.,...  t..  ."i(t  iciiii-. 

^  :<         '        , 

9.  Sum     ,.  ,      ,.  ,  \  •!,...  t"  -•'  tiriii>. 

10.  Sum./      'M>,  ■^•i     :,/.,;!./     7/',  ..  t"  IH  ti.tii-. 

11.  Sum  J''      /',  I"     .'{A,  Ci.;,     .■)/<,    ,  til  /I  tirm-^. 

12.  ■''um     ^     ,  ",       _^      ,...  tu  lil  ttiiiis. 

13.  Insert   111  antliliirt  ir  liir.ilis  iM'lwcrii       Mini        llj'. 

14.  Ilisirt    I  7  al'ltliiMct  ir  ini'.ilis  lictwi'rii  :ii  .iinl        llA. 

15.  liiMTt   I  S  arilliinctir  iiKMMs  lictwriii       .'i'li' ami  .'Jc 

16.  Iii-crt,  .r  aiitluMi'tic  iiicaiiN  !«•?  wctn  / -'  ami  I. 

17.  I'lnil  the  >mu<il'tlii'  first  //  mlil  iiuiiilicr^. 

18.  In  an  A.  I',  tlir  tir-t  ttrm   is  -J.  the  last  tniii   -I'.t,  the  sum    I.")'); 

iiiiii  I  111-  (iiircii'iiic. 

19.  'I'lio  sum  I'f  I")  tiTiiis  lit'  an  A.  I',  is  t'liio,  ami  the  ciiimiinn  ilitl'tT- 
tiHO  i>  "> ;  lintl  tin-  liist  tiTiii, 

20.  'i'lii'  thinl  t.iiii  iif  an  A.  I',  is  |s,  ami  tlit;  seveiitli  term  is  :{(»  ; 
liiiil  th»'  ■    ill  ivf  1  7  trrius. 

21.  'I  h''  slim  iif  tliii'o  !iMiiiti»Ts  in  A.  I',  is  -27,  ,inti  tlitir  [iimlurt  is 
•  lUl;  lii.il  them. 

22.  'llu"  sum  <if  tliicf  iiiiiiiliris  in  A.  I',  is  1-2,  ami  tin;  sum  <if  their 
iiilics  is   IDS;  tiiiil  tliciu. 

23.  I'inil  till-  sum  nt'  l."i  tc-ms  of  tin-  .series  wliuse  ;("■  term  is  4/i  +  I. 

24.  l'"iiiil  the  slim  iif  X>  terms  nf  the  sei-ies  \vlni.-,c  yi*"'  term  is  {,  +  '2. 

t 

25.  Find  the  sum  nf //  terms  uf  the  series  whose  )i"'  leriii  is      t  b. 

26.  Kiiiil  the  siiiu  (if  n  teriiiH  of  the  scries 

2,<2  -  1      ,       3      «"-  -  5 
— —  ,  4it--,   -  ,... 

a  u  a 


X 


AMI  I  IIM^TI•    VI.    I'lKiCltK.SSIoN. 


33 


17.      Ill   .111   Ami  limit  ii'.il    I'lD^icssinn  w  Inn  .,  </.  ./  ;iii' ;,'i\r.., 

t')    ilflclliiilii-     till'     \.ill|is    lit     u     \\f     Ii;i\i      tlic    ijiuull  ,il  ii      i']tl;if  iull 

■  "'•■.  .(.^  1,-/' 


-'  t 


u  111  II  Imtli  iiriit-,  ,ii<'  jiii^iiiM'  .mil  iiiti'ijr.il  tlini'  is  nu  ditliiult  y 
ill  iiitfrprctiii;^  tlii'  n^ult  corrfsjxmdiiij;  tn  f.nli.  fii  sf)iiio  casfs 
■  I  siiitalili'  iniiTjiii't.it  imi  I'liii  In-  i_m\i'|i  fur  a  iii'!.',it  ivc  \,ilii('  of  n. 


I   r. mil, I,.       llnw    liliiliv    tillil-.    i.f    tin'    scrii-i 
I  ik'  11  tli;it  till'  ^UII1  IililV  i'f  M'' 


liiiisl.    lie 


ll.n 


1     H     (,i     1 1 :!;     i;c, ; 


lli;it  I-.  II-     111      1)     fi. 

..r  n     \l}  {II  ■  \)    o , 

.-.      »        11    IT         1. 

Ilwrtiilv  11  ti  riur^  (if  till   .-I  rics,  wij  liavr 

-'.I,      fi.      ■'..  i».  :{,  fi,  ;•.  1'-'.  1  "i.  ix.  *J1  ; 

till'  Mini  iif  wliirll  is  till. 

If  v.i'  liiv-'iii  lit  till'  lii.^l  iif  tlii^i'  tiriiis  (iiiil  rtiiiiit  h'lrkii'irils  four  tiiiii-,  th«' 

.«lllll    is  llNil   r.li  ;     illlll    lllllS,   llltll..ll!/ll     till      lll^'ltiVf    r.illltllitl    (ill.H    lint    llill(tl>' 

iiii-ui  I  till'  i|iii  ^tioii  piii|.iisri|,  Wiair  I'liiiMi  i|  til  ^ivt'  it  iin  ililrili^ilili'  iiiruniii^', 
illlll  ur  HI  !•   tliiit  it  au.-wiiH  a  (itirstioil  clnsily  toiiiiictiil  with  tlmt  to  wiiicli 

tin:  positiM'  ►.■•llUi'iU  al'plir-. 

IS.      W'f  c.iii   justify  this  iiitrriirt'tatiijii  in  tlu-  ^'(Miffal  Liisc  in 
tlir  lullowiiiL:  uiiy. 

Till'  cijiiat imi  (ii  (li'tiTiiiiiw  11  is 

<hr  :  (•_'-«-(/)  /(      l.',Sr   0 (1). 

Since  ill  tlic  rase  uikIl'I'  iliscussioii  tlio  nxits  of  tliis  ('(juutioii  Ii.'inc 
o|ijiiisit('  .si<,'iis,  1ft  us  (liMiotf  tliciii  liy  II  ami  -  n,.  The  l.ist 
tiiiii  iif  the  seiics  (•iifiojioiiiliiii^  to  11^  is 

«  r  (/',  -  1 ) '/ ; 

if  we  lie^iii  at  this  term  and  euiint  linrlir<irili<^  the  eoininoii 
dilii  reiiie  liuist  he  deiioteil  hy  -   »/,  ami  the  slllii  of  ii     tei'iii.s  is 

■imi  We  sli.ill  .shew  th.it  this  i:s  etjiial  to  h. 

II.  II.  A.  3 
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•J'///    •  '2ii  /'  '/-  "  (>i   -^  1  ) '/, 
•>  I         ••  -  -     -  I 


1 


(t.v    -L'> 


siui'i-    -   /'.    saii-llfs    «//r'      (-11      </})i    -'2s     (i.    anil        /'/',    i'-    'li<* 
iiriidiiil   lit'  the  ruiil>  (it'  tliis  fi|iiat  inn. 

t'.t,        W'lli'ii   til.'  \alili'  lit'   //   i^  flaitimial   tli.Mc  !■<  nn  CNart    lilllll 
liiT  (if  tiMiiis  which  cdi  ri'--|i(iiiil-.  to  sinli  a  Mihitimi. 

/    r.unnl'.      H'l"   iniiit\   t.  1111-  of  till'  -nils  'Jf,.  •_'!.   If,,      iiiii-l  1m-  IaK.-ii   to 


MIMi'lllll    Ii'   7  I  ■' 

Hire 


11/    1 K    "i  I ;    7 1 . 


ill  1 1  I  .  -"i""     ■"'7/(     II"-     I'. 

„r  (»      1 1  i'<ii     H7i     I' : 

.-.    //      I  <'<  7.. 
■ri,„-.  ll,.   na,ul..r..f  MiM-i^  1.     It   a.'.I  l"    l-an.l  thiU  tl..' Miia  nl  ',  Hani, 
is  ;_-itali  r.  \\ln!«'  tlif  Mini  of  s  nMni>  i>  1.  —  than  .  1. 

.'ill,       W'c  ail'l  siilni'   M  isi-i'llaniM.n>   |-".\aiinilfs. 

/,,,,„„■,.  1.  Til.'  Mini-  of  )i  t.  nil-  I'f  t\Mi  aiitlmii-tii;  t^crii-  aif  in  Mio 
lati,' of  7'/.      I  :   t/<     -7;    liml  ih.    rili"  nf  th.  ir  1  1     tmn-. 

T.rt  till-  tiiM  t.  1111  an  1  cmininii  ditT.  n  nc'  .>t'  llu'  two  hw'wa  In'  ,:,.  Jj  and 
.;,,,  il..  n  >ntcli\i  i^ . 


Wc  I'.avr 

Xow  \\r  liaxi    n.  liihl  til.'  \ahii    (if 


•J.i,  '  (//      111/,        7"  •  1 
•Ji/..  ■  (//      1 1  ('.J      1"     -7 


.(,,  .    10,/ 


'  :    lirllir,  liy  lillttiiv_'  II      --'1,  we 


'litain 


tl.n-  thr  ii  ,|uiii  .1  lalio  i>    I 


■2.1,  •  •J0./|       1  IS        1 
■2,1       •_'!'■',       Ill        '■■' 


K.nii'ifl'     •-'.       11'    ■'^■|.    ■'^■:-    ■'':<•■     S    I'"'    'I"'    ^""" 


,pf  II  l.ini-  nf  aritlitnetic 


s,.|i,  ,  wl,',.-.-  I,!-I   tun..-  ai.'   1.  •-'.  :i,   I.    .  ami  'aIio-  cniiinuin  .litt.'ivma  s  are 
1    ;i,  ;'j.  7.      .  Imii  th,'  \alu,'  of 

N,aS,  .V,.  .S, 


We  liavc 


ARITHMETICAL    PROGRESSION. 

.S,  -  ^'  \2,,  +  1«  -  1)  (2;,  ^  1)  (  =  ;_;  ;  (•->;.     1)  7,  r  1 1  ; 

till'  ifi|uincl  sum      ,^  '  (i)  •  1)  4-  (:</(  -•  1)  ••  fiy>  ~  1  .  i/  •  1)} 

-      { (II  ;  :i;i  -r  .">,; .;      :>p  -    1  .  n)  ;  ;»| 

r."  ;,i(l  ;  :i  :  .-.  i  .:ip     lit/.; 
=  .'■  ("y-  !  /M 


3o 


"/ 


;  ("/■■  'I- 


EXAMPLES.    IV.  b. 

1.  tiivfMi  "      -  2,  <^      I  anil  .<  -   I'^iO,  fnul  i>. 

2.  Iliiw  111, my  terms  nf  the  .-erics  1:!,  It;,  :.'0,...  inn>t   lio  takcMi  to 

make  iOSf 

3.  Ill  an  A.  1'.  the  tliiiil  term  is  f. >iir  times  the  first  term,  and  the 
sixth  term  is  17;   timl  the  series. 

4.  The  !"■'.  'M-\  and  la-t  terms  of  an  \.\\  are  7|,  _,  and  CA 
I'l  >]MMii\i'ly  :  tind  tlie  tirst  t(>rm  and  tlir  niinilM'r  of  terms. 

5.  'I'lie  4"'.  42"'.  and  la.-t  terms  of  an  A.  )'.  are  0.  - '.t.".  and  11'.") 
rr-|iecti\cl\  ;  find  the  tirst  trrm  and  tlie  niimlier  nf  terms. 

6.  A  man  arr.nr.'es  to  p.iy  "tf  a  ih'lit  of  i.'.'{tl(MI  hv  10  annu.il 
!n>-t.ihiients  whirh  fnrm  an  aritlimetic  scrirs.  Whdi  .'{O  nf  the  iii.->t.d- 
mriits  ,ire  jiaid  he  dies  h'.iviiig  a  third  of  the  dcht  imjiaid:  tind  the 
\;due  of  flic  tirst  instahiient. 

T  11     i..  ....      1    ..1  ..._  .11  ,  1  f 

I.  :.--:  ■.•,;•!•::  i  v.  ■  •  ::■.;;:::-■:-,  ■.•,:;--.-i-  .-;:!;;  ;.-i  ^;.^  ,i!i  (■•,;!;  ii;;i;i:i<-r  iil 
arithmetic  means  is  iuMifid;  tlie  sum  of  the-e  means  exceeds  their 
numl>i'r  liv  unity  :   Low  in. my  liiean^  arc  tlu'le  I. 

8.      I'lie  -um  of /I  terms  of  the  -erics  -l,  :,.  s,       ,.,  ;t."i():  tind  n. 

:{—2 
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r.      ^        ti         ..;..•       '  ,   ,  ...  t"  "  terms. 

9.  Mini  til"  MTii'^  I  ^,^,,    ,  _  ,..   ,_^/y'-- 

10.  If  th.  MMu  of  7  t.rms  is  4;.,  .-in,!  the  sum  of  17  terms  is  280, 
tiii,l  the  sum  of  /'  terms. 

11       If  tlie  y"',  '/'',  /•"'  toriiiM  of  (ui  A.  P.  are  r/,  h,  ,■  rcspc-tively,  ,shcw 

that,  '     '         '   '/-'•,'/  +  ■'•-/',''+  /'-'/; '•-''■ 

12.  Tlu.  sum  of/'  teruis  of  an  A.  P.  is  -/,  un.l  tho  >um  of  y  terms  is 
;);  liml  tlic  sum  "i }'  ■  <[  terms. 

'  13.     Tl.o  sum  of  four  inte..MTs  m   A.  1'.  is  -1,  an.l  tl.eir  ppnluct  is 
111.');   tilitl  them. 

14  Divi.ie  :;..  into  four  parts  uhieh  ;no  in  A.  1"  an,!  sneh  that  the 
ppMimt  oftlie  hrstanci  fourth  i>  f.  the  rro.luet  ot  tl,e  seeon.l  and  thinl 
in  thf  ratio  of  -1  to  '^. 

15.  The//'  term  of  an  A.  I',  is  y,  an.l  the  ./'■  tern,  is  y-;  tm.l  the 
/„'''  term. 

16.  How  -na.ny  terms  of  the  serie.  ;.,  I-J,  i:.....  ne-t  !«•  taken  to 
make  .-'.im;' 

17.  irthe  >um  ..f //  terms  of  ,,n  .\.  1'.  is  l',-  f-:?.-',  lin.l  the  r'"  ierm. 
18        if  the>umof  ,„  t.Tle^of.ui   .\ ,  I',  is  to  the  sum  of  „  tc^rms;,. 

,„Mo',/.  >hew   that,  th.>  „/''terni   i-  to  the   ,."' term  as  "J,,,        1   lsto-_„        1. 

19.  I'lMve  th.;t  the  sum  of  .,n  o,M  numher  .>f  trrm-m  .\.  1'.  ;-e.|U,il 
to  ilie'mi.liileteiin  multii.lie.l  h\  till    nunil>ei-of  t.'riii>. 

20.  If.v      ,/    :«/'      :!    for  all  \ahie-,  of /',  tinil  they,"'  term. 

21  The  numher  of  terms  in  an  A.  P.  is  even  ;  th.>  sum  of  tlie  hM 
teiins'is  Jl.  of  the  even  terms  :}(•,  an.l  the  last  term  excmls  tlio  lirst  by 

llll  ;    tiliil  tlie  l;Uniher  of  terms. 

22  There  are  two  sets  of  iiuml>ors  «Meh  eonsistini,' iif  3  terms  in  A.  P. 
an.l  the  .sum  of  eaeh  s.t,  is  IT..  The  e,.mmon  .littereneo  of  tlic  !lr.-t  set 
is  -reatiM-liv  1  than  the  i-,imnioii  liitlerenee  <if  tho  serond  set,  am .  tlio 
,,io.hi.t  of  the  lirst  set  is  to  tlie  iirodiiet  of  tlie  second  set  a>  7  toS;  tiiid 
the  iiumliei's. 

23  Find  the  relatioTi  hetweeii  x  and  >/  in  order  that  tin  r"'  mean 
l,etue"en  .rand  l'.'/  may  he  the  .same  :  s  the'r"'  mean  hetween  tx  and.//, 
i>  nie.'^ns  lieinu  in>ert(rd  in  ea<'h  ea-e. 

24.  If  th.-  Mini  of  an  A.  P.  is  the  sam.-  for  /.  a>  for  7  teinis.  shew 
that  it^  sum  U'V  }>  t  -y  terms  is  /en.. 


CHArrKR     V 


5 


CiKUMKTlUCAI.    I'lKWiRESSloN. 

:>1.  l)i-.FiNiTios.  Quiintitics  .uc  said  to  he  in  Geometrical 
Progression  when  tlu-y  iiurcasc  or  divt-fasf  hy  a  r,»Mtiiitt Jitclm: 

Tims  t-arli  of  the  followini,'  sciics  forms  a  ( Icomctriial  Pro- 
ijicssioii : 

;i,  •;,  iii,  lii 

1    -  '    '.    -'-. 


((,  (//',  ''/■",  III' 


'I'lic   roli>t,ilit    fa.'toi-   i-,  ;.1m.  rallrd    tll      r,,i,i iikhi   i'i/i.;  and   It    Is 

IoiiikI  l.v  (li\idinu'  "",'/  t.Tiu  l.y  liiat   wlii.li   iiim.cdiat.-ly /'/■.^' - -/-.v 
it.      In  tlif  liist  of  tilt.'  al)o\c  t'xaniplfs  tlif  lomiiion  ratio  is  •_'  ;   in 

tlic  M'coiid  it  is  -     ,  ill  tlit^  tiiird  it  is  /•. 

'•"_'.       If  we  fxaiiiint'  tin;  scries 

'I,  (tr.  (ir,  (ir  ,  or  ,  . 
NN..    noli,-.,   that    in   -'////    I'-rni   the  iwl>.r   „/ V   >■<   ,>/>nn/.,  A  ,v.s   /-//  -«" 
than  til'  iiiuiih'  r  ii/'llf  /'nil  in.  tJu'  «.,•(,.,■, 
Tims  the  :5"  tfi-iii  is  (/;-'  : 

tli»'  ()'*'  tfi'iii  is  <(/•■; 
the  "Jn"'  t.Tiu  is  ((/•"; 
and,  ui'iifi-ally,  the  /'"'  t.-riu  is  nr'"-. 

If  H  he  the  miinher  of  terms,  and  if  /  denote  the  last,  or  »"' 
term,  we  have  I  =  <ir''    '. 

r):5.      l>K.KlMTiON.       When  tiiite  nuantities  aie  ill   (ieoiiietricai 
Prnf,'ression  the  iiiid.Ue  one  is  called  the  geometric  mean  iMtw.-^-n 

till!  other  t  .V(). 
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HiraiKll    AI.CKHUA. 


'-_^.-._ 


To  find  (Itr  ij'innntrk  ni'iin  i'UwffH  two  yivni  <iuant'diis. 
\.vt  a  ;iu(l   //   I-f  tlic   two  inuiutitics  ;   (1  tlie  yeoinetric  iiiujui. 
'I'lifii  siiHi'  (/,  (j,  h  iii'i:  ill  ( !.  P., 

I,     i; 
a      a  ' 

(Hill  tiring  I'ljual  I'l  t lit' nuiiiiKin  r.itid; 

.■.  (j'  -ah  ; 

Nvllfll.l'  (j^Jitb. 

r>t.       I'd   i)is' rt   (I   (lifi  It    iiitiiilii'r  iif   iji'iiiii'trii'    iukiuh    hctiniti 
td'ii  i/ircii  fjiiii iifi/ii  ". 

Let  It  and  //  lie  tlic  i;i\rn  ([iiaiit  it  it-s,  n.  tli»'  miiiilxT  of  iikmiis. 

In   all   thcif  will    1"'    /'   •   -    tiiiiis:   so  tliaf   \vc   lia\c  to  tiiid  ii 
sciifs  iif  II  i  •_'  terms  in  ( ;.  1'.,  of  uliiili  "  is  the  liist  ami  h  the  last. 

I  ,ct  /•  1m'  till'  loiiimoii  rat  io  ; 

tl„.i.  /.      tlie  (ii      J)"'  term 

in-'": 

I. 

■  '■  '■' ' '       ; 


i,v- 


(1). 


Ilcmr    tile   ri'i|iiinil   nit'aiis  arc    (»;•,    nr'.. ..  ar",    where   /•   lias   tlio 
value  found  in  (  1  ). 

i:.rniiiiih\     Insert  1  ^ridiiutrii;  in.aiis  lictwt'c  n  It'iO  ;iml  ">. 

We  Imvr  te  find  <>  ttTiiis    in   (!,  1'.   of   whicli   lt',0  is  tile  (iist,  iiud  ">  the 
sixlh. 

l,('t  r  lie  tlio  CdiiiiiKiii  ratio; 

then  5  -  tlie  (-ixlli  t>  ini 
=  l(;Or' ; 


•}  ' 


id  till-  niiii'is  are  HO,  In,  'Jo,  In. 


(ii:u.MKTlil»'AL    I'ltiMiUKSSION. 


3!) 


.").").         Tojill'l    til'-    SKlll     of'  It 


ilifi-  ill'   !•  riiis   in    (•'•nil,'  /ricuf 


Pnx/restiiun. 

Let  a  bo  ill.-  lirst  tciiii,  /•  tlir  r.,imii.>..  ratio,  u  tlir  mniilxT  of 
tcrins,  ;iiiil  >•  tlic  sum  rc(|iiircil.      Tlirn 

iiiuhiiilviiig  cNtTV  trim  \>y  /',  «<•  ha\f 

rs      iir  +  'ir'-^ ;■<//•'    '  t-nr'    '+<ii'. 

HfiiLt!  l>y  subtraction, 


.(1). 


Cliaiii^'iiii,'  the  siu'iis  in  irv uraioi'  and  (l.'no-.iiinator. 


.(•-•). 


N,,'i:.     It  \\ill  !»•  lound  c.iUN.ui.'iit  to  1.  111.  nil..'!-  In.tli  I'.uiiis  ^■i\.■ll  above 
for  .>■.  u>iiiK  \2\  111  ill!  i;a-r>  .xc'in  \\li,-u  r  \^  i„>^,Ur,- and  ;i,;itrr  than  1. 

Siiici.' ((;■"    '      /,  th.' foniiulii  (h  luav  !»,■  uiiltiu 

,  /     .; 


:i  fuiiii  wliit'Ii  is  Miiiu  tiliRS  u-il'iil. 


:i 


Jj-'implc.     Sum  tliu  seiiis     ,       1,  .^ .  i"  7  trims. 

The  ciiiuiuou  ratio      -  _  ;  lu  iitc  li.v  t'nimulii  (2) 


tho  sui 


;i 


1   ! 


:\ 


■^  I    "_  1-^^  ) 

5 

2 
'2      '2:<1"      2 
■.\  '    V2H    ^  r. 

UV.i 
UtJ  ' 
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IIKilIKU    AI.«iKI{U.V. 

Ill 
TiO.      ( 'oiisidci-  the  scrifS     1,    ^,     .,,,     ,, . 


1 


1 


i'ln'  Slim  t<i  II  trims 


^0-:) 


Kioiii  tliis  result  it  ,i)i|ic;u's  tluit  linwcvcr  many  tiniis  l.(> 
taken  tiic  sum  of  the  ahoNc  scries  is  always  less  tliaii  1'.  Also  w  (■ 
-ee  that,  liv  liiaUin;,'  n  siitlicieutly  lal';.'e,  we  can  make  tlie  fnictioii 

as  small  as  we  iiiease.      Thus  1)V  taking  a  siitricieut    luimher 

of  terms   the   siiiii   call    lie   liiaiie   to   diU'er  liy  a>  little  as  sse  jileast; 
troiii   ■_'. 

Ill   tlie  next   arliele  a  more  i,'eiieial  ease  is  (lisiussed. 

"('  -    '•") 
.>  I  .        l''l<ilil     A  !t.   .1.)   w  e    iia\e  .v 

I   -  /• 

It  II  r" 

1   -/•      !-/•■ 

Su|iiio>e  /■  is  a   jirojier  fraction;   then  tlie  greater  tlie  \aliie  of 

•I 
'" 
//   the  smaller   is   the  \aliie  of   /".  and  eonseijuently  ot  ;   and 

tiierefore  liv  makiiii,'  //  sutliciently  larj,'e,  we  can  make  the  sum  of 

n   terms  of  the  series  dill'er  from  hy  as  small  a  (iiiantity  as 

\\f  Jilease. 

'I'his     result     is    iisiiallv    stated    thus  :     f/n-   sunt    nl'   an    iii/iiii/c 


mnnli'  I'  <;/  t' ruts  iif  "  i/'  •■/■•  tiyi  mj  (,'i  omi  frlcaf  I'/'ni/rrsslun  ts 


l~v' 


or 


more  hricliv,  //e    sum  to  iiifiiii/i/  is 


i.X'im]ilf  1.     I'livi  thviL'  iiuiulii'is  in  <i.  1'.  wliosu  sum  is  !',•,  iiiul  whose 
I'lnchict  is  -ilt;. 

Denote  llir  niinilicis  liv      ,  a.  <ti  \  tin  ii       ■  o  -dr     '21(i  ;    liciu'c  ii  =  fi,  and 


lllr  iiIIIIiItI.-.  ;iic       ,  •>,  '1 


^^s^^M^aa^ 


<;KoMKTKI<'AI-    l'l{«)flUKSS|()N'. 


r 


3        -2 


TllUS  tllC  IlllIIlllClH  UK'    i,  <>,   '••• 

i:.r(iviplf  2.     The  sum  of  iin  infiiutf    .iiiiiIht  uf  tmiis  in  (i.  1'.  i.^  !•">,  iiml 
llic  Hum  of  their  sciuarus  is  lo  ;  liiiil  tlie  sfrii's. 

Let  a  denote  the  first  term,  r  tlio  common  ratio ;    then  tho  sum  of  tliu 

a  ■       "" 

terms  in  —     ;  and  the  sum  of  thuir  Kjuares  is  ^  . 

1  -  )•  i     ' 

(t 


Heuce 


iiiul  limn  (I)  iiiid  (:i) 

2 
whence  i'-~  ,  ii'i'l  liuiulVprc  <i    -•». 

.      .    .      1(1      •-'•• 
'llius  tlie  SCI  II,.-,  i>  .(,  ,         , 


1-r 

(1- 

1 

<i 

;{ 

1  t  r 

I  ■  r 

ir, 


.    (1). 

(2). 


EXAMPLES.    V.  a. 


1.     Sum  ^.  .J.  r,' 


to  7  terms. 


2.  Sum    -2,  2i,       3i,...  t..  C  tt-iius. 

3.  Smn'l,  U,  3,...  to  N  terms. 

4.  Sum  -2,  -  4,  K,...  to  10  tiTiiis. 

5.  Sum  \<>-2,  r,i,  IS,...  to  7  terms. 

6.  Sum  1,  ;■),  2.'),...  to  y<  tenu.s. 

7.  Sum  3,      4,      ',...  t,>  2,1  terms. 

8.  Sum  I,  ^'3,  3,...  to  12  term.s. 

1  s 

9.  Sum     ,    .       2 to  ,  terms. 


./■'  ■ 


'■)•■■ 

\  - 


4-i 


iiii.iiKii  ai,«:kiji;a. 


10.     Sun 


,.  ..     til    7    TlI'lM^. 


% 


.  j- 


11.  lii^iTt,  .■{  ::i..inrtrir  iiii'.in>  I'l'tui'i  n  :.'|  and      . 

12.  Insert  .">  ■.''•'iini'trl''  nuMn^  lictwrfii  ;!';  aiicl   U>\ 

13.  Ili-rit   i'l  ;4cci|ncllir  ni'Mlj^  l.ctufi'li    I  1  auil 


CI 


Mini  the  I'.illiiuin''  MTiv^  I'l  inlinit\-: 


14.     ,,      I,.,. 


15.      15.  •<•!:,,   (MX).-.,... 


16.     \r,r,:,,      ill.    Tl....  17.    ■'{   ',  ■'<   -.  .'{",... 

18.    :5,  x';i,  1,  .  19.    :.  s'l-',  •'.•  ■ 

20.  'I'll''  Mini  of  tlic  tli-t  <;  tiTiii-  'A'  u  <  1.  r.  is  ;»  tinn's  til.'  .'-mil  of 
till'  lir.-t  ;{  tiTlii>;    liml  tin'  niiiminii  latin. 

21.  Till-  til'tli  li'ilii  I'f  a  (  i.  I'.  i>  >^i .  ami  tin'  mt.iIhI  tiTiii  is  2  I  ;    liml 
till-  M'l  ii'^. 

22.  'I'll!' Miiii  1  ■!'  a  (  i.  i'.  '.\  liii>i'  <  "iMiiii'ii    latiu    i>   M    i^    Ti'-,  ami    tin' 

la>t     III  III    Is     ISli;     IiimI    till'    li|->t    Il'llll. 

23.  In  a  (  I.  1'.  till'  lii-I    ti'ini    i-,   7,  t  lir   la-t,   li'ini    H>^,  ami    the   sum 
^s'.• ;    liml  till'  iMiiin fatin. 

24.  'I'll!'  .-uni  "f  tliivc  niiiiilirr.N  in  <  I.  1".  i>  IJs,  ami  tln'ir  iHniiiU't  is 
17:-"';   liml  tlii-ni. 

'25.     'I'lic  I'MiitiniH-.l  |iiciii(irt  of  tlirci:  nuinlicr,--  in  <i.  I',  is  :.'Ui,  iiml 
till'  >uiii  111' till'  iiriiiliirtMiftln'iii  in  jiaii's  is  l."i''i;  liml  the  niinilicrs. 

26.  If  A,,  (liniiti^  the  sum  nf  tlit;  scries  1  +ri' +  r-<' +  ...  <id  inf.,  ami 
f^,  till'  Mini  nf  tin'  scries  1      /•'■  +  /'-'•  -  ...  nil  inf.,  jiruvu  tliiit 

S,.rs,.      -IS,,,.     ■ 

27.  If  till'  yi"',  '/"',  /■"'  terms  of  a  ' ;.  1'.  lie  ,i,  h,  c  rcsii.ctivcly,  i.rovo 
tliat  .,'       h'-'l',''     ■'-=!. 

28.  The  sum  nf  an  iiitinifi'  nunilicr  nf  terms  nf  a  (I.  1'.  is  4,  anil  tliu 

Mini  nf  tlicir  eiilio  is  !'.•:;  ;    liml  the  series. 

r)S.      liceiirriiiL;  decimals  fiiriiisli  a  t^'nud  iiluytiation  ot'  intinitu 
( liiinii't  I'iial  PruLjt'cssiiins. 

J'..rtitiqili\     l'"iiiJ  the  value  of  'I'S.i. 

•4'j;5  -  •  1'2.3'2323 


U)      liKiii      ludnmi 

10        lU'       111' 


T 


(;K0MKTKI(AI.    I'UiKlUKSSION.  ^'l 

4        -'3    1__ 

"lO  *"  10  ■  1 

lu- 

1        2:5    KM) 

10  ■  10'"  ',•;» 

4        2a 

"  10  "^  yju 
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^  H'.tO ' 
wlii.li  nj,'rii's  \Mtli  lliL"  valuo  foiiiul  i.y  the  u-uiil  iuitliiiietical  iul« . 

.")•>.  TIk'!  .iifiienil  nil.'  t'nr  icdiu'iiii,'  ;iiiy  iffurriiiu'  •Ifinuil  to 
;i  vuluitr  flJlctinli  lii.iy  l)f  in-ovrd  I'V  the  liiftliixl  rlnlilov.d  III  tin- 
l.ist  (•xaiiiplc  :   l)ut  it  is  cisicr  to  procffd  as  follows. 

■/'()  I'niil  th'    rail"'  III'  II  i-irin-iiiii/  (/•riiii'if. 

Let  /'  <l<Miot.'  til.-  tl^'UIvs  wliirli  ilu  not  iv.ur,  ami  MippoM' 
til. Ill;,  in  iiuiiiImt;  let  r^ilfii..!.'  tlif  iv.iinini,'  ImiLmI  .onsistin- of 
,/  li-iiifs;   1ft  />  d.iiot.'  til.'  N.dii.'  of  th.-  iv.iiriing  dceiinal  ;  lli.'ii 

/>    /vw 

.-.  lu-'x  J)    I'QW ; 

an.l  w  ■  l>    I'QWQ ; 

ti.tTofoiv,  I.y  subtraction,  (KK*'-  W)l)=  IV  -  I' ) 

that  is,  lO'(iu^-i)^    IV  ~l'; 

(lU'-  1)  in'' 
Xow  10"-  1   is  a  nunil..T  i-oiisistiii';  of  7  nin.s  ;   th.T.-for.-  tli.- 


di-noiiiiiiator  ronsists  of  7  nines  followed   by  ;)  riplit'is 
■we  have  the  followin-'  rulo  for  n-dui-ing  a  ret 


H 


en  CO 


liii''  decimal  to  a 


\  uk'ar  fraction 


For  the  numera 


tor  suhtract  the  inteyrul  ninnher  consisthnj  of 


the 
tlie 


■h  rtti  V£>  Q 


fi-nu)    thp  intpnrnl  tiuiiibfr  coiixistiyif)  of 


I 


mm-recnrrwHj  and  nrurrii 
a  niunhr  cuiiKistiinj  <f(i/<  muni/  uhii 


iKj  fupirrs  :  for  the  tli 


liiinfor  tnke 


!  (IS  ihi-ri'  (irf  recurruiijjii/nn 


follow'd  hij  a^  miini/  ciphers  «.•>  lion:  are  noa-recvrniiijjiijnn 


U  ' 


4^ 


nil. III. K    M.l.M'.IIA. 
(id.         '/'()  /(■/(./   ///'    .^inii   >;/    II   /'  i-iini  III' tin    SI  rii'S 

;i.    (.1   •  (1)  r.    (.1      iM)  I'',    (.1  •  •''><!)  r',.- 


ill,    iiliiih    I  in/i    fiiiii    IS    ill!'    jirmliii'l    I'/    riiiT  siiniiiltiii/    tii'iiis    lu   nil 
iir'llh  nil  til'  II  ii'l  iji  mil'  I  If  s'l'i'S. 

I  )(iiip|c  t  h-  Miiii  l>v  >'  ;    1  lull 

.-.    fS  'ir  -  in  ■  (l)r+...  -(a-  ii-'2i/)f"   '  *- (u  ^  n  -li/)r" 

Hv  sulit  ract  ion. 
,S'(1      /•)      </•( "''■•'/'•'  f  ...   t  '//•"    ')  -  (i*  + //  -  1</)  r" 

</r<\       »•"    ')      , 
"  ■        "  -  ('I  •*■  ;/  "  1'/)  ;•'; 


■.   ,s' 


1 


I  -  /•  (I       ry 

(  'm:       W'l  ill    .^  ill  I  lif  t'uriii 

(I  i/r  ilr"  (it  4  //       \il )  /■' 

1 -/•*  (I -/•)■'"  (i-/r"       I    '•      ■ 

(Inn  \i  ;•■  I,  \M-  c.-.ii  make  /'  as  .'Nliiali  a-.  \vc  jilcasr  lt_v  (akiliLT  '<■ 
.siilliiiiiil  1 V  L.'ii',il.  In  (lii^  laM',  iissii  iii'iini  lliiit  nil  till"  firms  ir/nr/i 
mriilri'    i"   I'liu   In     iniiilr   sn    sum//  t/mt    tin  i/   /inn/   In-    iiii/li'i'f'i/,    vsi; 

nlitain    ,  •     ,  t'.ir   the  .sum   In   inliiiitw      We  sliall    tct'cr 

1  -  /•      (  1  ~  /•) 

tn  this  [loint  aLTaiii  in  ('liaji.   XXI. 

In  suiiiiiiin'4  t<i  inliiiitv  siiics  of  tliis  cl.is^  it  i>  usually  Ix'st  to 
jiicMfcd  .IS  in  till'  fnlldw  int^' fxanijili". 

l:.tfniijili'  1.      It'. I-    1.  >iiiii  till'  sorifs 

1  + 'J.r  .  .■if-  ■   l.r''+  ,        .to  intiliily. 
F.tt  .S'      1    .  -ir  .  .VSa.  l,-i 

.-.  J-S^.  .r -:  2.r- -'  ;ir'  t  : 

.-.    .S'  (1      r)^-  1  ■  .r  +  .r-  i- .r"  f  . 

1 

"'  I  -  .r  ■ 


.-.    .V 


I 


(iKOMF.THKAI,    I'UoCJRK.SSIoV. 
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h.xiiwi 


i/,'  •_'.     Sup    '  ill'  wric"  1  ( 


I       7       10 


to  II   tlTlllK. 


Let 


>■     1  •  . 


I      7       lit 


.N      1 


1        J       7 
.1       o"       •) 

,:i     :5      :» 


3m 


*"  -.<  * 


■( 


1  t  . 


1      1 


1 


1 


.) 


:t;i 


■'  1    ! 


^^;('  ^^  'V 


7     rj"  •  7 
I      1 .  .".' 


EXAMPLES.    V.  b. 

1.     Siiiii  1 +-J'M- :!'(-+ 1"'  +  ...  t"  "  trriiiK. 

;?     7      i'>     :5i         ,      .    . 

9      Sum  1 -t-     4-         -r       +  + ...  tc  mtiiiity. 

3.  Sum  1 +:?.'■  +  .").'■■-' +  T./'' +  '.•''•  f...  1'.  iiifmity,  ./•  Ifing  <  1. 

•J     :{      4 

4.  Sum  1+., +  .,■■  +  ..;+•  '"  "  *'-""^- 


5.  Sum  1+'.,  ^  'j  +  ,s  ''  ■■■  '"  '"''"'*'■• 

6.  Sum  1  f  ;5.-  +r,.,-+l(ir'  +  ...  tn  imimiy,  .'■  Umii:^'  <  1. 

7.  I'lovf  that  til.'    /)  +  1"'  t.Tlu  ..I'  a  C.  i'.,  of  wlu.-h  tli.;  Ili-t  t.Tli 


I  the  thini  term  /-.  is  c-iu 


IS  ((  am 

wlii.h  tho  tii-st  ttriu  i>  <i  aii( 


1  tc  tht'  (:;»+  I  "'  trriii 


,r,i  (i.  r.  "f 


1  th.!  tittli  tfTlil  /'. 


8.     Tlu'  sum  lit  -Jn  tonus  of  a  <\.  V.  wii 


lust  tftirn  i.s  a  ai 


d  rc.i: 


iiKiu  ratio  r  i.s  imju; 
cuiuuKin  ratio  ;•-. 
toriTis  of  the  tii-st  .scries. 


il  t~.  tho  sum  of  a  of  ik  <:.  1'-  ^vhosf  tirst  term  is  l>  iiii<l 
I'rovu  that  //  is  oM'ial  to  tho  smu  of  the  hrst  two 


IP 


1 


N 
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HICiHEK    Ar.fJKHKA 


9.       I'lliil  the  Mllii  "f  tin-  iutiliitc  M'lio 

r  ainl  /<  Ixiii.;  ]irip|MT  fi;iitii)ii>. 

10.  I  ln'  ^iiiii  I'f  ilifi'*'  Mimi'n'rs  in  (i.  P.  i>  70;  if  the  two  ivxtn'iiics 
Im-  iiiultiplinl  (Mcli  l>y  1,  ami  tin-  iiifati  l.y  T.,  the  |inMlii(fs  art-  in  A.  I'.  ; 
tiiid  tlu'  niiiiiliors. 

11.  The  fir>-t  two  fi'itii>  <<(  aii  mlinir"'  <  1.  1'.  aif  tm^'ctljfr  i'>|ual  to  'i, 
aiiil  r\orv  tiTin  i'^  .'<  f iint  s  thr  .-iiin  of  all  th.'  tcrin-  fliat  fnllciw  it  ;  tinil 
the  siiii'>. 

Siiiii  the  I'mHiiu  iiil;  mtii'.-,  : 

12.  '■  f ",    .'  -'   I    -",    .'   '    t    ."?''...    '"   "    tiTlil-. 

13.  .'■!'.(■  I  •/:  ♦•.'■-  './■-  •  //-';  f-.<-'  '.''+.'/'•;  -(^  ...  '"  /'  liTlii^. 


14.      ■'  I 


1      ..  I 


I 


...    in    -Iji   tl'lln- 


l.'i. 


..,  t .,,    .,,  t  .,„ 


tn  iiitinitv. 


1      .'i       I      :,       \      :< 
10.     .      _ ,  i  _       -it-       -.•■•'"  iii'i'"'.''  ■ 


17.  II'',  /..  •.  ■/  I'"  in  <;.  I'..  |ir..\i-  tli.it 

/,     ,       .    ,.      ,,   ■  i    ,/      /.  -       „      ,/  -. 

18.  1 1'  I  111'  .11  It  llliii'tir  liMMll   lict  Ui't'li  ■!  .111(1  /'  1^  t'.\  iri>  as  -riMt   .IS  t  lie 

j,'r(iiiii-t  III- mr.ih,  --licw  tli.it  ii  ;   /(     :.' -f  ^'li  :  'J     v'-'- 

19.  i'"iiiil  till'  slim  "f  I'  fi'i-nis  lit'  the  si'iirs  tlu'  c'''  ti.-nii  'if  wliirli  is 

20.  l'"nnl  the  Mini  '•(  -2,,  terms  nf  .i  sci-ii's  of  wlii.h  i-vcvy  cM'n  tcM-ia 
is  (/  firm's  the  tci'ni  lid'nn'  it.  and  I'vcry  i"M  ti'iin  <■  times  the  term 
licl'iiii-  it.  till'  tirst  ti'tm  iMiir.'  unify. 

21.  if  .'«'„  lieni'tc  iln»  Sinn  <>f  /(  fernis  nf  ,i  it.  1'.  whu.se  lii'st  term  is 
((.  ami  eiitiinii'li  I  itio  /•,  tinil  tile  hillil  <'t'.*>'i,  •'^',,  •**•,..  .•'*^'.tt- !• 

22.  ir  .*>',.  .^'..  >'....>',,  arc  the  .siinis  nf  intinife  '.'comotrie  scries, 
wh.'i'  liist  t.  iiiis  ;ii.'  1,  l',  :',..../'.  anil  wh.'se  romiimn  ratios  are 

lit  1 

espei  tivrlv, 


Jil'iiv  e  that 


lespeitl 

:;    ;!    1       /. .  1       ' 


23.      If  ;■        I    ami  [HisitiM'.  ,in.l  //(  is  a  iMi^itivi'  integer,  .shew  that 

(■2„l     :     1      /-"SI  /     •       1  '•-'""'. 

llciii  .■  >ln\v  th.it  /</■"  is  indetiniti  1\  sm.iU  wh-ii  n  is  imlrtinitely  great. 


(•IIAI'TKH    VI. 

IIAKMnNK  Al,    I'l'.i  >(  .UKSSIuN.        IIIKoitlMS    i(i\NK<   |KI»    Willi 
TlIK    I'lKHlltKSSIdNS. 


<'>l.         l»KKIMT|n.V  'l"lilrc    (|11,|  lit  it  ic^    ii.   A,   r   ,i|i-  ^.liil     I"    1»'    ill 

Harmonical  Progression  \v  Ik  II 

('  h  —  <■ 

AliV  IiUIiiImt  ct'  i|U;iUtitit-~  .ilr  v.iid  to  I..'  ill  ll,illii<i|ii.;il 
I'ln^icssjuii  ulitii  f\ir\  lliii'i-  iiiiiscc  111  i\  !•  tiiiiis  ,ii('  ill  Mar 
iiH'iiii-.il    l'i')v,'i«'N>'iiiii. 

'i-.         '/'//•'    fi'-l  nrniill^  III  liilit  lit  ll  !■  <     III      llnriiliillliil^     / 'i<  ff  I'l/'siiiii 


'/' 


II  If  ill   A  nth  nil  lirnl    /'ii"/i''--'.iiiiii. 

Itv  ili'tillit  inii,   il'  (/,   //,  (•  ;iti'   ill    H.lllllnliical    l'^(>;^|■^•^.^i<l|l, 

((        II  —  h 

c       h  -   .•  ' 

.-.  >l  (Il  -I-)     <■  (ll     II), 

tciiii    l>V  iilir. 


(li\  Kim:,'  cN  ••iv  tciiii 


1     1     1 

/,     Il    l> 


wliiili  jiiuM's  till-  |iri>|Mi>it inn. 

(i.).       Ilaiiiiuiiii -al    |iii)|HTti<'N    aif    cliicHy  iiitrifst in:,'    lifcaus*' 
(if  tlit'ii-  iiii}M)itaiut'   in   (ifoinctiy   and   in   tlii^  'I'licdty  of,  Sound  : 
Alu<'ln;i  tlic  j)io]>osition   just  jiioM'd   is  tlie  only  out*  ot  any 


111 


f 


liiHioiiani'f.  iiific  i>  no  L;i-in-iai  IiMimii.i  loi'  TIm-  siiiii  in  nay 
niimlxT  of  (juantitics  in  llainionical  Progression.  yu»'stioiis  in 
H.  r.  aic  ;,'fiifiiillv  solvt'd  l>y  invcitiiii,'  tlic  tonus,  and  iiiakint,'  um' 
of  tlic  priijicitics  of  till'  corrt'sjiondiiiu'  A    I'. 


4,S  HKillKIl    .\I,(;KHI!.\. 

fil.      I'lifDil  til''  li"  iiiioii  II'  iii'iia  liitii-i,  II  1,1-11  ijii-rii  ijiiii  III  it  nii. 
\a-\    II,    li    1m;    tlif   tsM)   (iiiaiilitics,    //   tlicir   li.iriiioiiif    iiic.iu  ; 

,         111  ^     „ 

tli<ii      ,     ,, ,    ,   .irc  III  A.  J'.  : 
'/       //      '/ 

.1        1       1  _  1 

■  ■  // "a    b    ir 

•1     1     I 
//    ,1  ■  /-• 

II  .  I> 

I-'.  r.niii'Ir.     In-i'it   (0  liiii;iiiiiiip  inciuis  lictwrcn  7  iiiid 

'  i; 

Iliri'  f'l  is  tin'    I'J  '  t' nil  nf  iui   A.  i'.  uliosi;  (iist  term  i-<  _  ;  lit  </  lie  tlic 

I 

rorriiiii>n  ililTcnni'i'  :    llnii 

Ci  +•   111/ ;    win  nrp  >/ 

I  7 

•_'       .!  II 

Tim-   til''  uiitlimitir  imiuw   luc  _.    _,  .  _  :  .'iinl   lluiifnii'  tin'  liur 

liioiiii'  ini;iii-i  AV  :!'..  'J ' , 

Ori.       If   .1,  t,\   II   111'   tlic   ,iiit|iiii«'t  ic,  L,'<'<>iii<'t  rii-,  ami   liariminic 
liicaiis  1m'(\mcii  II  ami  //,  uc  lia\("  jii'(>\c(l 

„  -h 

•I         2     ">■ 

<'     J"'' (:^)- 

•lah 

II       ,  c.\). 

II  i.  I>     Sill 
Tiicivfcn-  All  -  .         ,      nil      <r  ; 

■J        II,  ■  1 1 

thai  is,  (1  i-N  till'  L,'<niii(i  I  ir  iiicaii  lutwccii  .1  and  //. 

Kiiiiii  tlii'M-  icsiills  \M'  SIM'  that 

ii   i  /)         ,    ,      a  -t  b       1     (//( 


II  \l;MiiN-l(  Al      I'I:«h;|!I;ss|(»N. 


4!) 


w  liicli  is  1"  i>il  Im'  if  (/  .•iiic!  A  ,'111  |"i~ili\c;  t  hfrcfMic  tin'  unih  no  to- 
lii'iDtdt  II II  ij  tii'i  iiKsiliri  qunnlilns  i^  ni'i  itl'  C  llm  n.  Ili' W  'li'imji'ti' 
lif'lii. 

AImi    ll'i'lil    lili'    ti|n.il  iwii     (t'-       AH,     ur     Ml'     lli;it    <!    is    ilitiM- 
iiii'iliatc  ill    \alu('  lictwctii  .1  .iimI  // ;   .iihI  it   lias  lircii  jiiM\ril  that 
.[■<',    tln'trfiiic   (I    ■  11  ;     tliat     i.-..    ///•'    ii  rl' li  iii' tir,    i/i  mil' /rir,    iiml 
liii  rinniiii'  nil  II us  hi  In;  ,  a  iiin/  Itri,  jmsili  i;  i^iniiitiU'  s  (';>'  ill,  lii  si'i  m/iiiij 
iii'i/i  r  of  iiimjinl 'uli . 

(')').  M  isi-i'llauci  Ills  i|Ur';t  i'liis  ill  tli>'  I'lou'ii'^^i'iii-^  allMiil  .-,cu|ic 
t'lir  skill  ami  iic'innit  \ .  tli-'  -i.liitinn  lii'iiii,'  utifn  n.^at  l_v  flli'flftl 
liv  Millie  Minial  aitiliir.  Till'  .-tuili'iil  will  limi  tlir  t'lilliiu  iiii; 
him^  u>ft'ul. 

1,  it  ihi-  >iini'  i[iiaiiliiy  In'  aililiil  In.  m'  >i|l.' i  arliil  t'liiin,  all 
till'  liiiii^  I'f  an  A  I'.,  till'  irsiiltiiii.'  trriii^  \\ill  tuiui  an  A.I',  wiili 

till'  S.I  I  lie  rill  I  mil  ill   ililVcri'liri'  as  lictnrr.        I  Alt.    .'tS,  I 

2.  It  all  tlif  ti'llii-.  I't'  an  .\.l'.  In'  mil  !l  i|ir,f(|  m  iliviiliil  \,y 
till'  s.ihir  (lUalitiu,  tlir  rr^illliii''  liTlii-.  will  t'lillii  an  .V.l',,  lillt 
witli  a.  IH'SV  riuiiiiiiin  ditiia  nirr.  rl .  ■''^■\ 

,"i.  it"  all  till'  l<Tm>  lit  a  <  i.  I'.  Ill'  iiiiill  ipli  iir  ili\  iiii  i|  i.v  I  lin 
saiiir  i|iiaiitil\,  tlir  ITsult iliL,'  tiTins  will  tuim  a  C'.l'.  willi  tlio 
same  tiuiiiiinii  latin  as  lufurr.      [Art.  -il.j 

1.  It'  (/,  /',  I',  '/...  alt-  ill  (i.l'.,  tlii'V  arc  also  in  ciiii/iiiii'  U  jmi- 
portimi,  since,  liy  di-tiiiit  imi. 

,1       I.       r  ] 

1,      ,-      ,1      "  /•  ■ 

('niiMTscly,  a  siiics  it'  i|iiaiititits  in  cKiit  iniuil  jir<ni(iri  imi  may 
lie  ri'iiicsciitcd  l)y  .'",  .'■/',  .'■/'" 

Iranqili'  1.  It'  a-',  //-,  r-  are  in  A.  1'.,  -lu  \v  that  li  •■,  c  ■  ii,  i(  -  '»  t»ro 
ill  II.  I'. 

I'lV  iiddins  ci'i     .(.•  ■  /..■  t(i  cai-li  trini,  wc  sii'  tliat 

.(-  •  •('(  -Id'  -1  /"■,     //-'  ■  /"(  •  '"■  r  '"',    •■'-  i  I  'I   ■  '!•  ■  "'  alt'  ill  A.l'.  . 
lliat  i^  (•(  -'')  (■(  -.1.  (''  •!)(''  •  ii),  {•■  ■  II)  ('•  •  '■'•  ail'  ill  A.  1'. 

.■.,  dividing!  1  acli  tfi'iu  liv  i/i  •  h){l'  •  r)  (■■  ■  'ii, 

I  1  I 

/,  .  , 

tli.il  1-.  I> 


ill  A.  I' 


.  ,/  ■    ,1     I. 
r     ./,  .1      I'l  arc  ill  1 1 .  r 


11.   II.  A. 


.=^0 


iiiciii  II  ai,i;k;;I!A 


I  imii/.',-  2.      If   /   |!h   |:i-t  !■  I  111,  </  tl.i' t;iiriiiui'Ti  (lilfciiiHi ,  luhl  .^  till' Ninii 
•if  (I  li  I  iri-<  c.f  MU  A.  !'.  1m'  (  iihlii  cI(  (1  l.y  ti,r  <  .jiKitlMll  >til.-.  -  -  (i/  :  L'/i",  ]i|nyc  tliiit 

.(      ■_',(. 

SiiH>'  111!   /Hill  I'  l;il  i'lii  i  .  11  III'  Inr  liny  niiinl-.  r  nl'  tii  ins.  jmU  ii      1  ;   tlimi 

<(.-/-.s. 

Ill  nil    liv  nili.-l  itiitinn,  s,/,/      (,/  .  L'./i'-'. 

<.l  ul      •_'./)-      (I; 

.-.  ./      •-'.(. 

/•  .,!,„/./.   :;.      If  l!ii-  //  ../.)■'.  v"'  I.  nil-  i.f  an  A.  I',  an'  in  (i.  I'.,  .-li.  ,v  tlmt 
1'     ij,  7      I',  r     '  air  ill  t  i.  1'. 

Willi  till   u-n  il  iiiptatinii  Nil    liaM 

■'  '  '/'      1  I''      "      "I      1  \<l      <i  :  [r      ]  t,l 

"!iv     l).r    1/  1  (/■-  l),r  ',(  +  (,■- 1|,/         lA.i.t.'i.     (!)J; 

.'.  1  a'  h  111  llii-r  I  at  il  IS 

!■'  ■  I/'    '"':     ;■'  ■  (■/    1)./;     ;.(  ■  17    ii./;     ;.i  ■  (/■    n,/; 

;■'  '•/     'I  ■';      !"  I  !-■     1 1 ,/;    ■  ;-(  ,  (/■     1),/;      ;„  .  (,     i^  ,/■ 

/'  7     '/    '■ 

7  •■      '     ■-■' 

I  liiiii  j)     ■).  ij  I .  /■     s  iiir  in  ( >.  i'. 


1  <  .        I  he    Iiiliiili|irs 


-,    •',  .ii'-  iiiliii    ii'tirnd    to  as,  tin; 

iiiiiiinil  inniil)' rs  :    llic  /("'  term  nf  the   series   is  //,  ahd  tlie  simi  of 

1  lie  lirsl    /(   tel'nis   i^       (/(    •     1  ). 


ii>.        /'(/  fuel   tlir   liinii    if  tii>:   MjKdirs  ■;/'    //k:  jir.sf.    ii     ,i,i/iiiul 

II  11  lu'ti  />■. 

Lei    llicsillil    lie  (leiKiteii    liV.S';    llieli 

N-    1^  i  :i-i  ;i'  •   I  ,r. 

We  h,-ixe  «•_  (,/       ])'      ;?„-.    Wn  I    1  ; 

ami  liv  iliaiii:iiiL,'  /'  iiiNi  n  -    1 . 

{"       1  )'      ("       -;'      :!("   -  1  )■'      :'<{,i  "1)1    1  : 
.Miiiilaily       (//      !')'-(//       ."5)'      ;;(//- I')-'- .•)(,/--  -J)  ■    1; 


\'    n      :;.  1 


rilK    NAIIKA!,    M  Miu;i:s 


Jliiiic,  \>y  addition, 


+  It  j  ~  '.'l[  I  +  "J 


:5.s' 


.    -i'l  {"  ■  1 ) 


.-.  :;>    / 


I'm  ;  /t  4-  1 ) 


.  .  ."^ 


I        II   ■  _^ 

n  ( ,(,  ♦    1  )  (/t    -  1    -  ij), 

„  (,-  +  1 1  (•_''/  -  1 ) 
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/(I    t    /i 


li'.t.        I'd     liiiil    tin:    sum    til'    ill'     ,iilii.-i    iif    till'  jirsl     n     ini/ni'i/ 
iininhi  rs. 


l.ct  till'  siilii  !)(•  di'iKitcd  liv  >' .    llirii 


\\f||ii\r  ;('       (/t—  1)'        l/t'       t"i,/-    t    1,/        I    , 

{u      ■l)'-(n-\\y      t  (/«-!')'-(;  (/(-•-')'  ft  (/6      '1)      I; 


:i'- J'    4. ;{'-(;.  :5-  .  t .  ;<  - 1 ; 

■r      V     \.  l^'-G.-J--  I.  J-l  ; 
r_0<     4.  I'-C.  1^4-4.  1  -1. 

Ih'iuc,  i>y  additii)ii, 

,1*      4.V- 0  (1-' +  L'-' +  ...  •- u'j  + 4  (1  +  2  f  ..    + //)     /t ; 
.-.  J.V     a*  ■-  /(  I  i;  (1-'  +  :-'-■+  ...  +/r')-  4  (i  +1'  4  ...  +  //) 
iC  +  //  '  /(  (/'  +  1 )  ( I'/t  +  1 )  -  L'/'.  ( //,  +  1 ) 
11  (/(  4  1)  (-'■'-  "  +  I  •*-  •_',/  +1-1') 
-:  11  {11  +\)  ((I'   ♦-  /(^  ; 

II'  (;(  -•    1  )  [  udi  -r  \)  \ 

■'■  '^       r      (    -1    J  • 

'lliii.s  till'  fi'iiii   nj   till'   ri'lii  s    11,''  tlif  jirsI    II   iiiilKi-iil  nurilii  rs  in 
ojinil  to  (lie  fiijHiiri'  o/'tlii'  ifioii  (>/.''.'  ">'  inniihirs. 

.•ipplit.'d  to  tiiid  tilt'  sum  (if  tlif  .s, (11,1  Its,  .-iikI  tlic  smn  of  tlic  iid.<s 
of  tilt'  ttTiii.s  of  tilt'  SI  rji  s 

((,    II  f  (/.    ./  t   '111, 

4-2 


r,-2  iii(;iii:u  ai,<.ki!i;a. 

70,  III  irfciiiim  1"  tin'  ii'-ults  \M'  lia\i'  just  jiiummI  it  will 
lie  iiiiiM'iiifiit  I')  iiili"iiucc  A  iMit.itiiiii  wliich  tlic  Ntuilciit  will  frf- 
iiiii'iiilv  iiiii't  uifli  ill  IliL'li'i-  M.itiicin.-itic.-..  \\'«-  .sliall  dcii'itt'  tiiu 
M  rii  ^ 

1    •  •_'   •   ;i  4  f  /«  I'V  i/'  ; 

1  ■  ■  :J-  ►  M'  -  ...  -  /'"'  liy  i/A" ; 

i  '  ■  ■_'■  -t-  .'T  •  ...  f  /(    li}'  i"': 

wii.T"    i   1i1;mc(|    lutuiv   ;i    term    .->i^'liitli'>  the  su t'   nil   ti'iin^  of 

wliicli  lli.il  (iilii  i^  tin'  u''ii«'i''il  'yi"'' 

J.  niiniilr  \.       Slim  llir  •■^irif.H 

1  .  -J  .  2  .  :'•  ■  .;  .  I        i'.  /I  !•  iiu>. 

'I'lic  /(■  t'l'lii  II  Ui  ■  1)  II-  ■  11:  iilicl  li.V  uiillli},'  (l.nwi  <:i(li  IcIlM  ill  li 
Miuilai-  f'>iiii  wt  j-liall  luiNr  Iwii  cnluriiii:-.  oik'  i-uini^liii^  of  ihu  lii-.-,l  n  luitural 
iiiiiiiliii  -,  mill  \\if  ulliir  i.f  tiu  ii-  -'iniiir.-. 

.-.  the  MUM  —  111-   •    ii/i 

/(   [II    •     1  )  l'_'«    t    1  )  /(  U(    ■     I) 

(i  -J 

■2  /     .!        '      \ 

_  II  (II  1  1)  [II  ■  •-') 
A 

K.i'iiiiiili  ■-'.     Sum  to  /(  terms  llic  siriir.  uIiom;  h'"  iiiiii  is  '.'"  '  -t  i^'i'     'i'l-. 
l,tl  tlic  Mini  111'  ill  ncilcil  by  .S' ;   thin 

•2"     1      Hir  [n  r-  1  )'-■  _  I'"'  ('(  ■  1)  (•-'"  J  U 
"  -J-  1    '  1  "  t)       " 

-•_'"  -  \  •  II  [II  ■■  \)l-2inii  T  1)  -  (•-'/(  •  ni 

-•>•'     1  t  «  (/(     li  .•-'//■-■-  1). 


EXAMPLES.     VI.  a. 

1.       Fillil  thr   I'.iiiltl;  tiTlii   !li  r.u  li  ..f  till'  full,  iwili;^'  .MTir: 
I  .1      ■''        •!! 

(2      -2,  -21.  :{.... 


2.  Iii^i'it  tvMi  ii.iriiic'iiic  iiiriii--  l.rlwfcii  .1  .Hill   I  1. 

3.  lux  rt  t'l'ur  li,irm"i;ii-  inciii^  licfwri-ii      ^hhI 


K\\Mi'i.i.s  ON  tup:  i'it()i;i;Kssi(i\s.  .u\ 

4.  It'   I-  'iiiil  '.L;  .ii-f  tlir  ■^r.iia''ti'ir  ;(iicl    li  ii-iiiniiii'   iiiimii^,  nv-l t 

i\cly,  lictwci  II  fww  nmiiticrs,  liinl  tlirin. 

5.  If    tlir   liiiriii'^lUi'    Incili    li'tuci'ii    two    i|iLilit  ItlC",    is    til    tlirir'   Ufi. 
IiK'tl'ir  mean--  -IS    \-2  tn    |;i,   iiiiiNc   that   tlic  <|iiiiiit  it  i.'s  ,-ifr    ill    tlir   ratio 

of  4   in'.). 

6.  If".  /',  '■  !"■  ill  II.  I'.,  >hru-  that 

,1    ;  II      I,       III':  ./       i\ 

7.  if  tlM>  //("'  Icnii  iif  a   II.  1'.  U' ciu.-il    to   /.,  ami   tlif  ;-"'  trim    lie 

<'.(M.ii  to  //(,  Jirnvt!  that   t  he    //(  +  /'     '  term  is  fiin.il  to 

lit    '    H 

8.  it'  tlioy/        ■•',  /•"'  ti'iiiis  of  a  li.  !'.  l.c  ./,  A,  ,•  rispfct ivcly,  ].n.v<' 

t1l.lt  /-/•;/•.'■        /•         f,      ,11  ■{-,/,    ~   IJ      ilh         (>. 

9.  it"/'  i.s  tliP  iiariiioiiic  liicaii  U'twccii  (/  .iini  i\  jnovc  tliat, 

1  111 

.  +  ,  +  -  . 

ft        1 1         (I        r         1 1         c 

i'lmi  tlie  .slim  of  /I  t  ('fills  of  tilt"  si'iics  \\  liosi-  /;"'  tiTiM  i 


10.     3/,-'  -  I,. 


11.       /r'  +  " 
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13.    i,-{-lii+:\.  14.    .-i"    l;".  l.^i.    :;   V' \-lii-)  -  \ii\ 

16.      If  tin-  '"'  t-  1  ■  .    "  i  I    \  aii.l     .■  ■  1  "'  tri-ms  of  .-iM   A.  i'.  aro  in 
•  ;.   1'..  ami    7/*,  //, /■  .irc    in    11.  1'.,   slunv   tliat    tlu'   r.itio  of  tin'  loiimioii 

.) 
iliirrriMii(>  to  tlio  tiist  trriii  ill  thi-  A.  I',  is 


17.  If  /,  '",  "  aiv  tlirci'  iiiiiiil..-rs  in  (i.  1'..  |.|o\('  tiiat  tiic  tiist  term 
of  an  A.  1'.  wliosf  /''',  ///'',  aini  ,i'''  terms  .ne  in  II.  I',  is  to  the  eomnion 
liilfeiviiee  ,is  in  -\- \  to   1. 

18.  If  tlie  sum    of   /(   teriiis  of  a   series    he    (f  + /'/( +i//-',  tilul   the   )("' 

term  ami  tlie  niiturc  of  tlie  series. 

19.  Kiml  tlio  sum  of  n  terms  of  tlie  series  wlioso  //''■  term  is 

-J((  '/,-'+  1,!   -  I »!;?-+  1,'. 

20.  if  lietweeli  any  two  (|ualltities  there  he  inserted  two  aritlimetii- 
lue.iiis  .!,,  ,1.,;  two  i,'eoiiiOtrii-  meaii.s  '/,,  '»',;  .ami  two  liariiioiiic  iu«'iiiis 
//,,  //,:  .sjiew  tliat  (///,  :   IIJI.^.\^  +  A„  :  II ^  +  H.. 

21.  If  ]>  ho  the  first  <>f  n  aritliinetie  me.ins  hetween  two  ruiTiilift^. 
anil  ij  the  first  of  n  hariiinnie  mo.iiis  lictwcH'ti  the  s.uiie  two  liiiiiilxTs, 

l>ro\e  tliit   the  \,ihin  of  q  ealiliot  lie  hefue'eii  /'  and  (  ■  )  /' 

\"       '  / 

(^2,'    I''ind  tlio  sum    of  the  eul.es  of  the  terms  of   ell  .\.  I'.,  .-Uld  sliow 
tli.'it  It  is  e.xaetiy  divisihh;  hy  the  sum  of  the  terms. 


! 


il 


'.4.  iiiiiiiKii  Ai.i;i;r,i; A. 

1*11, IS    Of     Sllnr     \M>    SlIll.I.S. 

71.  7"  /'/('/  til''  iiiinil'ir  "I  sliiil  iimnxi'il  in  n  nmiiilili' 
viinuiitil  (1)1  II  .-ijimri   hii^i . 

Supposi"  tli.il  r.icli  siilc  of  till'  l).'i-.i'  r(iiit;iins  n  shut  ;  tlii'Il  flu" 
iiiiiiiln'r  lit' slint  in  I  111'  Iciwi'st  layrf  is  ;r':  in  i  lie  rnxf  it  is  (//—I)"'; 
ill    till!    next    {ii       -}':    .111(1    so   on,    u\<    to   a    siii;,'l('    siiot    ;it     tin; 

toji. 

.-.    S      n'  r  {ii       1  )'■  +  (a  -  ■_')■'  ■  ...  ■    1 

,;  [■•^'•'-   -"•] 

7'J.  /'<<  //'/"/  //ii  )>ii iiii'ii  r  iif  shut  iirni ini' il  in  n  rniniilrlr, 
lii/riuiiiil  till'  liiisi'  at  nliii'li  !••  I'll  I ijiiiliit'  rill  I riii lujli'. 

Siipjiosi'  tliat  •■;irli  side  of  tilt'  luisc  contains  n  simt  ;  tlicn  tlio 
iminliiT  of  siiot  ill  till'  lowi'st  layer  is 

7/  ■  f/t-  1)  M/'---')  ♦-  '1  : 

"("  •  I)        1      , 
t  li.ii   is.  _^         or      (,,:  t  /() . 

1 11  t  liis  ri'--nlt  \\iiti'//       !,//      L' foi- ./,  .ind  \m'  t  litis  ohlain 

I  III'  nil  ml"!'  of  shot  111  t  111'  'Jill  I,  "ill  I l.iNcrs. 

II  (ii  !   !)(//  ^  ■_')  ,  , 

,  |A.t.  -...1 

7.'^.  Til  ft  ml  till',  iiiiiiihif  iif  shut  iin'itiiiji  il  in  <i  coinjil'd; 
jii/nnn  ill  the  luisc  oj  vhirh  is  a  ri  etninjlr. 

\a'X  111  and  /(  lir  tin-  niiin'icr  of  sliot  in  tiic  loiii^  and  short  .sido 
ii'sji<'('ti\t]y  of  fill"  liasc. 

Till'  top  layrr  mnsists  of  a  simple  row  of  i,i-[n-\),  or 
111      II  4  1  sliot  : 

in  till'  ni'\(  l.iyi'i'  the  nuiiihi'r  is  2  (///  —  ti.  »  2)  ; 

ill  till'  iii'xt  iavi  1-  till'  iuiiiiImt  is  ."{ {lu  —  n  \  .'i)  ; 

and  So  oti  ; 

in  the  lowi'st  layor  tin'  iinnilx'r  is  11(111-11  +■>/). 


i'ii,r.>  <>K  sill  if  AM)  siiii.l.s.  55 

...    X      (,„       „   .    I)  '   ■_'(//(--'    ■  -J)  +  :'■(/-/  „■:'>)■..■   nil,,       V   '  n) 

(m~-n)[\    ■  -1  ,   ■^  ■     ..    ■   "»      i\'  ■  -'   '  •>'  •     •     •    "'• 

{ill  -  ii)n  \n   '  1  )       /t(u  :    1 )  (-"  ■  ' ) 
2                  ^                  '5 

r. 


71.       /'.'    PK'I   III''    inniJ,,:,-   i>j'  ■</<"'   <irni,>;/><l   in   na    if";,iHpl-l>- 
j,lir,ii„l,l  t/f'/„(sr  ,./  ii-hkh  I'.v  a  r><-l,in,jU'. 

L..t  a  .•u.d  /,  (lfti..tr  tl..-  nMi..lMT..t'  siM.t  in  tl.-  Uv.si.l.-^  -t  tli.' 
tnji  laviT,  "  till"  iuuiiImt  "f  l;'y«  ^■■^• 

111  tlic  top  l.ivtT  tlif  niiiiilxT  nt  shot  is  (//<  ; 
ill  tin'  in-xt  l.iyiT  till'  iiuiiil"'!-  is  (ii  ■    \)0)      \)  ; 
ill  till"  iK'xt  liiycr  tlif  huiiiImt  is  ui  ■-  '!)  {'>  t  -)  ; 
:iiiil  so  on  ; 

ill  ill.'  lowi'si  layer  tlif  uuiuImt  is  Oi  i  »      1 )  ('-  •  /'  -    D 
,,!•  ril>  ■  i't  '.  I>)ln      \}      ("  -    I)"- 

.-.    ,s'     ,,/„/  .  (.,  .  /-)!£(/'      i)  ■  1("      I)' 

in      \)Hi"  ■  I'}        "-  !)"(-•  H-  1   '  •) 
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75.  Til  lunnom-il  .'x.h.mi.I.-s  it  is  -.■n.-nilly  ."usirr  to  i,s..  th.' 
following'  iiH'tliod. 

l-ramph'.  Find  tho  number  of  shot  in  iin  mcvun.U-W  squui.-  i-.h-  of  ir, 
rinirscs,  havinj,'  I'i  shot  in  t'ach  side  of  the  t..]'. 

If  wr  place  ou  the  ^iven  pil..  li  B^iuan;  pile  havin^;  11  shot  in  v.uh  si,l..  -f 
tlu'  baso,  we  obtain  a  complete  ^'<luaI■e  pile  of  -2,  coursis; 

,111,1  numU'r  of  .hot  in  the  complete  pile     ^--. -^- ■'"=.••,',•;{.» ;     [.Vit  71.] 

ll.l'2:'2:i  . 

also  nnmher  of  shot  in  the  inMed  piler.  j.  -  ow  ; 


.•.  nn 


nilHTof  shot  in  the  incomplete  pile     i;i--'l 


oG 


iiKiiiiK  Ai.(;i;i'.iiA. 
EXAMPLES.     VI.  b. 


i 


I'lini  t  111-  iiuiiiiHr  •>{'  >li"i   III 

1.  A    -i|ii,ili'  ]  'ill',   li  i\  llr_'    I  •"'  ^li>'t    in  1  It'll  Mill-  i.f  t  l.r  |.,k^c. 

2.  A   tliali.:ul;il'  I'll''.  lia\    'IL.'  !■>  -li'it    ili  i.kIi  >itir  u|'  tln'  l..i-c. 

3.  A    IVrtanu'Ular  \'Ur,  tl:i'  l<Mi„'tli  ainl   tlif  l.rca'ltli  "f  till'  liavr  cell- 
tallilliJ  '■'<  ami  l'>  ^li"'    li-pr.  tIM  \\. 

4.  All   i  1  a  Mii,  1. 1(  ■!  r  trial  rj  I  liar  I  u'li',  11  Miii-  i  .f  t  lii>  1  M>i'  lia\  lli_'  :j.")  ^Iiiit, 
aii.l  a    -  .1.-  .if  tla'  t"]'    I  1. 

5_  All  iiirMiupli'ir  ^.|lla^(■  pi'..'  nt' u'7  .  .  •m->,s,  lia\ini,'  lu  >lii.t  iii  L',ii.'li 

si'll'   I'l'    lllf    I'  !-'■. 

6.  'I'lii-  h!iinl.<  r  "f  .slii.t,  ill  ,1  ri.ni|ilrtc  i-ri-taiii.'iil,ii'  [ijlc  i>,  -2  l-VXi ;   if 
th.  Tr  ,,!.•  :'.  I  -li'.t  III  till'  lirratltli  "f  tlir  lia-f,  lio\^  iiiaMV  apo  tlii'r'i'  ill   its 

!cli;'tli   ' 

7.  'I'lic  iiuiiil'ii'  "f  .-lait  111   tlir   f..|,  la\ir  of  a   M|ilaiv   ]'ilc    l^    H'.'.t, 
ami  ill  till'  1"\\.  -L  la_\cr  is  l(i-'.t ;   li..\v  iiiaiiv  .~!ii.t  dors  the  jiilf  .-Mutain  ( 

8.  I'liiij   tlir   iiuiiiKrr   iif  >li"t    in   a   r(.i'i]i!rtc  ri'ctaiiL'Uiar  iii'ic   cf 
l."i  roiir-i--,  lia\  iii'_'  Ji  I  >lii't  ill  llic  I'lii^i-r  sale  "f  its  tiasi'. 

9.  l'ii,,l  !hc   iiiiiiil'iT  nf  >li..t   in  all   in("iii|,'ctc  |-citan.'ular    |iilc, 

tlir    liiuiil.rr    (.r    >ll..t     111    till'    Mill-s    ,,r    It-    Ul'l'.T    (■"111'-.,'    i'Clll'^'     II    allll    I  S. 

aii'l  lia'  iiuiiil  '  r  111  til''  -liMiti-r  vi'ii'  ..r  It-  l..\\i'-t  r.'iii'M'  liciii>;  :5ii. 

10.  What  i-  til'-  iiiiinli'T  ..I'  -Ii'.t  i-c'|iiiic.l  t"  ."iiij'lrti'  a  ri-«l.  nuular 
|,ili'  L,'\  111  J  |."i  .  ii'l  f,  .-li'.t  III  ll.i'  I'lir.ir  ami  -li.'itci-  >|ilc,  ii'spiTtiM'lv,  nf 
It-  iipi'iT  ("iir-i- '. 

11.  'I'lic  nilliil"  r  "f  --li"t  ill  a  1 1  lalrjili.if  |'iii'  i-  jicati  r  l.v  l.'i'l  tliali 
I,, lit'  till-  lai'il'iT  I'l'  ~li"t  in  a  -'pian'  jiilf,  tlic  niiiiiti''i'  nf  laM-f--  in  carli 
!,(.  ii_'  til"'  .-am.-:    till.  I  til.'  nun  1 1 'IT  ..f  -h-.t   in  tla'  l..\M-t  lay.T  nf  the-  tri- 

aluu'ar    I'ili-. 

12.  I'm. I  till-  liillnl"-!  "f  .-li"1  in  an  inr.'lnlili'li'  >.|ila|-;'  ]ii!c"r  ll'i 
I  .iiii-r-  w  I II '11  the  ininili'T  '  f  -li"t  III  the  ni'in'r  i"iir>i'  i>  Mhi,")  jos  iliaii 

ill  tlir  1"\M  -I  i"Ul--r. 

1,3.  Slii'w  ilial  till-  niinii"!-  "!'  sli-'t  in  a  s.|iiarr  pik'  is  oiic-fnurtli  the 
iHiiiil'ir  "f  sliMt  ill  a  tri,iiii;iilar  I'l'a'  nt  ilniilik'  tlu'  liuiutuT  nf  cuurscs. 

14.  If  tlir  iiunil'tT  i.f  sli'.t  in  a  iriaiiunlaf  jiilo  is  tn  tlic  iiuiiil'cr  i.f 
sli.it  ilia  s'i'iaiv  I'i!!' (if  il'iiMr  til'' inuiilicr  iif  (■"Ui'>«'>  as  13  tn  I7');''nil 
til''  niinil'i'i'  "f  s!i.  .t  in  cadi  ['ilc. 

15.  'i'lir  va'm-  "f  a  tnaiiunlar  ).il.>  ..f   IC  11..  .-lid  is  .i.'.')l  :    if  tin' 

\aiur'    cf     il'i'll    1.1'     ill.-'.    Ci'/.    ]'<•)•    I'^t..    tili'l    tin'    liuiill'rl-    "f    shut     111     tin- 

I'iWu-t  lay.r. 

IG.  It'  fi-t'iii  .a  i"ni|.l''lc  -'inaii"  pi]''  ..f  /'  '"ur-cs  a  t |-ian,Mil'ii'  I'llc  "f 
,1  ..  _  .,,.,.  ,.,.,.,!...,.  .,!'  ,..,!!;..;,  !:;.  i;,...:;;  :!  ■   -  '      .  >!!::!    <!)•'   ii'niainini/  -hot 

w.ll    1"      pi-t    -utiui'lit    t"    f'lini   aii'ithi'i'   tiialiuil'.ai'   )iili',  aii'l    lilni    the 
liuiiil'ci-  '•!'  -li'it  ill  it-  siili'. 


Wi,_  ...V 


CIIAI'TKII    VII. 


SCAI.KS   of    NOTATION. 


Td.      TIk'  oitliiiaiy  iiuinl"  IS  uitli   wlii.li  w.- .ur  .icciu.iiiitrd   in 

Alitllllictic  ai"'  t•\l.^•^^«■(i    I'V   IlKallN  nf  liHllti|il''S  nf    iMiwns  of    ll»; 

fur  instance 

tTd.")     4  <  !•»'  i  7      1"'  +  •»  •  K'  t  •''• 
This  in.tlK.a  of  ivpn-snilini.'  inunl.ris  is  lallnl  tlic  common  ..r 
denary  scale  of  notatioa,  and  t.n  i>  said  to  !><■  tlif  radix  «.f  the 
sral.'.      'i'lir  svndiuis  tini)l<.ynl   in   tlii>  sv-teni  of  notation  aiv  tlir 
nine  dibits  .■iiid  /eio. 

In  like  manner  anv  nniiil«T  otiier  than  ten  may  1m'  taken  as 
llie  radix  of  a  scale  of  "notation  ;  tiius  if  7  is  tlie  radix,  a  niind.er 
,.x].rcssed  l.y  •-'i:..'>  represents  -2  7'  •  I  V  7-  f  •'.  <  7  v  M  ;  .-.nd  m 
this  scale  n.">  diuit  hi'.dier  than  '">  can  occur. 

A-aiii  in  a  scale  \n  hose  radix  is  denoted  \<\  r  the  al.o\e 
nnnd>ei-  -Jl-V'.  stands  for  -Jr'  •  l/-'+  '.,•  »  :'<.  More  uenerallv,  if  in 
tin-  scali' whose  radix  is  /•  w.^  denol,.  the  di-it^,  hei;innin,-  with 
that  in  the  units'  plac,  hy  "„,  a,,  >',.■■",.•  ''""  ''"'  I'lmd-er  so 
formed  will  he  represented  l.y 

(I  7-"  fff      r"''  -  (I     /"'  '  ■■■  :"'•'' ^  "  '■  '  "„, 
where  the  .•oethcients  n^,  ".,   ,,..  "„  are  integers,  all   less  than  y,  of 
which  any  one  oi-  more  "after  the  tiist  may  I.e  zero. 

Hence  in  this  scale-  the  diirits  are  ;•  in  niind.e^  t!,eir  values 
rant,'inu'  from  0  to  r  -    1 . 

77.  The  name,  r.mary.  Teiuary.  t,>ualcrnary,  (.Hiinary,  Senary, 
Septouary,  (  •ctcnai  .  Nonacy,  iienary.  l  ndenars,  ami  i  ^i...;.  u.uy 
are  used"  to  denote  tin-  s-cales  .orre.spondin,';  to  the  ,  dues  ///•-, 
thrtc,...tvce}v>'  of  the  radix. 


5H 


Hit. mm:    \I(ii;i'.i:\ 


I* -I 


i 


III  ill.'  ,iiii|.'ii;irv.  iliicidiiiai  y,  sci  |i-s  \M'  slia  1 1  i  iijim  f  syiiitn'l-: 
tit  iiiircM'iit  t  ill'  (liL'its  v\  lii(li  .111- v'n'.itiT  thill  iiiiii'.  It  is  iiiiiiMial 
(i)  ic>ii-.iil(r  aiiv  s' all-  lii;,'li<'r  tliaii  tliat  with  i.nliv  twflvi-;  \\hiTi 
ncci'vsaiy  wi-  shall  <  nplMy  tin'  syiiil"'lx  /,  '.  '/'  'i^  lii.'its  tu  diiuti- 
'  ti-ii  ',   '  I'li'Mii     ami   '  t  \m1\  I- '. 

ll    I-  isprriallv  UMithy  i>i  iiMtin-  tliaf    in   i'\«Ty  s.-al.-   In  i-,  tin- 

SMmIhpI    1  Kit,  till'   'ti'll',    liUt    t'nithr   raiiix    itsi'lt. 

7s.  'I'hi'  nnlinarv  iii>i'iaiiiiii->  i>f  Aril  liim't  ii-  in;iy  In'  jMrfnriinMl 
ill  any  Mall' ;  l.ilt,  l"'alilij,'  in  iniml  that  f  hi'  siir.i'->i\  •'  Jiuwi'is  nt 
till'  laiiix  arc  ll"  hiii^iT  ji.iwi'rs  lit'  tin,  in  (icti'i'liiiliilii,'  the  (•'//•/•'/"'.'/ 
/!,/iir'S  WI'  mil -I   ii'it   ili\i(li'  l>y  tin,  l>ut-   liy  tin-  raiiix  nf  t'  ■     ".ilf 

ill  ljucstinli. 

/•  )•.(/»///-■  1.  Ill  till'  si'air  (if  .ij-'lit  .-ul.tr.ut,  .-.Tir.il-J  fmiii  .".:tll--"J.".,  iiii'l 
iiiiill|ily  llir  ililTi  inii'i'  liv  'JT. 

.■,;iirj'j.-,  l:!r,i7:i 

:;71  ■".:!-'  '-^7 


i:ii;i7:t 


•JTMi'.ii 
•12(H)lir, 


I-  ipl.iiuitinii.  Aflir  the  lii-t  ti  ■uii'  nt  tin'  .-uMr.actidii,  siin'r  \',i'  ('iiiii..t 
tal---  '■'<  IV.  nil  ■>  «.'  ii.i.lN;  Iliiis  \vcliiiv.l'.t:iKi':i  t'l.mi  t.li,  ulii.'h  li  :i\.  s  7;  lli.  ii 
r>  ft.. Ill  I.  II,  uliii-h  lia\.  ^   t;   thill  'J  fmai  il-ht  wliirli  lr:i\rs  Ci;   mi, I  »..  ..n, 

A'/aiii.  ill  mult  i)il,\  ill,.'  liy  7,  u«'  luivi' 

:;  ■   7     twriily  nn.'     'i  ■  ><  :  ■">; 

\M'  Ih.  n  t'l'ir  |nit  .Imvn  "i  ami  I'liriv  '2. 

N,.xt  7  ■  7     •-'     tifiy  ..III'    fi  ■  ><  I  :i; 

liul  (l.iwii  :!  .uii!  I'liny  I'. -.    lui'lso  .m,  until  tlii'  iiiultiiilicati.ni  ii  r.niijil.ti'il. 

In  tliu  iiiMitiiin, 

;i  ,  Ci  -iiini'     1  ■  -i  t  1; 

uc  thi'ii'fiiir  jiut  ilnwn  1  and  cany  1. 

Similarly  '-i  i  ^'i  f  1      nini'   -  1  vs  t- 1 ; 

and  <",  (  1  +  1     lit-'ht     1  •,  ^<  t  0: 

lUl'l   so  (111. 

i:.i;iiiijilr  'J.      I  hviilc  I'lV-'O  hy  '.I  in  tlii'  scali'  of  twi'lvr. 

'.t|i:..f'.'0 

i.'.'.Hi.i;. 

'i'.ji.linnin.;;.      Slrirri"-:!    .  7'  ;  5  -  rcVvi-t---':      1-"-'^. 
\v.'  jiiit  (l.nvn  1  and  cany  S. 

Al~ci  s  .    /    i  ,•      on.' hunilrcil  an. I  m-m-ii  -.■  ■  ',t  I  S  ; 
\M'  till  icl'oi.'  )Hit  down  '•  iind  cairy  M ;   ami  m>  ..ii. 


Sr  M.I  s   "'1'    V"l M'loN. 

Ex„m,,l,   :l.       I'm. I  Ihr  -lUiii.    t  M.l  ,.l'  llJiltl   m  111''  Mill.-  nf  j^n.ii 

iiji.  lit',  h; 
;u 
i;;i  in-jr, 

iiu;  i-Mii 
I'-' 1 1 1 


.•)«» 


EXAMPLES.    VII.  a. 

1.  Atlil  t.'-rtlicr  -S.VIW,  in;!:;.  ;?ih)1-1  in  t!.rs,,il..  ,.;    i\.', 

2.  Kiiiil  till-  sum  of  till-  iioiiarv  iiuiii1mt>  ;in;{l7->,  l.M'TH:;,  lif.i;"!.".. 

3.  Siil'trui  t  \~,:vr,^'<'>  fri'iii  :5i;T:U:;1  in  till'  ?■■  i!f  (if  iiulit. 

4.  Krcrn  :5r."."p";  t.ikc  :;■  W'l  m  tli.  .liKHlc.an  .-^.a!.-. 

5.  Dividr  the  (litt'iicn.f  t..'t\\>t  11  li;?!::  ,.■'    m.I  :;:{.■>  I  l.'H.v   t  in  i!i>- 

S.-.lir  (.f  .-i.\. 

6.  Multiiily  CiCU  I'V  X'l  in  tli«    -.ale  nf  m  vm. 

7.  l-'iniHlif  ppxluit  of  til.' ii'Miaiy      inili.rs  l.  -.'.,  .'Us:?. 
8      l>ivicl('  litiil.'i-J  '■>  ;!•;  ill  thr  -al'"   'f  M'Vfii. 

9.     Ill  thr  ternary  .-.air  sul.tiart  \-l\n\-l  fmin  1  Ki^ii^'nl,  an.l  .li\  i.l.- 
thr  rr-ult  l.y  li'tM. 

10.  Kin.l  til.' squari' r.M.t  nf  ;?iH.||  1  n,  thr     Min.iry  mmI,'. 

11.  Kinil  the  M(uaiv  "f  r"?  i"  tli'-  >-'alc  of  rlfV.-ii. 

12.  Kind  the  <!.<'.  M.  of  1'.-,  II   aii.l  IMiiL-  in  Il,r  >.-.,l.- of  m\.ii. 

13.  Divi.l.'  1  i:5:'.-.'Jlf,  l.y  C.-.U   in  th.'  >rp(.naiy  mm!-'. 

14.  Siil.trait  ■JnlniDLM)  fmm  1 1 1:{. i.">n;{( 1 1  ,,n.l  liml  tin;  s.inar.'  root  ..f 
Ilii>  result  in  tl't"  .Mt.'iiary  se.il.'. 

15.  Fili.I  the  Miuaiv  I t  of  ..'iHil  in  tin-  s.al.<  of  twclv.'. 

16.  Tl!t>  following;  nuiulierM  are  in  ti.e  seale  of  six,  !iii<l  l.y  tli<=  "I'li- 
naiy  rules,  without  traiisforuiin;,'  t.>  tliedrn.try  scaU- : 

^1;     the  C.C.  M.  of  31  HI  aii<l  31n:2; 

(-1)      the  I.e.  M.  of  L-:?,  2  I,  ;{n.  Wl,  li>,   M,  W,  50. 

70.       To  r.rjn-'ss  (t  'jirrii  iiit-'ii-'il  jii  III/",-  in  n  „  i/  propn^'if  snil.. 

Let   .V  ).e  til.-  1,'iveii   nuiiiKci-.  .ni'l  /•  tli.-  ra.lix  of  fh."  i.n.pose.i 
seiile. 

I>>t  ^/„,  '(,,  ",,...«,.  1""  the  re<|nireil  .li-i's  I'V  wliirh   .V  is  to  Kt- 
exj)res.se(l,  iK'^iiiminu  ^^i''"  i'i''i  '"  '''"'  "'"'"  I'l-o*' '.  '"'■•' 
X     II  r"  '  «»^    >•"    '  -^  •••  t  "  '■'  •  ".'•  +  ",.• 

"\Vo  li.'ive  now  t<>  iind  the  values  of  i>  ,  a^,  <i.....(\ 


i 


If 


r»0  iii'.iiiK  Ai<ii:i!ii\. 

|»i\ii|.     .\    l.\    /•.   till  II   llii-   I  iiii.iiliil'l'  i-i  II   .   ;iiiil  tlic  iiiHilifiit   i'^ 

ill''       It       /' '       .      ,      ■  II  /•  '   II   . 

1 1'  t  hi,  i|iii.l  ii  ht   i>  ili\  idi  (I  li\    /•,   I  lir  n  iii.i  imlir  is  ,(   ; 
it'  t  111'   lir\t    ijllut  ii'llt     II    \ 

jiinl  SK  (111.  until  tlii'if  is  iiM  t'liilliir  ijii'it  jcnt. 

'riiiis  ,-ill  thr  iii|uiiii!  liiijits/f  ,  II  .  ii  ,...ii  .II.'  (jiicniiiiu'd  l>v 
Mliii-ssiM'  ili\i~iiili^  li\    tli<-   r.iiliv;  iif  till'  iii"il"i--c(|  sr.ili'. 

/   i-iiwjil.    I.      i;\|iir  ,j  till   .1.  iiaiv  iiuiiil"  r  ."i.'l:i  in  tin'  sciili'  of  .-.iNiii. 

7).V-'l.l 

7i7n 

7 1 1 1  n;  ■_' 

7il.'.  1 

•J  1 

Tims  r,2]:i    2    7*  t  1     7'  •  1  ■  7   ,  -J    7  :  :.; 

Hiid  fl.<'  iiiiiiiIm  I  ii'iiuiii  cl  is  21  r_'.". 

!■:  iiiiiii,!,'  ■_'.      Trtiiisfonii  '2\\'J'>  I'l  ■ni  niilu  mm  ii  to  ^cal.'  rUvcii. 

.■)-.'ll-jr, 

<ii''i        11 
:'.        I 
.-.  Ill''  I'  '|iiiii  il  miiiiiIm  r  is  'Anif. 

I     rlilillliltinll.         Ill    tlli'lil-t    line  of  Work 

•-'1        •-'        7        1         lillc  c  11        11, 

till  nfoii'  on  iliviiliiiL'  I'V  /   we  ]iul  .loun   1  ainl  cariv   I. 

Ni\l   I     7  '  1      tuiiit\  niiio     2     ,■     7  ; 
llicifl'dii'  ur  put  ilowii  •>  unci  caitv  7;   ami  so  on. 

l.nniii'l,  W.     l;,ilnir  7'-' I .",   from  Male  tu.  isc  to  s,  air  tin  liy  working' in 
Ki'alr  ti  n,  aii'l  \(rify  thr  n  >ult  \>\  woikiin,'  in  tlio  scale  twelve. 
7'Jl.-,  tf,'>\o 

I-  t)Hli 1    I 

si;  ,,,,-        o      In  sculo 

oftrll  I  1-  /)H>       ...J    j 

I     lo:;:;  j         .,  i 

!         12  '- 

L  12  mi 

Tims  ih..  K  Milt  is  121(11  in  lach  caso. 

F..rjihiH„ii,iii.  721'.  in  stale  twelve  means  7  -.  12'  I  2  ••  12'^  4- 1  y  12  f ."  in 
si.ii.  t.  r,.  i  i„  .,u.  uiahi'ii  IS  iiMi-t  n  a'iiivelTecteit  iiy  wntiiit,'  tins  exiiri's-ion 
in  tl,e  form  [;,7  .  12  •  2i:  x  12  i  1  ]  ■  PJ  +  T);  tlms  wo  imiltiplv  7  bv  12,  ami 
n.lil  2  to  the  piodn.  t:  fli.n  we  niultiplv  Hi  bv  12  and  (uld  1  to  ilie'iiioaiiet  ■ 
tin  II  111,!;}  l,y  12  ami  a.l.I  .",  to  the  liroiliiet. 


-St   AI.KS    I'K    MM  \I1"N.  <'l 

SO.        Illtli.ltci    \\i-    li.l\ ily    ili-rll>-til     «liii|i'    IiIIIiiImi^  ,     Kill 

tiM.  tiniis  lii.i  .    n\-<>  I"'  tAJTOMcl    III   any   -r,.!.-  nt    nul.itlMi,  ;    tlill> 

1'  ■' 

L'.'i  ill  ,s<  all'  ti'ii  ill  initio  • 

-        •' 
•■_'."i  ill  ^^■all•  .•-i\  ill  iKiti^        •         , 

I)        h 

•J         ."> 
•■'.")   ill   sialf  ;•  lll•ll|>l'■^  • 

r       /•' 

Kiaitinlis  lliU>  r\|iivssril  ih  a  li-llii  ahal.M.'Mil-  '"  llial  nf 
. .nlinaiV.lr.iliMlfia.t  I, .MS  air  lali.il  radix  fractions,  anil  111-  liiilia 
is  lallril  till-  radix-point.  Tin'  -.nira!  tyiii-  i.f  Ml.  h  lia.  (l.iiis  in 
M-ali-  /•  is 

/,     /,     /. 

t-    "!  *     I  '  ; 

vvli.iv/-,  /'.  /'..  .  iiK'  iiifi;ii>,  •'II  1'--^  "'•"'  '■•  "*'  "'"'•'  '"'■'  '""■ 

111'  inuri'  may    I'c  /I'i'o. 

M,        7'.'  i.>^'i:>s  II   •I'n.  ,1    iikI'i.'-  /nirt,i,,i    i  i'   <'/','/  /'in/,,:-,./  ^,,ll''.. 

Lit  /■'  1»-  till'  .U'i^'  I'  fiartii.n,  anil  /■  iK''  railix  nt  tin'  i.|..i.<.Mii 
.sr.llf. 

Li't  b  ,  l>  ,  l\.  ■  •«•  '!"■  '•"•iiiiiml  lii-its  l.i_inniii-  fimu  lli- 
li-ft  ;  tlifi'i 

/■■    '■..'■;.'';.  

?•      ?•■      r 

\Vf  li;iVf  liiisv  til  tilnl  till'  \alllrs  uf  d^,  I'..  /', 

Multii'iv  l)i>tli  siilrs  i.t  till-  fniiatiuii  l>y  /  •.   tlifii 

b        b 

rl-'-b  +-  -     :;  ^  ; 

'       r       I" 

lliMU.-  t,  isi'iiua!  ti.tlir  int.-ral  i-arti-f  /■/■••,  ami,  if  «.•  ilriioti' 
tin-  fnictioli.il  Jiait   1)V   /•', .  \M'  lia\c 

'    /•    ''.-'■> 

Multiply  iiiiaili  liy  /•  :  tli.Ml.  as  lirfoiv.  b^  is  tin-  int.-ia!  part 
of    ;-/•'  ■    ;illli    silniialiv    iiV  SIIiti'ssIM'    liillil  IJiin  aTi..!,s    ny    ,-,   t-.:-  :;    •••! 

til.'  lii'-its   may   l.r  f-uui'l.  ami    tin-  fiaitimi   .•^I.^•^>.■.1   m   tin-  ini- 
iHisi'il  sfali". 


t 


62 


llliillKK  .\i.(;kiiua. 


It'  ill  tin;  su(ifssi\  (■  iiiiiliijiliiat  iiiii>.  Iiy  /•  any  one  of  tin* 
]i!'(Mlii(ts  is  nil  integer  the  judcfss  tt'iiiiiiialts  ;if  tliis  stage,  .'iiid 
\\[i'  L;i\cu  fr.ictimi  can  lie  ex  jut^mm!  liv  a  lin  tr  niiiiilici"  of  dii^its. 
lint,  if  nunc  of  t  lie  jiniducts  is  an  iiitci^'cr  the  ]'ii>ce>s  \\  ill  ncser 
tci-niinatc,  ami  in  tliis  case  the  diLrils  recur,  fnnninv'  .i  ladix- 
fiat'tioii  aiialoL'nus  to  a  feciirfiii''  ileciniai. 

ilxaiiqilf  1.      llxiuiss      .  us  ii  liiiiix  t'liicliuli  ill  sculc  ^i\. 


It; 


1 


7     .i     .      1 


'.i;    '    ■''    1 


.    till     11  'lllllcil   I'lJli-lidll         ..    J    .. 


i;  ■  (i    ■  c,  I  '  c' 
■i:.l:;. 


/    i.imiil,    •-',      'riiili-r..Mii    iriU(;|-.M  ll. mi  .-r,i!c  ci/lit  ti.  grille  ti\<  . 
\\  (    mil  I  Ik, it  the  iiitr;,'ial  ami  tiiu  iiarl.Diial  [laits  m  ]ianitcly, 
allCiiK,!  -21 

r,r_";ii    n  5 

.■.)1KI      1  111 

a)7l   .:;  -, 

.".)1:{../J  ■-'•••.I 

2...1  •"' 

I'll) 

<i-Ji 

\ltrr  thi-  llic  (h 'it-  111  the  tiai-ticmal  jiiit  recur;  hciico  the  reijiiircd 
nun. I"  I   i-i    .!l'_':il(t-i-.'|i'l. 

Si'.  /;*  nn</  sail,  <,j'  ,,<it<ilh'ii  of  irlifl)  tic  ruiJlr  is  r,  //,■  sunt 
ill  tin'  i/i'fits  (i/  mill  irliiih'  inniifii  r  iHinhil  Inj  \  \  jc,7/  hilv  the 
simo    r'  III"  I  mil  r  us  tl<-    irlmlr  iiiiiiil.,r  iliviiliil  lui  V  -    I. 

lei     .\    deic'lc'    till     iiiindicr.  ((    .  ii    ,   II   ...  ./     the    dii,'its  liei.'ili 

liili;_    \\\\\\  lh.it    i'l    the    iinit.v     |i|;iic.  .  ml    .S'lhc   Mini    mI'    the   dii:its; 
then 


.\'    .'     „ .. 


'  "      ('      -  1 )  ■  '/„  (/•'     1 ). 


SCAI.KS   (iK    N(tTATf>N.  (j3 

J^'msv  <\<iy  tciiii  nil  tlif  iiL;lit  lijiii-         .'  is  (Ii\i.sililc  Ipy  /•  -  1  ; 


1 


all  i:it  \,c  r 


tli.it  is, 


/,    '    .-r 


Nslicri'  /  is  soliH'  iiitcj^fi-  ;    wiiirli  judms  tin-  [H'ljiiisit  imi 

fffiuc.'i  miiiil'cr  ill  scale  /•  will  Kr  dis  isililf  l)y  /•  -  1  wlim  tli«! 
Slim  of  its  (liifits  is  (]i\  isit  !r  l>y  /•      1 . 

S;<.  r>v  taking,'  /•  1"  ^\<'  Itarii  from  tlif  jiliovo  jiio|io,-,it ion 
that  a  mimlMT  diviilcd  Iiy  '.I  will  Iimm-  tin-  same  rcmaimli  r  as  tin- 
Mim  of  its  tli;,'its  divided  liy  '.I.  'I'lie  rule  known  as  "eastiiii^  out 
the  nines"  for  testin;,'  the  aiiurai  y  of  multiplication  is  founded 
on  this  j>i'oj>ei-ty. 

'J'lie  ndi'  niav  lie  lhii>  e\|ilained  ; 

r^'t,  two  huiuImis  lie  l(|i|esented  hy  'Ja  I  li  aini  ;•'■  t  </,  and 
tlieir  inoduit  hy  /':    then 


r  .   ,         I'd 

Henie         has  the  same  remaindei'  as         : 


and    therefoif    the 


saia  of  (If  (li'il/s  of  /',  when  divided  hy  *J,  j,'ives  the  same 
remainder  as  the  KUin  of  th''  il'njitH  of  /«/,  when  divided  liy  'J.  If 
on  trial  this  sliould  not  he  the  ease,  the  mult ijilieat ion  must  ha\c 
Ix-eii  ineorreetly  {leiformt  (1.  In  iiractice  /;  and  (/  are  readily 
found  from  the  sums  of  tlu-  di^'its  of  the  two  numhers  to  Iw! 
multijilied  to;;elher. 

J-.xtimpU.     Ciiw  the  imiiltict  .if  ;U-.'.".0  ami  xVll  he  •jr,:i:t',i:,:U2  ? 

The  sums  of  the  ili|,'itrt  iif  thf  iimltiiiheancl,  iiuiUiiilitr,  ami  jiimhiLt  arc  17. 
21 .  ami  'M  resiH-ctivilv;  UK'aiu,  liie  silliis  (if  the  di^-its  of  thix'  tlin e  mimlnis 
an-  K.  :i.  and  7,  wliiiice  '-'  K  ■  :t_  L't.  which  ]\h^  t'l  fur  tlie  nun  ef  t)i.' 
div'it-';  thus  we  have  two  dilTereiit  riiiKiiiuleis,  li  and  7,  and  the  iiiuhiiihtatiuu 
is  iiu'urrc'Ci. 


SI.  //"  N  •I'liiitf  II III/  ii>iiiifi<  r  in  t/ii'  sf(i/r  11/  r,  .'//</  I>  ih  iii>tf 
till' liitjirfttip.  sii  •iiii'si'ii  I'limi  I  rr^  ill  :  ni<  II  liir  mnun  i;i  Hf  'iniii--^  m  i/nl 
vld  ami  thf  •i-iii  iihii-'-x  ;  thin  N  -  I>  er  N  +  1  >  is  a  tiin/tijilf  of 
r  ^  I. 


04 


IIKJIIKl:    Ar.i.KltUA. 


I,ft  ",,,  "  ,",, ",    ilt'iinti'   the  (li:,'its  licijiiiniii^  \\  itli  tli;ii 

ill  I  111'  uiiit^'  |il.ui' ;   t  licii 

.\'      II  ^^  •  ii^r  ■■  ti  ,/•'  !  (f  j/''  f  t  "„_,'■"   '  t-  or'. 

.-.  .V-  "„  •  ",  -'f.,  •  ",  ...  II  (r  +  \)  +  II  ^1  r  -  \)  ^  ii^(r'  +  \)  ■  ...\ 
mid  tlif  last  ti'iiii  fill  tlic  rii,'lit  \sill  he  ",(/•"  t  1)  or  ",('""  1) 
.'ucordiii;;  as  a  is  odd  or  r\iii.  TIiils  fvcry  ti-riii  on  tlio  riglit  i.s 
ili\  isil)lc  liv  r  -^  I  ;   ln'iicf 


y  —  {ii^^  -  f/|  -:  a  ,  -  II  ^  f 
r  +  'l 


Now 


ail  lutcgf 


.V  ^  /> 


I.s  all  ihlfi;fr  j 


wliiili  jiinvrs  till'  [ii(i|M»il  inn. 

('ill;.  It'  till'  Sinn  lit'  till'  ili^it.s  in  tin'i'Sin  [ilaiis  is  i'i|iial  to 
(III-  .slim  ipf  till'  dibits  ill  till'  iidd  plari's,  />  (I,  and  .\'  is  iii\isilil«' 
l.V  /•  '    1. 


1!^ 


i'..iiiiiijil:    I.      I'l'iM' tli.it    I'll  is  ii  s^iiKUi     lUiiiln'i  111  iiiiv  .seal.' u?  iiiitaticjii 
wliDsi!  iiiji.x  is  j^ruiilur  tliaii  I. 

Let  r  lit'  tlio  radix  ;    tlnii 

thus  till'  j^iviii  luiiiil)!  r  i.s  tliu  siiuaic  of  "J'l. 

I'.vmiqiU-  '1.      In  \vli;it  .-c'hIo  is  tin    driuirv  niinibi  r 'J' Ili7"»  ri'[)resi'i.ii'il  liv 


I,rl  /    Ih'  thr   hCIllr  ;     tlu  II 


1      :t  .7 

r      I-  Hi 


7;'-'     li\r     \x    0: 


will  IILT 
tllilt  is, 
\U  IK'l'   till'   linll\    l>    I. 

SoiiH't  inii'S  il    is  lir-.i    lo  n^c  tin'  t'ollow  mi,'  imlliod. 


I  iiiii'i'lt  'A.  Ill  \\li,a  scali'  will  till'  imiiai  \  iimiilicr  'ji.".i'i(l7  In' (Aiiics.-cJ 
I'v  !o!'_'!:,  .' 

'Il'.i'  ri'iniiH-il  Mulf  iiiii~t  lir  1,--  tliaii  '.I.  sni.'f  tlii' new  iiuiiiIht  .//i;Jf'(lr.s• 
lh(•  j'n  ati  i  ;  iil-ii  it  lini-l  111-  K":ilil  llian  .'i  ;  tlliliioir  till'  n  ■luilcil  HCiilo 
iiui-t  I'l'  fi,  7.  "T  ^'':   iind  /.)/  //■(,//  ui'  liinl  ili.it  il  i--  7. 


Sr.vr.KS    (iK    NoTAI'i  )N. 


g: 


Kxiimi'U  I.  Hv  voikiti','  in  il^'  dii.iili  iiai  v  m;i1.\  llml  ilic  liri^;lit  Ki  il 
Mrtiintruiiir  siilid  \sliost'  vulum.'  i-  :(l>l  <  uli  fi.  I(t|s  .iili.  in.,  and  tii.'  :in  ii  ..f 
whose  li;i»o  is  Iti  s-'l.  It.  ^t  .-il.  in- 

Till' volume  is  lli'i;:  I  ;  iiil..  It  ,  uliu'li  .xpif-.-.  ■!  in  tlif  -ral.- >>f  twihe  is 
•H\\-~M  ciil..  ft. 

Till-  nil  a  is   li'>,  ;,  M|.  tl  ,  whii'li  i\|iri>-i<l  in   ilie  >'•;(!•■  nf  tw.hi'  is  :w-n-- 

\\>    l,;v\.    till  r.  fniv  ti.  ilividf  -Jiil-TiU  I'.v  iW-lis  ii,  th.    -,;il.-  ,.f  t\M'l\f. 

:'./'i^)-ji.  i7;;-ii7-, 


;it>-.'7 » 
:!i;-_'7 1 


'I'lins  till-  lici;.'lil  i-  7tK  1  liii. 


EXAMPLES.    VII.  b. 

1.  Kxprt's.s  \\)'i\  III  till-  -^lalc  ■it'>i\iii. 

2.  Kxiiros  ti-JI  111  the  s,  air  ,.f  1i\.'. 

3.  KxpCi'ss  'JIH;  ill  till'  liili.ilS    >i  .lie. 

4.  I'lxpfi-ss   I  t."iS  ill  the  s.'.ile  ..ftliive. 

5.  l''.\]iriss  ,"):!•-!  I'l  |M.«ers  I't' nine. 

6.  'I'ralist'iinil  2l'J'j:ii    tViilil  -'  .lie  I'liiir  t«i  se.ile  li\e. 

7.  Kx|ire.ss  the  (iuiNleliars    liMliil 'er  :!'.!'''    Ill   1"  wers  ,.t'  h'. 

8.  'ri'.lll>t')rni  {\l\\l  tVoni    -.  ,ile   t  uehe  U^  >eale  eli-\eli, 

9.  Traiisr'iiin  lilllMl  1  ti'.iii  the  >eii,iiy  t.i  the  ii..ii,ir_\   -.-.ilr 

10.  'ri-all>i'iilln    i-\^i'>\    tV(Mll   -e.ile   lllln'   \<<  -rale  eljht. 

11.  Tiaiist'iiflii    lIHC^II."}  t'lMlil  the  Iiuli.iIV  til  the  i|Ulli.ilv   ~i  ale. 

12.  lixjlfe^s  the   -.ej.tell.liy    IHllllhef  'Jl  iCC.M  .")-J    II.    |i.i\\i|s  iif   I  "J 

13.  ■i'r.in-t'iirni  ^'^•e  tVnn:  .>■  ale  tviUe  t..  the  enaininii  --lale 

14        I'lxpl-e-*    '      is  a  raili\  fi.e  fimi  ill  tin-  -eiiteiiarN    -lal-'. 
'1(1 

15.  'rraiisiiiriii   17-i.'>f:--.'"i  I'l'n.i     .  .ilr  ten  tu  -eale  t  Wel\  e, 

16.  'riMiistoini  -JiMe:;!  |  IVuni  the  teinary  tn  the  nn'Miv  -i-.ije. 

17.  'rraii.sturni  7r"3  tVnin  the  ■luiMleiiary  \'<  the  .hten.iry  seaie, 

l^>.^2 

18.  Kx[ire>s  thi'  ^.el•tenaI■y  iV.iitiiili  _,  ._       a^  .uleii.ii-y  \  iil^'.ir  ff.li  t  nm 
ill  its  l.iwi'st.  t.Tiii^. 

19.  KIik'   tlie  lieiiarv  \  .i'i;e  uf  f  he  .S(>|iteii.iiy  ruinherx     1    unl  ■  \i. 

20.  i  II  wiiat,  se.iie  is  liie  iieii,ir\    leiniiMT  i -■"  lieiinii-ii  ii_\   -_'_" 

21.  Ill   what    -,,    lie  IS  the  (lelial_\    Il  n  ti.     ,      "'^  <le!|i  di  li   hy    I  Cjl  ej  ' 
II.   H.    \  O 
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iii.;iiii:  ai,<;ki4K\. 


22      |''ii„l  111.    r,Mli\  c't'  ill. ■  >>•:,!.■  ill  wlii.h  :..".  I  ivpivsmts  th.' Hpiiiro 

23,     1,,  ul,;it   ...i!.-  i-  M  I  I'.tT  il.'iinicl  l.v  \:i*\:v,i'>l 

24       |-|,„1  the  r.iil!\  "f  fill' . -rail'  in  wlii'li  tlit>  !iuiiil'(M-s  dfiiotcl  l.y 

17'.»,  'i'-'"^,  '•*""  ■"''  '"  .11 '' liiii''' ''•''  iir'iu'Vi'>^ii'ii. 
'  25.      Ill  \^li.i'    -'   ''''  ■"■'•  '•'"'  '■•"li>i->'i':i>-ti'iiis  -M;,  -liil,  -liS  in  ^'.■niiictrir, 

|,rML'rr->ii.ii '. 

26.      'rill'  liiiinl'.r  Ji--'."'l--i  i>  111  till-  xalo  nf  ^ix;    ill  wli.it.  Sfiik-  will  it 

l,...l,i'iutr,l  l.y   ITI~r,' 

27  S|m  w  till'  I  I'^'^l  i>  •<  l"'!'!'''*  Miuaii' ill  cM'n  scale  in  wiiioh  tho 
lMili\  is  'jr.  atiT  lli.iii  I'i'jht. 

28  Shrw  tliat  |j:5i:?:21  i-  a  \,rvU-rt  >.|iian>  in  any  seal.'  wli.-so  riulix 
i.,  .^ivalcr  tliaii  1  :  ami  that  rh..  >iiiiaiv  n.Mt  is  always  cxiircsse.!  l.y  tlio 
.sanif  t'"Ul'  ili'j't^. 

29  i'rii\.' that,  i:i;il  i-  a  prrfr.t  luhc  ill  any  >.ali!  \vli(iM>  railix  is 
m'lMtii-  than  t  lilci'. 

30.      Fin.l  uhhh  ofthr  wnjit-  i.  :i.  4,  s,  IC,,,.,  ll.s.  mnM  h.'  nscil  t<. 

31     i',,„i  Nshi.  h  ..r  the  \M-i.,'lii--  1. :?,  it.  liT.  M....  11'-  iiHist  t..>  us,.,i 

1,,  wri-h  trli  th..M>aiMl  W-  ,  n-t  im.iv  than  ..m-  ..f  rarli  kin.l  hfin.i,'  Uso.1 
l.ilt    111  cltiiiT  xalc  that    i-  In  ■  ■     -an 

32.  Shi'W  that  i:?t;7(;:!l  i-  a  p.  rfr.t  .ni.c  111  cMiy  .scali'  in  wliii-li  the 
laillX   I  ■  '.■Iratci'  t'.iali  -r\rn. 

33.  i'i,.\.'  that  ill  111-'  ..idinary  sralf  a  liunilxT  will  lie  ilivisil.ir  l-y 
-  iHlii'  niiiulMT  t'..rnir.l  hy  it-  la,-t"  Ihivf  dmit--  is  .livi>ihl.'  l«y  fiu-lit. 

34.  |'|,,\,-  that  the  M|ii.irr  of  rrr,-  i;i  t  hr  ,-ral.' of  >•  is /rrY'HK)! ,  wluT.' 


7 


/•   .<  aiv  .in\  tlin  I-  cull-".  uti\.-  int.'-ci- 


35      Ifaiiv  niinihcr  .V  lie  taken  in  the  >calc  ,-.  ami  a  new  niinil'cr  .V 

1„.  tninicl  l.\  'alterin-  th ■.ler  ..f  its  lij.jiis  in  any  way,  >liew  that  th.- 

.liU'ercii.  e  I.etween  .V  ami  .\'  is  diviMMe  hy  /■      I. 

2Q  If  a  numlH'f  ha--  an  ev.'ii  nuiiih.T  ..f  .limits,  show  that  it  is 
■  li\  i-ihle  hv  /•  t   I   il'  the  ili-it,-  <M|iiiili--'aiit  IVnin  eacli  end  arc  the  sanio. 

37.  if  in  the  .irilin.ir\  scale  >,  he  the  -uin  >.f  thediv'its  nf  a  nillnluT 
.\.  and  :\>.  U'  the  sum  nt"  the  di'_'it>  ..f  the  iiuiiiIm  .■  .'{.V,  prove  that  the 
.jiil'civn.  ■■  l..twi-cii  .^1  aii.l  >_,  i-  a  inuitiiJe  of  :< 

38.  Sh.-w  that  il,  th.'  ..nlinary  .-.ale  any  liiuiiler  f..n:i.'.l  hy 
writing  .l..wn  thi.'c  .liuit.-  ,iii.l  tii.'ii  i<ii.'atinu  ih.'iii  in  the  same  onliT 
I-   a  liMlltll.l.'  "f  7,   I  I.  ami   1 :5. 

39.  Ill  :,  -.  il(.  uh.i-.'  ra.lu  is  ...1.1,  shew  that  th.'  .-Ulll  of  tli.'^ 
.li'jits  ..f  aiiv  nuiiili.T  will  I'l'  ...1.1  if  III.'  iiumher  he  ...hi,  .t'.'l  .'\'ii  if 
th.'  iiiimhi  r  Ik'  e\.n. 

1  11  1     .     .      .     1     ..     :..     .1  1... 1..    1...     (',.,-, I 

4u.       ;T     <i     I'.c   oiiii,    ami    :;    ::•;:::•-■;      ::;     •  "■    •'•  .-      -    •' 

hv  wntiiii;  <|own  /'  .limits  ami  th.'ii   r.'|.i'.itiii'^  th.  in   m  the  s.tuie  ..ider, 

.sliew   thaT  It    will    1..-  dn  isihl.'    I.\    th.'    immh.  r   f..iiiii.i    h\   the  ;i  dicit.-,, 

and  als. .  I       t.i't.i     'ni'il  .'..utainili  '  '        1  .ii^'its. 


CilAI'TKIJ    VIU, 


SUKDS    AND    IMA<;lN.   .;v    C^    \MHli:s. 

8.").      In  tli<-  K/fHU'rt.n-i/  .' VA;v/,   Art.   iTi:.  it   is   i.r.ivd  that 

the  ilciininili.ttur  of   ;ni\       xp'-i'ssion   .  *   tl.c  foriri  ,_   (  ili    1>«' 

\  ■'  "*"%'" 
I'.itioimliscil    l>y  iM"!tijil\  ini;  tiif   iiiiiii.T.it<      ;m(l  tlit-  dci;  -niin.-itor- 
l,y      7,   ,    ;,-,  tlit's.    ■\  rnnjiii/'       t < I  t lit- (liMHiiiiiiiat i ir. 

'( 
Siiiiiliirlv,  ill  tln'  f'l^''  '■'  •!  t'lai  ti..ii  i>(  tlic  t.iini  , 

wlKMf  tiic  (lfii'>iniii.iti>r  involves  tliiic  .|iia(iiatic  sunis,  «<•  may  l>y 
two  ojiriatiims  rt'ii'liT  tliat  (IciKHiiiiiatcr  latimial 

For,    first    multiply    l)'>tli    inuiK-iatur     ainl     ilfiioiiiiiiator     liy 

y,  t     V  '    /'/;    tlif   (h'liomiiiaiiir    !»•( i--    i^  /'  *-  ^c}'  -  (^'i/y    or 

I  +  ,-  -il  '  •-'  Jbr.     'riifii  multiply  I'otli  numfiator  ami  (I.MiomiMator 

Kv  (/' +  (•      (I) -'1  Jill-;   tlif  lif  iioiniiiator  I'iro s  (A  +  <•      il)' ~  Abe, 

wliicli  i.s  a  latiuiial  (juaiitit\. 


7-  r.im/./.        Simplify 


^^^:,-■  ^-i 


riic  1  iLiir -rfsioii 


i2(;'    .;■.    i^-i) 


•2 


i-2 


68 


lIKillKll    Al.tiKltKA. 


11- 
! 


S(>.      '/'.<  /'/"''  ll"    l'<i'-l'<r  "'/''••fi  ii'i^^  iiiiioitiiHs.  ,ni<i  ijin  II  /'///.. 
iiiiiif  .siin/. 

("ask  1.      Siiiiiin>.' til.-  L;i\fiL  >mil  i-<  ^/"  -  ^'''■ 

l,<l    ;'<'      .'•,    ;''     .'/■  •■'ii<l    I'-t    /(  !»■  th.'  i..«  .SI.  ot  /' ami  7  ;   iln'ii 
/     ami   </■'  aif  Imtli  rat  iniial. 

Now  .-■"       I/"  IS  (livisil.l.-  \<\  .'      .'/  t'l.i-  all  \aliirs  cf  ;/,  and 
.,.-"  _  ,/■      (,,•  -  ,/)  (.r"    '  +  «••■    ■//  f  .'•"    y  t    +  ,//"    '). 

'I'liiis  the  latiipiiali.siii:^  farlor  i^ 

,iiiil  lilt'  latii'iial  )iiii(lui-l   is.  .(  "       I/". 

( '.\s|-.  II.      Sii|i|i((sc  tin'  i,'i\fii  sm<l  is   '^fi'  +  ^  I: 

l,rt   ..-,   //,   /(   liav.'  tilt"  saliii'  liii'aiiilit;s  as  hrt'oli';    I  hen 

(  I  I      If  ,,  i ,  fvcii,  x"      ll"  is  (llvisiMi-  l.y  .'•  t  //,  and 

V''"  .'/■■   (•'•  i  .'/)(■'•"  '-•''•"  "'.'/  • •^ •'■.'/" "'-.''"  '>■ 

Tims  the  catioiialisim^  fiictcn-  is 

.!■"  '  -  x"  'll  I  '■  ■•'ll"  '  - .'/"     ; 

and  till'  ratimial  ])i()diU't  is  .r"      //". 

(•J)      If  II  is  iidd.  .<•"  ♦  //"  is  di\isilil.'  liy  x  !  //,  and 

.r"  t- _//"      (..-4  //)(.!■"    '-..•""-'//  '    .'•//"    ■*-,'/■'    '). 

TImis  till*  i-ationalisiiii,'  faitor  is 

x"   '      .!•"    V  ' '■'/''    '-^  .'/"    '  • 

;ind  till"  rational  jirodint  is  x"  + //". 

i:.i;iniii!f  1.      I'iiul  llii'  factor  wliicli  will  nitioimlisi;  ^':i  f  .^'a. 

1  1 

I,<t  .1     .'!-,  1/  --  "<■ ;   llifM  .r",iind  ;/"  ftro  both  rational,  and 


.r"      II"      (f 


:;/){'■'      .'■'y  +  .'•■';/-      .r-';/' +  .r«<      I/-'); 


tlms,  suli-.titutiii"  fnr  ./■  iind  ;/,  tlio  rcquirod  factor  i-* 


4        1        :!        J        e        :i        1       4        .^ 
5  1         :i       !  1       4         i 


or  ;i-     li.a'tii'... 

:incl  till'  iiiti"n:il  |)i(><iiict  i^       .'!•      •"> '      •{"      ■''■'     '- 


^    'Sr-SX^  •  -  -^e^^r  J-j/frVi^L-V;;  ;  :  f ' 


SL'HDS    AM)    lMA<ilNAKY    l^rANllTIKS. 

KximpU-l.     F.xprcss  i,.5- . '.r '  :  I  :>-     it-; 

as  an  ('<iuivalcnt  fraction  with  ii  ratioiiHl  iliiioiiiitialor. 


01» 


'I'li    rationalise  the  iliiiiiiniiiatcr.   wliiili    !■<   I'lUiil   !■ 
1 
:t«  =    V  ;   tlifll  HiliCf        r*  -  ;/*    -!'•      '/*  (r'  ■    r-y  ■    r//-'  •  ij') 


I         I  1 

i"      ■'■',    |Mit    ">■■■      r. 


till'  rcii'iircd  factor  is 


•  >-  t  . 


I        1       J        1 


and  llic  raliotiul  diiioiiiiiiatt.r  i-  •)-  -  :t»     .V-     :t     •>•! 

1  1  ,    (    :i 

( 
•.  Ihf  fxprissiot 


(.-,-■  .  v)  (:.-  +  ;'>■-.  w*  ■  .',-.  :i*  •  :i') 


.')-  r  a  .  ;)- 


, :<<    2.  r^-.M  •  i2.5-.:t'  r  :i' 


:i        1  II. 

11 


ST.      \V«;   li.vvf  .slicwii   ill    iln-    /-y^hfutari/  A/'j'hni,    Ail.   -.'TT, 
how  to  find  the  s(|Uiin'  root  of  a  liiiioniiiil  (luudratic  siiid       WC 
may  sometimes  cxtr.ot  the  siiiiaic  foot  of  an  i-xjiifssioii  .ontaiii 
ill"  more  tliaii  two  (luailratii'  stui's,  stu-li  as  <i  •   ^  A  ♦   ^  <•  <   ^'</. 

Assiiim-        Ja  +  ^fb  +  ^'(-  +  J'l      -J-''  +  J.'/  +  s  -  ; 
.-.  '(  +  Jl>  •*  ^'i-  +  J(l  -  .'•  +  ^  -  ;  +  L'  ^/j-.v  +  -  y.'---  »  -  V.'- 

Iftii.Mi         -\/.'V/      JO,-lJ.r~      s'-.  -V.V-      s ''' 

and  if,  at  tlic  same  tinif,  the  \alii's  of  r.  //,  ^  t!ms  foiiml  >ati-~fv 
X  ^  y+  ^     ,(^  \\i-  sliall  liavt;  ol)taiiiril  tlic  i>  i|uirt'il  root. 

]:.r,imj>lr.     Fiml  tiie  Kiiii;irc  mot  of  21      1^''>  t  H^^i      l^'l.'. 

Assunir  J-n  -  \^'r,-i\H      l^U,     ^'.ri^;/     ^,  -  ; 

.-.  -Jl  -  1^  •'■  i  w^':{      i^''\'<-j  1  (/  r.  ,  ~Jfii     -J^'         -\'v  . 

Pat  '\/.nj  -  ><N  -i.   -\/-.  r  --  U  1  r,,   -'J,/:  -  i^  .". ; 

I  y  .....ii ;,.K. .„•;.,.,  .;■'■;_  !2 40  :  thitt  is    Ar'.':       ',  '"'^ 

whence  it  follows  that      ^'.' -^•.\':i.  ^';/ =  -',  ^'c;  >,  "<. 

And  since  tlit'st'  vahios  satisfy  tlie  equation  x  +  y  +  :     2\,   tU>:  rLMiuiriHl 
root  is  •2y';->  +  2  -  ^/u. 


liti 


w 


70  lIKiHEIl   ALtiKUKA. 

Kur,  liy  ciiliiii;,',  we  olitHJii 

K<iii;itiii!4  r.itioii.il  ;iinl  iiiat ioiuil  piirts,  \vi?  li.i\<' 
•  (     x'  t  \\j-;i,  ^1,      '■'i.t:\'>/  I  //  ^  V  ; 
.-.   (/  -  ^7/      j;'  ~  ',ix'  Jy  i  '-III/     //  ^'y  ; 

tliJit  is.  ^ii     Jh      .'■  -  ^1/. 

Siinilarlv,  l>v  tin-  1m'1j>  of  tli<'  llitiuiiiiiil  'I'licortin,  ('li;i|i.   XI  U. 
It   in;iy  tic  jiroM-d  tli;it  if 

\\liii«'  /(  is  any  jKisitisf  iiit<'i;fr. 

S'.t.  I'.y  tlic  following'  iin'tlmd  tlic  ciilic  r.iot  y<i  an  cxi.ivssioii 
of  I  lit-  t'oriii  (*  *  ^'b  may  soiiictinifs  Ix-  fnuiid. 

Supposf  ^'i  t  Jli     .'•  ;  ^'.'/  . 

tlifii  'Ja-  sjb  --.'•-  ^V 

...    11,^-h^j^if (1). 

A^^ain,  as  in  the  last  artiilc, 

a.   x'  .  :{.-•// (2). 

'i'lif  xalucs  of  ./•  and  ?/  liasc  to  Ix-  dcti'indncd  from  (I  )  and  ("-)■ 

In  (I)  sujipos.'  tliat  'J<V  -b  c  ;  tlit-n  hy  substituting  f or  y  in 
(l!)  \\v  olitain 

II  =  x"'  +  .'5x  (jy  — '-)  ] 

that  is,  l.'''-  3c.c~^«. 

If  from  tlii>  ciination  tlii'  \alui'  of  ./•  can  lie  di^lcindncd  liy 
tiiai,  tlic  \alnc  of  y  is  olitaincd  fi'oni  //      x^  -  c 

N'.HK.  Wi}  do  not  licfc  iissuiiK'  ^  •■  *  ^';/  for  the  ciilx'  root,  us  ia  tlic 
..Ytnuiioii  of  til.'  Kiiiiiirc  root:  tor  \vit)i  tip  :is<iniipth>ii.  on  culling;  w.'  should 
liiivc 

.1  >  ^'//-j-^'j-m-r^'.!/  •  'i.'/v'-r  fi/s'.'/. 

iinil  siiictt  ( \<T.v  tcnn  on  the  rit.'ht  Imiid  cidf  is  irrational  wo  cannot  cijuate 
rutional  uud  irrationiil  jmrts. 


SlKDS    AM)    IMA<;INAKV    liUANTITlfcS.  l\ 

Eiumyle.     liuj  the  cul>i'  root  uf  72     ii-^  .">. 

A.saume  v  7"2  -  A'iyJ't  -  '-  ■^ij; 

ti„,„  ^/72  +  :V2^'.>-.r  1  v//. 

I5y  miilti|'li<ulinii,  ^/.MHl      Hl'-M  ^ -".-.i-     ;/ , 

tluil  irt,  ■*-•'■■     y  <•'• 

AKaiii  7'J  -  :v\'.'.  -  .1'     :».<^-/  ■  :!.;;/     ;/^.v; 

wh.'nc!  "■•i    -i ' '  :*^''  '■■*'■ 

Fr.iiii  (1)  ami  (21,  7'-'  -.1  '  t  :Ij(j-      l|. 

tlmtis,  ^-'     .U-H. 

Hij  tiiiil,  \\>t  liii.l  lliiil  J  -  :J;  li.in;.'  y  ~  •'.,  aiul  tin  cul>o  umiI  1-   t     ^  •'■. 

'JO.      Wlit'ii    the    liiiuiiiii.il    wliusc    ciilic     mnt    we    .iir    M'fkiii 
iiilisists  of  tirv  (Hiadnitif  suiils,  we  jiicufrd  as  tolluws. 

l:.riimi>U'.      Kind  tlie  cuIh)  nxit  '.f  '."^"t  +  W^i. 

,VHiK2  \/:\-»(:«-  ;\/;;i 

I'.y  proctc'diiiM  us  in  tliii  lust  urtii'lf.  NVf  tiiid  tliiit 
.-.  tbf  rt<iuiifd  ciibt;  n)ot         -^"^  (1   t    »  /  .A 


91.      \Vc  ,1(1(1  .1  few  lianliT  cxaiiiplcs  in  surds. 

Kxamplf  'i-     Kxprefis  with  rational  Jfuoiuiiiator    ,,,|       "■{  .1.  i ' 

4 

Tlie  expresftioii  -  -^  — , 

:; '  -  :j'  +  1 


3  +  1 


;v'+i. 


7-2 


iili.iihK    \ii;kiu!\. 


"^ 


l-.l'llnjil.    ■>  I'IIkI   till'   M|lmii'    t    i<( 


7.      \ 


1  h.' (  s|.ii  >~iiiii      .,!■'.'■     •'      -  \  I--'  •   ')!'■      '), 

;(•_'/•  •    1  I      (  r       1 1      2  ^^■-.^    I    1  M  !•-  li 
111  .  .  li.v  in-|'i  rl  lull,  till    ^  |iiair  Mot  l^ 

\  - 

/    1.1)111^1    :t.       <  ilVt  II  ^  .".  —  •-'■•-MlillT,   lillll   llir  Millie  of 

MiiUijilyinr  iiiiiiirinlnr  aiid  ili  iioiniiKitdi'  liv  ^  L', 


llld     I    \|11CS^1I.|| 


^/ii    \:. 


\  ■' 


I 


•-'  i ;»    ^'•■' 

I     ^.-1 


H7JI. 


EXAMPLES.    VIII.  a. 

1'".  \|iirs.-  .1^  ii|iii\  .ili'itt   tV.M  t  i..:i>  Willi  iMt  i..ii,il  (l('ii'>iimi.itor  : 
1  '■' 


1. 


I  \  -       \  •' 

.3. 

,'„  ;  ^7,  I  \'„  i  I, 

■-'•     ,:i^  ,'ln    ,':.  • 

■'lllii  .1    l.irl'  ■!•   U  illrii    u  iii    r.ll  |i'll.lil>c 


^-  /.I  4       '•{ 


6. 


7  /■)  '• 

(■        \  •'        N 

10.    ;':i    I. 


8.    ;:. +  x':^. 
11.     ^     ^'T. 


:'\  .'  (I 
\'"      I      \  -I'l  +•  \  "  -I  I 
>'■■!  !  v'"'     %'•■'      n'- 


9.      .''■4-/''. 

12.    ,-.-.    x":5. 


snips    AMI    IMAiilNAUY    t^l    XMITIKS. 


Mviil-i-.'.-'  uitli  i.iliiih.il  ill  ii"iiiiii.itiir 


13.  \: 


:{     I 


16. 


\  ■' 


14. 
17. 


M      "I 


15, 

\    -     N   " 

N  -5        %   - 

1«. 

;'■-': 

.!    ^  ;• 

20.    :'i  4  1^1.-,     i^  ji     L'^:r 
22,    •'     X  1"    sl"'tx'': 


KiimI  till'  >i|u.ir<-  I""'  "I 

19.    It;    L\'i;n    -J  x'J'^  f  L\;; 
21.   <;  tx'i:;   n'-'i    s'--- 

23.  ./+-:{/- f  t  ^iv'"     t  \  :5''     .' \  :!"'■. 

24.  Ji  t-^x'^    '"'n':?    '-nT    n'i;i    N-'i     -s'-i- 

l-'in.l  tll>'  rlllh'  M".t   of 

25.  h>  tt\':}  26.     :•>-  '  iTx'v  '27.,     '.'■••    T'^x''-^ 

28:    a-s'il     I'H.^'-        29.     .-.  U':5     H  V  ■■'•      30,     ix'-xit    "^TxV,. 

I'llnl  tli<"  siiu.in'  IMut  lit" 

31.     „+.,  t  s  :i-"   .  y-.  32.     ■-'■'     \-i"'     -'"''     ''•' 

33.     I  ,  a-  i    I  I  ./-  I  .f'  -.  34.     I  (    I     "-    ■' 

llliil  tlir   \.iliir  I'f  ~'l-       I  I"''       7/'-'. 
/•>   1      '.I 


1  /  ' 

-      X  ■'  -  '  \  •* 


OR        If    ,       ^"      ^"       /;      ^  ■*■  "  .  tniil  tlir  \,ilu.'  Ill' .■5'.-      ."<.' V  •  .'5.'/- 

X  •>  ♦  X  -  \  •>       \  - 

/•i  +  ->x':5 


/  38. 


Kllul  till'  N.ilur  "f 

1  1  '■  (     '^ 

39.     r^^     li'x':{-      7  M  x"<,   "•     40.      :^t;  t  I."' x':*        i^f,     i..^  ;r  ■. 

41.      i;i\.n^'."i      J-^ltCitT,  I'mmI  til'-  N.iliH- "f 

H>x'--i  x'I"*n'''' 

x'ls  -  v';{  +  x''>       v'^  *  N  -^     \'"' 
4'2.     I»i\i.li'.'    )•  I  '  -'''x'-  •'.''■  ■'■-  '  *  n'-- 
43.      I'll, .1  the  rul..- r."it  i.f  ;>•"''-■       ''-      ■2i''-\l>-     :5"'- 


44.      I'ivaluati' 


,  /  ..J  _  > 


.7-  -  v'./--  -    1 


\\  lull   -  r      X    '  ♦ 


-f   •  i/' 
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Im.\(;INAKY    <i>IANTITIKS. 

Itli.  Altli<>ii:,'li  from  tlif  nili-.  (if  si;.'iis  it  i.-;  evident  tli;it  a 
negative  «in:iiititv  catiiiot  lia\e  a  real  siitiate  inot,  yet  iiiiaj,'iiiary 
(luaiitities  rejiieMiited  liy  svimImiIs  of  tlie  form  J-<i,  J-  1  ace  of 
ffe(|iieMt  occiineme  ill  mat  lieiiiat  iial  ins  I'st  igati(His,  ami  tlieir 
use  leads  to  \aiualile  results.  We  tlieiefme  proceed  to  espiain 
ill  what  seliS(!  sueli  roots  arii  to  In-  regarded. 

Wlieii  tlie  ([iiaiitity  iiiidei'  the  r.idii'al  sii;ii  is  iie;,rat ive,  weeaii  no 
|oni;er  consider  the  symliol  ^  as  inditatiiii,'  a  jiossilile  arithmetical 
ojteratioii  ;  Imt  just  as  ^Af  may  lie  detined  as  .i  .symKo!  which  ol«'ys 
the  relation  !<i  J<i  ",  ^o  we  shall  deliiie  J  -  <i  t(j  lie  such  that 
J-  <i  >^  J  -  <i  -''•  •■■■"•'  ^^''  •'^l'"'"  ■'i''<'''I't  'li''  m«'aiiiiig  to  which  tiiis 
assumi>ti()ii  leads  us. 

It  will  lie  found  that  this  delinition  will  cnalile  us  to  lninj,' 
im;i;,'iiiarv  quantities  under  the  dominion  of  (irdinary  algeinaical 
rules,  and  that  througii  their  use  results  may  lie  olitaiued  which 
can  lie  i<'lie<l  on  with  as  much  certainty  as  others  which  depend 
.solely  on  the  use  of  real  «iuaiitities. 

[):\.      lly  detiiiitioii,        J  ^  ^  J-^      ~  •■ 

thai  is,  {J(t.J-\f     -a. 

Thus  the  product  J<t  .  J-\  may  1m;  rej,'arded  as  etjuivah-nt  to 
the  iiiia<,'inary  (juantity  J-d. 

'J4.  It  will  fjeiierally  he  found  convenierit  to  iiidicHtt!  the 
iinaiiinarv  character  of  an  expression  liy  the  pre.sence  of  the 
symbol  ^-  1  ;   thus 

J-  7 a'      J  la'  •:  C^)      a  J7  J~  I 

ft'i.  We  shall  always  consider  that,  in  the  ahsence  of  any 
statement  to  the  contrary,  <if  the  si^jis  which  may  he  prefixed 
iiefore  a  radii-al  the  ]iositi\e  sit;n  is  to  iie  taken.  iiut  in  tiie  use 
of  imai^inaiy  ijuaiitities  there  is  one  pdint  of  importance  whicli 
•leseixe.s  notice. 
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■)y  tikiii;,'  tlif  snUJirc  root,  «<•  li.ivr 

^/_  „  :,  J-  h     .  *  ^/„A. 

Tims  in  forming  tlic  j.io.Uut  of  J  n  jiml  J  l>  it  would  a|.|i«;ir 
tliat  «Mtlifr  ;if  tin-  sii;us  r  or  -  ini^'lit  !»•  pl.uid  Ixforc  Jul). 
This  is  not  tlic  ciisc,  for 

j-„  .J-b    J„.j:-\    \i..J-\ 

J"i>(J- 1)-' 
■   -Job. 

itt>.       It  is  usual   to  aiijtly  the  tcini  '  ini.ii;inary  to  all  fxju-rs- 

sions  wliirh  arc  not   wholly  real.      Thus  a  ■  f>  J  -  1  may  l>r  taken 

as  the  ;;tMu'ral  tyjir  of  ail  imaginary  cxprcssiniis.  //»/•'■  a  ini</  \> 
n ri'  ri'iil  ijiouttitifs,  hnt  not  niossurili/  rutionnl. 

'.'7.  In  (Icalini;  with  iniai^inary  <|uantitit's  wt-  apply  flu-  l.iws 
of  conibination  whifh  hasc  Ih-^'U  proved  in  the  case  of  other  surd 
ijUHUtities. 

Ax.im/)/.' 1.     <i  (  ^^/  -  1  (-(.■  t  t/ v'- 1)     ,ii,-  +  (l>\d]J     1. 

Kxiiviple  2.     Tlic  iiroiluct  of  «  i  li  J     1  ati'l  r  ,  d  J  -  I 

--^{u  i  hj      !)(.■•-/  J      1) 

_(((•  -  b<l  r  ('"■  ^  '"')  V    -  1- 

'.•S.       //"a  +  1>^'-  1      0.  ///'■/*  a      0,  awl  \>     d. 
For,  if  'I  i  l>J-\      0, 

then  /*^/-l       -<i; 

.-.  -b'-  a'- 

.-.   a'  +  b'     (J. 

Now  .r  and  b'  an;  l)oth  positive,  therefore  their  sum  cannot 
\h'  zero  unless  each  of  them  is  separately  zero  ;  tliat  is,  <t  0, 
and  /y  =  it. 

'J'J.      J/:\.  1  1>^/-  1      f  ■  <l^/-  1,  '^"'<  -^      '■'  '""'  ''      '' 
For,  hy  traiisjiosition,  u   -'•i(b-'l)J     1      '•; 
therefore,  hy  the  hist  ai'ticle,  '(  -  <•      '•,  and  //  -  (/     U; 


that  is 


(t  I-  r,  and  b  -    d. 


76 


HKaiKK    AI<;Kltl!A. 


11 


V  v 


J/iii.i  III  mill  r  linit  lirii  I  iiiiiiji  nil  rij  i  .ijiri  .'•.•i'luii.-t  iikh/  ln'riiiinl  il 
?.<  liinssili-i/  II, III   ^iilji,-ii  1,1    tliiil    ill!'  i-iiil   /h',/s  !.l,,,iilil   l,i>    iifiiiil^   iiiiil 

tlif  I iiiiiijiiiii rij  jiiirf>c  .-.Iciiiilil  lir  luiiiil, 

I""  I  >i:kimtiiin.  Wlifu  tun  ini.i^iii.iiv  •■Nin-cs^iuns  ditifi- 
"iil.v  in  the  sii,'ii  of  til.'  iiii;i:,'iiiMi y  j>;iit  tlicv  rue  saiil  t<>  !"• 
conjugate. 

'I'lms  II  — /i^       I  i-^  (•iiiiiiiL;''i'»' '"  "  ■  /> .       I. 
Siiiiilaily    ^  -    ■ '•'>  J  -  1   i^  tMiijii^ai.'  to  ^  L'      ;>^--  1. 

l(ll.  77/1  sum  mill  tin  jn'iiil in-l  uf  liii,  iuiijnij,il,\  i luiuiiniinj 
r.ijiri  ssii/KS  iifi'  Imlli   rrnl. 

For  a  +I>J  -  \    ■  .       i.J-  1       •_'„. 

Al,Mill  („,/;^_l,;„  A^^l)  ,(-(-//) 

n'  +  Ir. 

IdL'.  !)KKIMI|(iN.  TIlc  pusitixr  v.illlc  c  if  (lie  si|li;irr  nmt  (if 
((-'   I   /(■'  is  cillcil    tlic  modulus  (if  c.irli    <  if   tlic  cc  Hi  jiiuatc  cxiircs.sioiis 

"  +  ''  s'  ^  '    '''^"''  "  —  l>  J      1. 

i  <(.'{.  /'/('  iiiiiiliilii.t  iij  I  In  iiriiiliict  iij'  lini  iiiiiii/iiiiii'i/  i.rprix 
minis  h  iifiiiil  III  ill,'  jiriiiliifl  i,j'  lliiir  niniliili, 

Let   till-  tWd  cxiiicssidu^  lie  (Icliiitcd   1  ly  ii  ■  I'J-  1   .•|ll(l  f  •  ilJ-  1. 

'I'Ik'ii  tlicii-  ji|-(i(lii(t  ,„•  A,/  :  (,,,/ 4- /„•)  ^'--  1,  wliich  is  ail 
IMia^iiiaiy  I'XjJicssinii   wlicisc  iikkIuIus 

Ji'ir      hiiy  >■  (inf+lirY 
^  II  '''  •   li'il'  4-  (»"(/'  +  li'r' 

J(<r  ^  i-)  (.-■+</-•) 
Jir^y-  Ir   ■  Ji-'  .  ,/-  : 
\\liic!i  ]iiiiMs  till'  |ii<i|iii--ii  inn. 

Illl         i  f  t  III'  (li'lioliiil.  it.,i'  .a'    I  f'ri.'l  W.I.   i\  ..f'  t  I,.,  »'......,   ..        I.     I      1 

■    •■ V  ~  '  • 

It    iii.iy    111'    r.itiiiiiaiiscil    liy    limit  iplyiiiL;    tlic    imiiifiator   and    llic 
di'iiniuiiiatui-  l.y  the  ci iii|UL,'atc  cxjircssioii  n-hJ-\. 
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l'"iir  iiistiiiu"' 

n../J-\       {r-'/J      iM'.      hj      1) 
,,      I,  J,.  1       („   ^  hj   .  \)i'i      hj      \< 

<r  ■  Ir 

III'  '  A//     iiU     III'    I 
,      ,  ,+     .      , .  ^/     I . 

Thus   \i\    ri't'i'ii'iirc   tu    Alt.    '.'7,    uc   sfi-   tli;i<    til'-  si'ni,    (////'/•<//'•', 

^  ....  '  ■     ■  y 

nroi/iii'f,  iniii  i/ilii/ii  iif  III    lii-ii  iniinii  iliir'l  i  rjii-i  <S)iiii--i   (<  /(/   iiii/i  (•((.SI- 

(III   I  iiiinii  nil  I'll  r.r/ii'i  ■<siiiii  uj  tin'  sn  inr  Jin'iii. 

lO.'i.        7V>  /'';('/  //"    sijiiiiri    I'lii't  III   .1    ■    ^*  J       I 

Assilliii"  ,.  (»   f  /-  \        I  -^  .'•      //  \        I. 

wluTf  .<•  .•Mill  //  ;iii-  ic.il  i|ii.intilii's. 

I'.v  siinui-iiii:,      <i  '  li  J      1       '■■      .'/'  I   -''11 J     !■ 
tlifii-t'oif,  liv  ciiiiatiiii,'  ii'.il  mill  iiii;iL;iriaiy  |).tits, 

.'•'      v"     "    

•l.i'il  -  /<  


Ki'iiii  ( I )  and  ('■>),  ^^f  olitaiii 


(1-, 
(•-'): 


t\ 


1(1-  +  It'  t  n         .      J(t'  4-  //'■  -  (t 


■■■'•   M 


'((-'+  /r'+  (i) 


.'/ 


^J,r  +  lr-   (t\ 


]    •  •'  I 


'i  mis  tlic  it'i]nirc(l  i(M>t  is  olitaiiH'I. 

Since  X  iiiid  ;/  i\'.<'  u  i\\  tiuantitics,  .r-  •  ;/'-'  is  positive,  niel  tlu-iefoi.'  in  {'-U 
tlie  j)ositi\(>  si)jn  must  l)e  jvretixed  Uforp  tlie  ([imntity  ^/.i"  •  '-". 

Also  fn.in  (■-')  we  see  tli:it  tlie  {.nuliiet  xi/  lliii-t  luive  the  mhuk-  sit-n  a.s  '< ; 
henee  j;  iiiul  y  Iml^t  hu\e  like  si^•Ils  if  b  in  i>()Mti\e,  ami  unlike  m^'Il.■,  if  b  i.- 
negiitive. 


l;f 

i 


: 


78  iik;iikh  a    ;Ki!itA. 

Exaviple  \.      I'iiid  thr  s(iiiari' root  of  -  7  -  21  ^'     1. 

Arhuihc  J     7     'l^J     \=x  :  ij  J     I  ; 

Dim  7     2  »  v/  -  1  -  •'•-■  -  y^  t  2.r,v  .y      1  ; 

■••  J--     if      -7 

an.l  2j-i/         21. 

.-.   (.r- +  ;/-)-  -{r- --//=)-  (  (2.r.'/, 
-  1!>  t  •".7f. 

=  (;2r, ; 

.'■  j-'i  y--^2ri   

Fidiii  (1)  iitiil  (2|,  r-  -1)  find  ?/---l<i; 

.-.  T=  J.  :<,  ;/=  =•  1- 

Since  till'  (iroiliKt  j-y  is  iici^ativf,  we  must  tiiki- 

J' =  3,   y-       1  ;    or  .r  :i  ;y      1. 

Tims  the  roots  lire    :{      1^/     land      :<  t  I  v'      '; 
tl.atis.  J     7     2\/"T      t  (:<     1 J     " 

p.rumjil,'  2.      To  tilid  tlii^  value  of  !J    •  til'i*. 

^'  -  f,l„»    ^''  4  H„-\/  n 

=  2.,,/27's'-l. 
It  roinains  to  find  the  value  of      v'  '  \'     1- 

Assuni(>  V  •  v^     '  ~  •''  +  !'\^  ~  1 ' 


tlieti 


whelK 


v/-l 


/-  .  •>, 


'^/  ' 


.-.  J-  -  (/'-  —  0  and  'I.nj     1  ; 
11  II 


\  -  \  -  s 


Siiniiarlv 


aud  liiiallv 


J  ^J  -I      4    ^.,(l  +  ^/-l|. 

\  - 

s  - 

^/     t;i,i<      4  2,1(1^^/     1). 


(1). 


(2). 
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lUC).  'I'lic  synilMil^/  -  1  is(itt<'n  rfiirt'scnU-ii  I'V  tin-  Ifttiri;  luit 
until  tlic  stuiU'iii  has  li.ul  a  little  juacticc  in  tlir  nsi-  of  iiiia;,'inary 
(jiiaiititics  lie  will  tiiul  it  fasit-i-  to  rrtaiii  tlif  syiiiliol  J  -  1.  It  is 
usit'iil  t<    notiff  tlif  siuffssi\c  j.iwcrs  of  J  -  \  or  i  ;  tlnis 

(J-\y  J -I        >  '• 

ij     ()'        1,  '■'     -I: 

iJ-W        J     1.  '•'       -i. 

ij-\y    1,  '*    1; 

and  since  t-acli  jiowcr  is  oKtainrd  l)y  iiiiiltiplyin;,'  tlic  one  liffnic  it 
l,y  ^/  -  1,  or  (',  we  sec  that  the  rcsnlts  must  now  rei-nr. 

107.     We  shall  now  investij^'ate  the  jirojiorties  of  certain  inia;.'i- 
nary  (juantities  wiiieh  are  of  very  freijuent  oeenrreiie." 

Suj)j>ose        .!■   ;  ^'1  ;  then  .<■'      1,  or  j'  -  1  -;  0  ; 

that  is,  (x  ■}){.'■" +  X+])     U. 

.-.   either        ./•-  1      <l,  or  x'  +  ./•  ^  \      0  ; 

-  1  =fc  7  -  .-{ 


whence 


a;  -  1,  or       r  - 


It  mav  lie  shewn  hy  actual  involution  tliat  each  of  these 
values  whi-n  cuKed  is  eijual  to  unity.  Thus  unity  lias  tiiree  ciihe 
roots. 


two  of  which  are  iniaLcinary  expressions.  ^ 

Let  us  denote  tiK'se  l.y  a  and  fi  ;   then  since  th.-y  are  tiie  roots 

of  the  e<|uation 

J-'  +  X  >-  I       < ' 

their  jirodui't  is  e<nial  to  unity  ; 

that  I's,  <i(i      1  ; 

.-.    a' {3      a': 

that  is,  ft      <»',      since  a'       1. 

Similarly  we  may  shew  that  a     ft'. 

lOS.      Since  enrh   <>/  ///'    innuihiori/  rimfn  i,s  ///<■  si/inire  nj  fhf 
()t/ifi;\t  is  usual  to  denote  the  three  cuKe  roots  of  unity  hy  1 ,  «..,  <u'. 


i 

■ 


H 


M 


'If 


I 


I 
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AK"  ..,  .-aiisiiis  I  Ik- ciiu.ii  i'lii  ./ ■     .»•      1      ": 

.-.      1         ...    •    ...'        II; 
lli.it   i-.  t/i'    siii/i  (>/' //!■■  thru'  rii/ir  riiiil"  "/  mn'ii  i.-i  -.i  ri'. 

Au'iiii-  '" ■  '"       '"        '  '• 

tlii-ri'tMic  (  I  I  f/,r  /,,-n./iir/  nj'  f/f  tii-i,  iiiiiii/iiiiir'/  III"/-'  I--  nui'ii  . 
( 'J  I  I  11  r  If  t  ii/i  i/r<i/  /'"II-  I-  III  I.I    K  mill  If. 

|u:t.       It     i>     ii-i't'iil     ti.     iiiiiici'     tli.ii     ihf     >ii«  r.'-'-n..     |..i-jti\.- 

iliti"^l;il    |iii\M.lx  lit   1.1  ;ilr    1,    .•.,   .Iliil    I.I    .    till,   it    /'    !.••  .-l   liilllti|iii'  nt    :'.. 

it   iiiii^t   III'  lit'  tlif  t'liriii  Will  ;   .iinl  "i"      I.I  "       1. 

Il"  „   III-  lint    .1    iiiiilli|.li'   lit    :'..   it    iiiii-l    I t  till-  t'liiin  .■'./,(    •    I   I.A- 


It' 
If 


//       .1(1/        I . 
II      Will  t  ■_'. 


(.1  III 


(.1        .   Ill 


III  I.I  I.I       .  Ill  III 


Mil.  We  iiiiw  Ml'  tli.ii  fM'iy  iiii.iiiiity  li.o  t  iiiii- iiilw  luut-. 
t\M)  (if  wliirh  ,iri'  iiii.i;,'iiiai\ .  l-'iir  lln-  tiilir  runts  ut'  n  ,iii-  llinsc 
,,t'  iC  1,  :iii(l  t  iicictiiii'  ail'  II.  iKii,  I'm  .  Similarly  tin-  iiilx-  Mmts 
dt"    '.'    an-        ;•,  (1)     ■  '.',   Ill"   .^  '••,    NNin'lf    .^  '••   i-- t  In' cill.i'  nmt  fnmiil  liy  till- 

(ndiii.iiN    .iiill 'tii-al    nili'.        In   t'liliiif,  unliss   ut  linw  isc  st.itcd, 

t  lie  s\  iiiliul     .'I   ^Mll    al\\a\>    ln'   taken    In   (ji'linli'    tlic   aiit  iiiiift  ica! 
lulir    iniit    nt   ('. 


/   r.imy./,'  1.       1 


!i-,lu.-i'  '■''  '  ''^        "'  til  til.-  f..uri     I    ■    l:J 
•>  .   .  /       I 


Till'  l'\|>tr^>ii.U 


{•2f   ^/      1)1'.'     J      1, 

10  )  l-2  +  2'.t  v'     1 
J  ,  I 

2      '-".I     I 

-        -    s       1  : 


uliicll  i-  (if  till'  iriiuilcil  fiillll. 

K.riiuiiili'  ■_'.       /.'I's.i/ri'   x''  ■  y-'  into  tliifi-  fiirlms  nf  thi'  li  rst  itniref. 
••'■•  •  .--,,.  r  _.,..  .         .  .,  .  .,  I 

.  .  .(■'  •  ;/■'-   {.r  !  (/)  (,/■  •  wij)  (.(■  '  u-ij): 


for 


Ul   f  U)'-  1  .    !lllil   (j'        1  . 


HB 


SIKDS    AM)    IMACINAKY    gl '  AN  I  III  Ks. 
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((I  f  w''  r  w-i')  ('/  1  uV/  I  W)      'I-  •  ''-'  i  ■•■■-'"■      i''l      "''• 
In  tlie  i>r<Kliict  of  'i  '  «//  t  co",-  iiiiJ  .1      uj-'/  •  u-\ 

tlie  tinflicii'iitM  ipf  ''-■  uiul  .■■■  iiiL'  w',  or  1  , 
tile  r:<)OlVicieiit  of  hr  u)-'  •  u)*=-w-  t  w  I  ; 

the  cinjIViciLTUs  of  (■'(  Hii'l  idi-w-  +  u  -      1  ; 

.-.   (a  -wh  :  u-r)  (n  ■  u  ',  .  i^)-,i'  ■  !■■  I  I--      '"■      "'      "''• 

l-.j-iiiii])!'-  1.      Shew  ttiilt 

( 1  +  ai      t^'-) '  -    ( 1  -    a>  ■  w  ;  •  —  0. 

yinct  1  ,u)t  0)^-0,  \M  liiiM' 

(1  +  U)  -  U-f  '    (1  -  W  -;   O)-)  '  -  (       2^-)  '       i        -'u>)  ■ 
_    -  Mu''  t  l^u.'' 
—  -  H  4-H 


EXAMPLES.    VIII.  b. 

1.  Multii.ly  :iV- :5  +  :h'    '-J  '•>  ^  v'    :■•    "'N 

2.  Multii-ly  :}  \/  -  7  -  r>  \'     -i  1  'v  ;{ \      7  -4- .-.  \' 

3.  Multii.ly  e^'-'+t"-^'    '   l,y  t^     '     '■-<- 

1  t  V    :J  ,  '    v'    * 

4.  Multiply  .f--     .,         l-y  •'-•-        ^    -    • 


Exiurss  Willi  rational  (Iciioiainatnr: 


5. 


3  +  2  v'- 


1       W     ■!<      \ 


6. 


8. 


■•In 
:i  V 


■1     1%     ;i 


./  -f-'V      I      "     'N   "  ' 


(.r+_v/_-  1/'  _  i''^  ^^  '  ' 

.,;-V-l'         .V+v/-l 


10. 


('<  +  %/-  !;•-    'i-\  -Vf 
^.1  :  s    -  I-  -  '«-  \'  -  1)'" 

11.  Kin.l  the  value  of  ^    V  -  I/"  "  '.  ^^l'^'"  "  '•-  •'  l'">il'^^'  i"t.ei.'.-,. 

12.  Fiu.i  the  Miuare  .  if  J'.^  +  40  v' '"  1  +  J\i  -  4(;  V  -  1- 

H.H.  A.  ^ 


% 


m 


S2  iiii;iiin  Aiuri'.i!  \. 

I'iimI  till-  -.|ii,ir.'  11". t  i.f 

13.        .'i  M  J  s  I  14.         n     <•"  \       I  l-'i.  17  t  "  V     ■'«. 

16.        ^\      I  17.     "      I  I  -'"  \      I. 

18.      !■''■      1^  ■'  '■     \       I. 

K\pn'^-   llr    tlir   I"!  Ill    .1    t    '  /< 


19. 


oo 


:<  t  :<i 


,,  ,  ,7,  ..      ,/,  -■ 

r  I.  (,i.  (,i-  ;iri'  till-  thivc  1  iiIh'  r,...t-  ..f  unity,  pf 


If/' 


20. 
23. 


21. 


I  . 


24.       1  * 


<i) 


25.      I  —  tij  +  uj-     I  •  uj     u)-      I. 


26.  1     <..     I     «.-     1     '•>'     I     '"'      '••■ 

27.  -2  t  .".<.)  -(- 1;,..-,"       -'  f  -'u.  4  .".cu-  '■  -  7-J'.> 


29.  I'p.M' tli.it. 

.'■'4-V^i-'       H.''/-         .'    I  //  f  .       '■  i  //a)   •    .u)-'       '■-!- Vui- -f -u)  . 

30.  11'  .1— ./  +  //.  _v —  "«>+-''")■.   , " ''oj- • ''m. 

.■^lu'W   that 

(1)      .i\'/----ir  +  lr. 

-/'     .'■'■-f //" +  .;"  — 'i"''. 

:?     .r-"4. //■  +  . ^ -:?.,/'  +  /'■ . 

31.  If      <'.r^  'y^  l>:'-X,  r.r  +  l,./  +  ,,:        )\  h.r-^- .,;,■.■.- /.. 

slifw  tli-it     (/-'  •  b-  1  '■--  /«■     ,:.i  —  iili;  .'-+'/'-'  +  --  -.'/-•     ;.'■     .'■.'/, 

-x-+y-¥Z-    Yx-x/.w 


ciiAi'iKi;   i\ 


nil. 


]■:   riiioKV   "K  i,)rA!>KArn'   i:\'rvii<'N^ 


1  1  1.       Ann;  sliilalil.'  i..lwrtl(m  i  \ii_v  (|n;iilr.it  ir  ..111. III. .11   iM.iV 
1m'  \n  I  iitfii  ill  tin'  t'oiiii 

„,  ■ .  /,,■  .  ,•    (»  ill. 

aiul  fill'  s.>lutinii  of  til.'  f.ni.iticiii  i^ 

111 
W,-   sli.ill    11. .w    |,r..v.'   S..I11.'  iini...ri.n,i    |.i  ..[...Mt  i.mi.  .•..m,.  .  t.-<i 
uitli    til.-   r....ts  iiiiil   .■...■Ili.i.Mil^  .^f   .ill    .■.iiuiti..ii-  ..t    ulii.li    (I)   IS 

\\1.       .\   i/niii/nitir  ,ifini/inu  r.nniof  /""••■  »/«'/'■  //"'"  <"'"  >""'■■'■ 
For    if   iH.ssil.l.-,    l.'t   til.-  .■.ni.iti..ii  n.r+l.x  +  r      <>   l>.iv<.   tlin-r 

.lillrrnd    r....ts   n,    li,   y.      TIk'I.    si.,.-.-   I'.ldi    ..f    tlir.sr    vallH^.s    must 

satisfy  the  t'(Hiati.iii,  wf  lia\f 

ll,i  -  Ixi  ■  <•      " ^  '  '• 


ii/r  '  I'li-^'-   '• 


iiy^Ly^r      n 


CJ). 


Fii.iu  (1)  and  (L'l,  liy  sulitiartii.il. 

II  (a- -/i")  ^-/'(a    -  fil      ". 
.lixi.l.-  ..ut  l.y  a-ii  wlii.li.  I'v  lixpi.tlifsi,,  is  ii..t  /.!..;  tli.  u 

,1  (u  ^  ii}  +  l     "■ 
Similarly  from  (-)  ^luil  ('•'>) 

■      !.-•    -•.■.l;t!':\i!!!i!!  (f((l-y)         'M 

which  is  in.possil.l.',  siiu-.'.  l.v  liyjH.th.^is,  «  is  not  zero,  and"  is 
not  equal  to  y.     H.iu.-  th.iv  caiiii..t  ».<•  tlirc-  dillerent  roots. 

0—2 


f>' 


I 


i*ii: 
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ll.i.  Ill  Art.  Ill  l<t  till-  ( s\<.  iiMiis  in  (  J)  Ix- (ItiK.icil  l.y  a  .md 
/),  Ml  t  liat 

I,  ^  J  I,' -■{,„•  -f.^J/,'-Ur 

tllfll    wr   li.iNc  till'  t'njluwilii;  Ii'slllts: 

(I)  If  // -  !"'•  (tlif  (|ii;iiit  ilv  miilir  tlif  r.-idiea!)  i>,  |Hi>iti\«', 
a  .'iliil  ji  .'lie  real  ainl  llliri|ll.'i!. 

(J)       It"    h'       \a<'    is    /t'n>,    u    .111(1    li   an-    rr.il    anil    fi|nal,    cacli 

,      .        .       ,  .  Ij 

ri'dutiii;,'   111   tills  rase  tn       ,,    . 

(.'>)       If/;'      i(ir  is  iii-;iati%f,  a  and  /j  arc  iina^^liiary  .'iiid  iiiif<|iial. 

(1)  If  i"  |((i'  is  a  jn'i-ffit  stiuaic,  (1  and  /i  air  rational  and 
iincijiial. 

My  'il'l'ly'";^  tlicM'  tests  tlif  natnn  of  tlic  niuts  of  any 
tjiiadratic  may  Im-  dctcriiiiiifd  without  snlvitijj  the  cijuiition. 

Esiimi'li-  1.  Shi'W  lliut  the  tiiuiitinii  'Ix-  iir  t  7  -(•  ciiiinot  Li'  salisfieJ 
by  any  rial  \aUitn  of  j". 

Here  II  -  -,  ■'  -     •»,<•  =  7 ;  Ko  tliut 

h^  ~  I.J.-     (     <■.)-  ■  t .  -2  .  7      -  -JO. 
Therefore  tlie  roots  are  iniaKiuary. 

Kxnmple  2.     If  the  cinmtion  x-  +  '1  {k  t  2 1  x  +  '.U     0  hiis  t>iiml  rootn,  linJ  A;. 
The  coiulitioii  for  nnial  roots  iiisv^ 

A:-'  -  :,k  +  1     0, 
(/;-4)(A-l)-0; 
.-.   A- =  4,  or  1. 
Examph-  3.      Shew  lliut  tlie  routs  of  tlie  ciiuulidii 
.r-     'Ipx  +  ;i"  -  ly-  i  '2iyr  -  r=  _  0 
itie  nitiouah 

Tlie  roots  will  he  rational  provided  (- 2;))=  -  4  (/>'-(/- t 'J.yr  r-')  is  a 
l>ei  feet  S(nmre.  Hilt  this  expression  reduces  to  4  («y-  2</r  i  r-'>,  or  4  (<y  -  r)-. 
Jleiieo  the  roots  are  ratioual. 

111.      Sine.,   a- ^^^—     ,     ^^  -^^^  , 

■wc  liHM    liv  addition 


,1  +  li- 


-  (>  ^  7'''  -    <"'•  -  ''  -  v/'''  -  •"<-• 


•2/>         I, 


:a        a 


(1); 


^ 


TIIK   TIlKollY    <>K   i^lAmtATK     K^TATI.iNS.  So 

•ml  \>y  iiiulti|ili<  atioii  sm'  li;i\»' 

(_  I,)'      (h'  -  \iir) 
l.r' 

Id'        (I 
I'.v  writing  llir  ciiuiitinn  in  tin-  fuiin 

n        II 
tlirsc  results  iii.iy  iilso  1m'  cxpit'ssnl  ,is  follows. 

Ill  .a  iiuaiiritir  c.iii.itiuu  »/<//<  rrt  lli-'  ri»'Jlrl,-it/  «;/"  tli>-  first  !•  rm  is 
nil  it  I/, 

(i)  the  siiiii  of  till'  r<M)t.s  is  <'<iu:il  to  the  i<x-tl:iifnt  of  .i-  with 
its  sij,'ii  chaii^^t'd  ; 

(ii)  thf  product  of  tli-'  nMjts  is  ('(lu.il  to  tin-  third  t<Tin. 

NoTF.     In  any  cciimtioii  t\w  term  which  Jo.s  not  ronttiiii  the  tiiiknowii 
qimiitity  is  fr('(HU'ntly  rHlltd  the  almnlutf  l<rm. 

b  c 

I  IT).     Sinci-  -         a  *- ft,  and  aft, 

a  (I 

b         c. 
th<>  oquation  a'*^  -  :>•  ^  -     0  may  1m^  written 

x'-(a  +  ft)x  +  aft     0 (!)• 

Uvm-o  any  quadratic  may  also  Ik>  expressed  in  the  form 

x'  -  (sum  of  roots)  x  +  pro<lutt  of  roots     U (-). 

Again,  from  ( I )  we  have 

(x-a)(.v-ft)     i) (^)- 

We  may  now  easily  form  an  equation  with  giscn  rwits. 

ExampU  1.     Form  the  t'<iviation  whose  roots  are  3  and      2. 

The  equation  is  (jr  -  3)  (x  +  2)=0, 

or  x^  -  X  -  6  =  0. 

When  the  roots  are  irrational  it  is  easier  to  use  the  following 
method. 


t^ 


hi 


1^ 


'"i 
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K.iiinnilr  1'.      !■'' ill''  I'lnatidii  wlmsc  nxits  urr  '.'     ^  :l  itipl  2     ^'.'}. 

^Vl■  liii\f  ^uiii  iif  roDi--     I, 

]iri>iluct  of  roots  1  ; 
.-.  ihi^  iMiiiiilion  1^  .'■■-'  -    t  '■  !  1      "■ 

iiy  u-iii:'  fniiiiiiln  (•-')  nf  ill.-  |ii(  -cut  iirticlc. 

lit;.  I'lV  .1  lni-llii"l  ;ilialut;(iiis  to  tliHt  ili'il  in  Kxamiilc  1  of" 
lllf  l;i^t  ;i|-tirli'  we  r;in  t'nilii  ,l!i  i  •(  [ll.it  inli  with  tlirriMil-  IikHi-  L.'i\i'Il 
I'l  Kit  ■<. 

K.iiniipti   1.      l''(iini  till'  iiiuiiliiiii  wli'isc  routs  iir.'  "_',   -  .1,  and  .  . 

The   rci|iliivil  i'.|ii;itiiiii   mu.-t.  1"'   >ulisticil  liy  lacli   "f   tin'  fallow  iii},'  silii 
|i(isiiiiiiis  : 

J-      -1      M,     ./■  -  H      ('.     r       !       11; 
tllt'rfl'oH'  till'  <Mlll;ith'll  Iiiil-t  lie 

(T  ^-Jl  (./■      ::)  (  ,/       !-  )      II: 


•'/ 


that  i- 
or 


;;.;■'    li.c-    :i7.r  f  12    (1. 


j:.i,iii(jili  ■-'.      l''iiini  llic  i(|iiatioii  wliosr  riii.ls  an-  o.     '''■,• 
'I'lir  filiation  lia-  to  hr  ^alis^n•ll  liy 

.1-      n,    .;■      i(,    ,/  .1,    .r  ■  -       ; 

tli.ivl\.iv  it  i^ 


tliat  is. 
or 


117.  'I'lio  rrsiilis  dt'  Art.  Ill  arr  must  iinjnii  taut,  and  tiicy 
aro  "ciii  rallv  sutlioii-iit  to  scil\i'  ]iii 'lilciiis  cipiiiintcd  witli  tlu^ 
rooLsof  (luatirat  ics.  In  sinli  (|iicsiions  t/ir  rmils  sliaiilil  ii'tfr  /«• 
i-iiiniiili  r>il  fiiiHilii.  Iiut  \iso  .sliniilij  Ijo  iiiailc  (if  the  I'clatidns  oh- 
laiiird  li\'  w  I  ii  iii'.4  diiN\  n  tlioMinint"  t  lio  ick  it  s,  and  tlirir  jnudiirt, 
in  tfiins  dl'  the  I  111  tlirimt  -  "i  ilic  ri|natinn. 

l-.nniiiih    1.       if  a    and  ,i  air   t'..     iii"!.-  of  .i  -     jki  i  ,y      (I.  liud  tho  Value  uf 
(I)  u-  ■  ,i-\  ^■J)  a'  ■  .i'. 

\i'.    1 ,..«-,, 

.-.    a-  ■  fi-     (a  •  fi)-     2u,-< 


a     ,■< 


1  .lUiaidii  \slui.<('  I'lots  tv 


W.'  l.av. 


-illll    llf   lllClt- 


.1       ,i       a.       ,-i' 


or 


iiicdufl,  Cit  i.H>t-         .  1  . 

--i    a 

.   livAit.   1  1 'i  till   I'-'liiiifil  (M(u:iliiiu  is 

u.-i.--     (a-  ■  .i  ].i-  +  aH     () 

HI-       'J/// 


A-^  in  the  l:i~t  .Mllill'li'  a-  :  .i'  ^ 

II  III-      -III  II 


Ilti'l  I'  ■* 


•.    thf  lilUlltinll   I- 


l:.i,uiii'lr  :i.      When 


/ 


,-^        "■       /      "■ 


,1.1  '     {iii-     •2iil)  .1-  ■  III     i». 


-,    / 


,      nf    '.'.l  '    •■-''•        T- 


nil. I  ^1l<•^v  tliilt   it   will  !"■  niinlt.l>a  if 


tiri.l  till'  Nalii 
"  ''"^  ti.'  Miili-timteil  fur  J. 


,.r,J'i 


IT 


Tm.uii  thr  .iiiiiilnitic  .'iiuiitioii  wlicsf  r... .t-  nic 
till'  Slim  I'f  till'  rci'it-^ 
tlif  jMd.luct  of  the  riM.t- 
litiuv  th.'  .(iiiiitioM  is  ■-'/-'     f.  r  •  17     H: 

.•.  -.'.r-     "Vr  ■  17   is   a   .lUiflniti.'   .■.r/iiv--,..'/   «ln>h   vani-h.-s  f.>i-  '"'■"    "'   "i'- 


irtl\i' 


r    .    O    .     I        0   ■     > 


\  : 


which  i-  til 


..  mun.rical  valur  of  tli.'  .  '(1m,-m..ii  in  .-Hch  of  lli.'  s..l.|".-..l  case':. 
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m 


1  1'^.  7((  ////'/  ///•'  I'liii'l  it  iitii.  //iilf  tlii:  ;•«^/.^■  ((/  ///('  I'lliiiilinn 
:i\        li\    •  r      0    sliiiiilil    hi'    (I)    iiiiiiil    III,    iiidiiii  it  ml''   miil  opjimtiif 

III     !<l'Jll,     ('-)    l''-i-ljll'll''llls. 

'I'lir  inipt'^  will    li |iial    ill   111.11,'iiit  iidt' , '111(1  r)|>j>iKiti'  in   sii^ii  if 

tlicir  Mini  is  /I'lu  .   Iicihi'  tin-  r<'i|uii»'(l  finiditidii  is 

// 

I),    iir   I,     (). 
(/ 

.\'_'.lili.  till'  I'liiils  will  1m'  ic(i|i|nr.ils  wlnn  tlifir  ])|i"<lll<-t  is 
uiiii  V  ,    lii'iiic  w  (•  iiiiist   li.i\  I' 

1 ,   or  r      II. 
It 

Till'  rir--f  of  flic^c  results  is  of  frnjiiciit  occiiri'oncf  in  An.ilvti- 
(.il  '  iiiiiiiit  ly,  .'imi  flic  scciinil  is  ;i  junt  iciilar  cisc  of  .-i  more 
i;('!iiT.il  condition  .ijiiiliciiilc  tn  c(|ii,il  ions  of  aiiv  li 'iircc. 

I-  .i,niiiilr.  I'iii'l  tlic  ci.iKlitiiMl  lliut  the  roots  of  d.i-  i  l,.r  '  c-O  inay  Iju  (1) 
li.itli  iH.-iii\(\  (•_')  i.iiiHi-it,.  in  >i;.'n.  l>iit  tlic  c'li'iitiT  of  tlu  III  nfL'iitlvc. 


\Vc  have 


a   ■  j-i  ,     a.i 


(1)     if  tlic  room  III,.  l„.tli  )io>itiw,  (iH  i<  ipo-itivc,  uiid  llicrcforc  <•  iiml  n 
have  jiKi-  .-i^'iis. 

•  ■         ''  ■ 
ANo,  since  ti  !  ,-;  isi>ositi\(\       1-.  ni'^Mtivc;  tluiTforc  //  niid  a  jiiivc  inilikc 

sjeiH. 

Hence  tiie  repjuiveil  romlitioii  is  tlmt  llic  sij^'ii.s  of  </  and  r  ulionld  lie  like, 
mid  o]ii"wi[e  to  the  si^'ii  of  //. 

(■-')     If  tlip  roots  an   of  ojiiiosite  si^'ns,  aji  Ih  iR>.'ative,  and  thereforo  c  and 
II  hase  unlike  sit;ns. 

Also  since  a  •  .i  lias  ili,'  si^'ii  of  the  (.Teater  root  it  is  ne^'ative,  and  therp- 

fore      i-i  ]io-iti\e;    therefore  /-  and  .(  have  like  si),'ns. 
ii 

Hence  th(>  reciuired  condition  is  tliut  the  simis  nf  „  „iid  /-  sliould  he  like, 
and  ojniosile  to  the  sij^n  of  i'. 


EXAMPLES.    IX.  a. 


I'mni  the  ci|ii.,t  ioiis  w  hose  roots  are 
1  *      ■'  2      "' 

4.    7  +  -J^:..  5.     +L\':{    -.. 


3   r-1^   _p+q 
P+ij'     j.^ij- 

6.  i>±-2s'-2ij. 


ItBs 


THK   TlIKnUY   <iK   QlADnATIC    KQI'ATIONS. 
7,        ;{  +  .■>('.  8.     -'i±lh.  9.     ±!'<i     /' 

10.        :i,  :.    '.         11.    ^".      I-  12.    ■^±s%  1- 
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13.  I'l-nvr  lliat,  th.'  l'i"it>  of  till'  fullowiii'^'  ('.pl.ttioiis  ;ilf«  rc.il  ; 

('1;      .(----^-M'  i  a-      A-      r-      0, 

(2)     (<(-/)  4- <■'.'- +1  '»--/>.'■+  ''     ''     '■      ". 

14.  If  til.'  <Miu,itioii  .<■-     !■">     '"    -Ir     ^      "  lin  <''l"'^l  n".t>,  I'uhI  tlio 

VilltU'S  (if  //(. 

15.  Fi.r  wliat  v;tlu.-s  (if //(  will  the  c.iii.iti.ni 

.('-•J,'(l  +:!'"    +7    W  'r-l'ii        H 
li;l\0  ciiimI  routs  V 

16.  K'll"  \rliat  \Mluf  (if  /'(  will  tiic  (■(lUatlnli 

.(■'-  -  h.r       III       1 
il.r  -  <•        III  f  I 

li.ivc  i-ddts  ciiiLil  ill  iii.i'.Miitiiilc  liiit  ii|iii(isitc  ill  si'.'ii  I. 

17.  i'rovo  that  tli«>  r'i'it>.  (if  the  f(ill.iwiii„'  (•(luatidiis  .ire  ratimial: 

!\)     («+'■     /'I  .;■■-+-'•.'•+  ''  +  '•     'I'-   0, 

{•!)     (rhr-.r-  '  :i't'.:r  +  li-r.r     Gi-   -"h  +  i/i-     C). 

If  (I,, i  an- tli(>r(.(.<s. if  the  ("(luatidU  (».'-  + /'.'■  +  '•     <•.  tiiid  the  values  of 


18.  u;.. 


19.      .l*.i'    :  d'.-f' 


^-  (:-:;/■ 


Find  tlie  value  of 

21.  .(-"  +  .(-'     .'•l:i:2  wlu'ii .'      1  '"2/'. 

22.  .1-'  -  3-'"  -  ^•''  +  1  •'  ^^1"'"  ■''  -^  +  '• 

23^     _i'3-(,,v-4--2'i-.i-  I   l"'  when  1  -  ^'  -  ;5. 

24.  If  «  aiul  ,i  !U<^  tlio  mots  of  .r-+pr  +  'j     n,  furni  the  0(iuatidii 
whose  routs  ai'O  in  -  ii  -  and  [u  +  fi,'. 

25.  I'rovc  that  the  mots  of  :.(.-<(fv''     '-/     ''-  an;  always  r«ul. 

/w;  T  f  ,.      il  „ ,^f  ..  .2    i,  7.  >.    .    ,.        II     rniil    t"h<>  v:illlf>  of 

26.  il   .Xp  ..-J  ;ile   -irv  1 -.-:...  :    - 

(1)      i,l.r^  +  l>,''-■\-'^l■r.^  +  h)'^i, 


1(0 


iii<;iiKi;  .\i.<;i;i!KA. 


« 


f. 


27.  Fiiiil    till'   ..iii.liti.M.    th:it    .III,.    r.Mit    nf   ,,r-^l,.-  +  ,'     n    >hall    l.i; 
/'   \  illirs  till'  uf  litT. 

28.  IT'i.   i  :iri'  till'  r.M.t-  <>\'  'i  '■'     /,  ,■  f  ,•     n,  r,,nii  tlir  (',|ii;it  mii  wIi.im' 
runt-;  nil'  11-  \- ji'  alui  a     ^  i- ,i     -. 

29.  K'.ini  111.'  <'.(ii.it;..ii  \\li..~i'  i....t--  :nv  tin'  -.luari'-.  ..f  tin-  -uiii  .iml 
,,f  till'  i|;"i'i-.'iHi'  i.f  tji.'  !■..'. ts  ..f 

■2j''-^  :.'    //'  r  /'    .'    :  '"-  ♦-/'-■--•'. 

30.  |)i-rii~>  till-  M^li-  ..f  til.'  f.M.t^  ..f  til.-  i'.|H.iil.iii 

,,..-  + >jy  ■  r      " 

|l;».      'rill-   fill  li>w  ill'.;-  <'\aiiiiii.-    illll-l^all■■^  a    ii^rt'iil   appiii'.-it  ii  m 
iif  1 1n'  ii'^illls  jprii\  I'll  ill    All .    1  I  •'. 

.;■    ■  ■-'.(■    -  1 1 
l.riiiiiiil'.      \(   r  i-^  :i  ri  111   i|U:iiil  it  y,  |.i..\.'  rli.'U  ilir  (•\iiit>-.|..ii   -  .,  ,   .      .j, 

.■ail  IklM'  all  iiiiiiii'i-iriil  valm  <  i  \ri'|it  >ui-ii  a-;  \\r  lirtw. m  '2  an  I  •'.. 
I.I  I  ihr  j^'ivrll  ixi.lrs-i.iii  1.1'  niMi  >riili  .1  li,\   ;i.  -<•  tliat 
./-■  i  ■_'./■  -  1 1 

•Ji.r    :ii       •'■ 

lliiii  iiiiillliil.viii'^  iii>  aiiil  truii.'-|Ki-iiit.',  wr  lia\i' 

.r-'-r  ■_',/■  (I      //I  ■  ti,'/      11      ". 

This  is  !i  iiiiailratii'  cuialioii,  uiul  in  niil.  r  that  .r  may  havf  n  al  vahii'S 
•1(1  III  i  (i'l  II  111  iinisl  111'  iici-iiivi';  ..!■  (Ii\i(liii'j  hy  (  iiiiil  siiiijilify  ill'.', 
,/-  ni)  ■  1-2  iiiusl.  hi' iii..-ili\r;  that  i^,  i//  I'.i'i/  '_')  iiiii-t  ho  ii..-itiv.-.  ilciiri- 
till'  furl. 'IS  of  this  iiriiiliict  iiiu-t  hi'  I... ill  I'll  itivt'.  .ir  h.ilh  iir^'ati\i'.  In  tlio 
f.niii.i  ra>i'  (/  i-  t-'i'ratcr  than  t. ;  in  tin'  latl.r  //  is  1,  ^,  than  'J.  'I'lu-ii't'iHf 
,/  ,-;i       ..t  lit'  h.I'Airii  '2  alul  ti,  hut  may  hav.'  any  .itli.'i   \aliii'. 

Ill  t  iiis  cvaiiiiili'  it  will  1.1' nut  iri'il  tli.ii   t  In' </""■//■''/(.•''.'■/'/•' ,^.^Vll/» 
//"    ■  .'*>//  •   1 1'  is  iiiisit  i\  I'  sii  imn;  .is  //  dni's  nut    Iif  ln-i  \\  cni  t  lif  luuts 

itf   t  III'  (•illfl'S|iil|lllillL.'  7". './/•'"' /'•  t7y/(((//i//(    7'    ■    >■//'•    i-        *'. 

This  is  .'I  ji.ii't  iciii.'if  i'a>i'  i.f  the  ui'iiri.il  jn-i  ipn^il  iuii  iii\("-t  i;,','iti'(l 
ill   the  lii'Xt    .iltirlc. 


1 '_'".  /'"/"  "'/  /'.(//  r:iliii.<  III  \  till'  I  riiri'~:si,iii  \\\'  -  li\  •  c  /((.'v 
til-  SII  III-  SKI  II  lis  ,'i,  .  I-.',  jit  irlit  II  till  runts  III  till-  I  limit  mil  ;i\'  ■  1 1\  -i-i'  0 
((/■''  I'' III  iiiiil  II  III  ijiltil ,  II  nil  \   liiis  ii    rill  II'    liiiiiij  l/'tii'i'-ii  til'  III. 

i  ■  .  -..    i  -,'.... =  !...i    1  1... 

\     \  -,  r.    I  .         »  •uj'i »« '.^1     It.,**     .  .  I. 


•  !w. .;:;  11.    .  ii*'  lijiiii;  i;;ii 
fl.r'   :   III-       <•      (I 
iil't'  leal  ;    ilt'lidti-  tlii'lii   l.y  o.  .ilnl  ji,  iiliil   h't   n  lir  tin-  i,'li':itt'i  . 


IIIK   TTIF.OltV    OK    {^1  mm;  A  111'    Ki.M"  A  ri<  tSS. 


'J  I 


'I'lll'll      "■''  ■  ''.'•  •  '' 


<t    .-■- 


,r 


\ 


'  ii  ilj 

II  \.i-     (n    jh  .'•  •  n/i'i 


/I  (.-■-  <0  ix      fi). 

Nou  it'  '■  is  "PMt.'f  tll.in  ...  thr  t'lrlMis  ,-•  ...  .'■  fi  ai.  holll 
j,„sitiv,-  :  .-in.!  ifr  is  1.-,  than  ji  tl,..  fa-turs  ,-•  a.  r  (i  ai-  Uth 
lic'aliv.';  tlifivt'otf  in  caili  la^'  t  li.-  .■\|.iv>-.i..ii  (  ,■  aii''  p)  is 
jM.sitiNr.  an.l  -M-  ■  /'-■  •  '•  !ias  thr  sainr  si-n  m>  .'.  I'-nl  it  w  lia.  a 
%aliii-  lyiiij,'  Lftwrrn  a  an.l  /i,  thr  rxpi-.-M-n  ( -•  .<i(.'-  H)  i- 
iicLrativ".-,  ;ui.l  tli.'si-n  ^f  ,-.,-'  ■  /.-      ,■  isni,],..  if  to  ihat  nt  -. 

("ask  1  I.       If  a  an.l  (i  aiv  .•.(Ua!,  tli.'li 

ii.r'  ■  //.(•  ■  <•      'f  (.''      n)  , 
an.l   (X-      a)-isi...siti\.-f..rall    nal    n  alufs  ..f  .<■  ,    h.n..-'"'      /■■'■•'• 
has  the  sail;.'  siu'"  ''^  "• 

('ask     111.       Siiii|i.iM'     that     th.-    .'.juitimi     ",'      l,r      >■      H    has 
iinai,'inary  in(ii>  ;   t  li.'ii 


ii  "I 


]{„t    /;-■-  !,„•   is  i„-._'atiNr  >in.-.'   th.'   i-.'i-  ai.'  inia-inaiA   ;    h.'n--.' 
'  '"  "  '    ■     j»i>iti\>'.  ami  thr  .xin-.'ssi.in 


•i((-' 


is   jM.Mtiv.-   fnrall    r.'ai    xalu.'s,.t   .,•  ;    t  h.Mvf.-lv  .(..•■   :   ''X  i  r    ha.  thf 
saiiif  sii^n  as  .'.      'i'his  fstahlish.s  th.-  |.i ..posit i.m. 

1->1        KmiM  th.'  j.i-.'.-.'.iin'.'arti.l.'  it  follows  tliat  th.- .•xi.n-.si..n 

ay  i  hi-  ■  r  Nvill   alwavs  hav.'  th.'  sain-  si^n   ^^hal.'^.'r   ival  vaiu.- r 

mav  hav,  pn.N  i.i.'-i   that  A'      t-u'  i.  n.-ativ.'  .t  /.l-;   .'i-l   it  this 

,.on.iiti..n  is  sati-h.'.!  th.'  .'vpi-.'ssinn  i^  (.oMtts-  o,-  n.'u'atu.-  ao..i(l- 

in"  as  It  is  iiositix.'  of  n.  u';i'i^''- 

.  .1  ;    -'       / i,,-n'    h»i 

Conxcis.'ix ,   in  oi.i.i    tiia,    ;:.!•   txjat    -i--::      -  . 

alxsas.  i..siti\.'.  /.'-    )'"■  must   1..'  n.'catix.'  ..r  /••>..,  an.l  "  must  1m- 


1" 


tliat  ((.'-■  ■  /'.'    •  '•  inav  h''  always  ii*-gatiNe 


jiositivf  ;    and  m  oni.  r  1 1 

b'-\ii,-  mii.-t  h.'  lugativu  or  /.t..,  an.l  a  must  he  n.-gatn.-, 


■'  r 

m 

'V'* 

.-^ 

rn^y  -. 

1 

I 


<2 


HHiiIRK   AI.fiKHUA. 


Kjiunplf.      I'iiul  tlic  iiiiiils  bilwftu  wliii'li  ii  must  lie  in  order  that 

iix"     l.r  .  .") 
.'i.r-     7.I'  ■  a 
iiiiiv  1m'  ciiinilphi  i)f  :ill  x.iliic-,  r  liciii:.;  imv  rial  '|iuiiitity, 

1  lit  .  „  -;(/; 

then  (<j     "i;/)/-     7.r(l     _(/)  ,  (.',     ,///)  o. 

Ill  oriliT  that  till'  viiluts  of  .r  foiiiiil   frniii   this  iiuaJratic  iiiny  ln'  rial,  the 
t\|iris>iiiiti 

J'.)(l     ij)- -  l(ii     "i;/)!"'     ''.'/)  must  lie  ])ositivo, 

that  is,         (111     20,))  )/-•  ;  •2C2.("  i  1);/  ■  (I'.i     'Jd./)  must  lie  iiositivc; 

1.  uco  ('ill-  t  1)-     (I'.l     l'(),»(-'  mu~t  ill'  mvatAi'  ..r  zi  rn,   ami  t'.l     -it)./  must  he 
poHitive. 

Now  ('ia-  t  1)-'  -  (t!t     '20(;)'-  is  iioj-'ative  or  ziro,  oeconliiit,'  as 

'2(ii-'     Itl'i  !  '_'J)  •  •i(((-'  !  Kill     21)  is  nc^^ativo  or  /.fro; 

that  is,  aci'onliiit,'  ,is      I  (•(      "d-'ci  t-  12)  (<i     2)  is  in  jjativi'  or  /ito. 

This  cxiiri'ssinii  is  in^^iativc  as  loii^'  as  n  liis  hotwcfii  2  ami      12,  ainl  for 
surh  values  I'.l     2na  is  jio-itivr;  tin- txjircssioii  is /.i  m  uhiii //     .">,       12,  or  2, 
liut  !!•     211(1  is  iicMlivi'  wlirii  <i      '>.     lli  iici'  tin'  limitin;^'  valins  aif  2  ami 
12,  anil  II  m.iy  liavi-  any  iiitiTmi'iliatc  value. 


EXAMPLES.    IX.  b. 

1.     Di'tcriiiiiio  tlif  limits  ln-twcoii  nliieli  /<  must  lie;  in  onlor  that 
tli(*  CMjuutioii 

2a.v(<t.r  +  )ir)  +  (j,-^'2)i''^<i 


jii.iy  liiivi'  ro.'il  mots. 


.V 


2.  If  .'•  Iioro.il,  i)ro\n  tliat     ,     "      -      mu>t  lio  iK'twetii  1  .uul-  , .  . 

.1-  -^).v  !  ;»  II 

3.  Sliew  that  '  ,  lies  iK'twoni  I?  .iinl      for  ali  re. tl  values  of  .r. 

./■-+.«•  '•  1  :5 

4.  If  .)■  lie  real,  iinivo  that  "  „  '    '  -    _    (■••in  ha\(' no  v.ilue  I)el\veeii 

,'-  +  2./'  -  I 

r>  ami  '.). 

5.  Kiml  the  oijiiatiim  whoso  roots  aro  ^   ,       -  . 

6.  If  (I,  ii  aro  roots  of  the  <>iiiiatioii  .v-  -^  px  +  </  —  i>,  find  tlio  value  of 

(1)  a-{,r-,i-'-ii+l:f'yri-a  '  -  «), 

(2)  {a-}>)-*  +  {ii~fjy*. 


TUK   THKOIIY    OK   QrADKATK'    Kt^rATloNS.  Hit 

7.      If  tlif  r.".t,>  i.f /.-■  -„,+„      oLoiii  th..THtiu,.f  J..  ;  Y,i.r.iv.'  tli;it. 


,/;/./;' n/' 


8.      If  X  I..-  iv,,l,  th.'  .■xpiv»i..„         .,/,._„)        a.hnits  ..f  ..11  v.ilu.'.s 

i-.\ct'lit,  Mich  as  V\r  iM-twccii  ill  aliii  im. 

9       If  the  l-iM.ts  ..f  tlif  .cuiutidii  'r/''4--2''.'+''  -»•  I'*'  <«  and  ,1  ami 
tli.iM- of  111.-  iMiu.itiuii  J.,-4-2/l'-f-<'=n  l'«!  <i  +  fial..l  ,i  +  ^  I'luv.!  ti.at 

10       Shew   thai   til.'   cxpiv.-.Moii    '"     '  "'7    ,   nmH    I"'   '  apMhlr   of  all 

y  t-  o.'"   -    *.' " 

valuijs  when  .'■  is  real,  I'mvitinl  that  /i  has  any  valiir  hrtwciMi  I  ami  7. 

11.  l-ina  thf  givatvst  valii.'  of  .,^.;^Tj  ,  ,.  <■"•  '•'■■^^  ^'l'"'^  "•'■' 

12.  Shew  that  if.''  is  real,  tho  cxiircssioii 

ha.s  no  real  values  helwcen  b  and  c. 
\         13.     If  the  routs  of  a.v--\  il:c  i  r-.n  1,0  i-o.-iLle  and  dillen-nt,  then 
:  the  roots  of 

{it  +  ,■:  ia.r-  -:  -Ih.r  *  -■;  ^  2  (-c;  -  //- ;  {.•-  +  1 ) 

will  lie  iniiHissilile,  iUid  vire  irr.<i'i. 

14.     Shew  that  the  exiiressi..M  |^'^'     ,i!iv.i'  .  ,/I  ''''^  ''*^  eai^aMe  of  all 
values  when  .v  i.s  re.il,  if  <'-  -  l>-  and  c-  -  d-  have  the  same  si-n. 

*\-l-l.  AV<'  shall  coiirliid."  this  eliaj.tcr  with  sonic  niiscellaneuus 
tlieorems  and  exaniph-s.  It  will  !«•  eonvenient  lien-  t<.  introduce 
H  i)hriiseolo<;y  and  notation  whicli  tii.-  stud.'iit  wdl  frciu.Mitly 
nii;et  with  in  Ids  nwitlifinati.-al  rcadini,'. 

DkFIMTIoN  Any  expression  whirii  involves  ./■,  and  \s  hosi- 
value  'is"  depend.'nt  'on  that  of  .-•.  is  called  a  function  of  X. 
Functions  of  x  an;  usually  d.'!iotc<l  l^y  syinlx.ls  of  the  form  J(r), 

Tlius  the  e.juation   i/     /(.')  may  !,<■  consid.Tcd  as  .M|uivalent 
.    .  .  i    .1— i    -,.'.    .(' ......I..  ;•.    »ln.  \  iliii-  of  ./•  will  iini- 

duce  a  conse.iucnt  chan;;.-  in  .y,  and  (•(/•.■  /■'/>'?.  The  (juantiticsx 
and  V  are  called  variables,  .md  arc  further  distinguished  as  th« 
independent  variable  and  the  dependent  variable. 


01 


liKiliKi:    m.<:f:ki:.\ 


I 


All    iikIiii  iiili  til   iiii-iiilil.    i->   ,1   c|iiaiititv    \\lii<li    iii.iv  li;i\c   any 

Nalllf    wr  iliiin^c    In    a-^iijli    tn    it.   alul    tlic  i  i  ill  iv|  m  iliililli;  ih  j"  iiili  iil 
,;i,i"lil'    ll.i^  its   \allir  (Ictt  I  mini  il  a->   -nnn   a^  tlir  \aluc  (if  tlu'  iiidc 
iicniiiiit    \  a  I  lalili'  i-  k  imw  n. 

I  L'.'i,       A  II  (Aiiiissii.n  (if  t  hr  fill  III 

/'.'■"      /','■■  /'■'■'  /',      '      /'.. 

(/■/<•/•     /(    1^   "    /'I. >/'/(•.     'iiil''i'i\   aliil    till'    riiitliiii-lit  s  /'   ,    /I   .   /'  ,       /'     (Id 

i,,,i  iii\..l\i'  ,,  isialliil  a  rational  and  integral  algebraical  function 

of  .!■.  Ill  till'  |i|i'-ilil  iliajilir  \\r  sliall  inlltinc  nlir  .it  I  rlit  i'ln  to 
t  Mill  t  inlis  lit    t  Ills   k  lllil. 

r_'l.  A  t'liiii'tiiiii  is  -aiil  til  111'  linear  wIumi  it  i-nntains  nn 
Iij|_<lii'|-  liiiwi'T  lit'  t  111'  \  a  rial  ill'  I  hall   I  In    111  st  :    t  iiils  «m'   •   /•  i     a   lilicaf 

t'liuiiiuii   lit'   .'■.      A    t'liiii  timi    i-    sail!    tu    111'    quadratic    wlnn    it 

ciiMlailis  iiii  lii'^lii-r  imUiT  nt  tin-  \alialili'  than  the  sen  Ha  I  ;  llill.s 
,1.1'  ■  li.r  r  is  a  iiiiaijiat  !i-  tiiiutiiiii  i  if  X.  I''iini't  imis  <  if  tin'  f/iirJ, 
I'iiii  rlh,.  .  .  ili':,'ii'i's  all'  thnsc  in  wiiirh  the  liiL:hi'st  |iii\\i'i-  nf  tlif 
\aiiali|i'    is    ii's|.iTt  i\i'l\    till'    iliir,!.    hill  rlh ... ..      'I'liiis   in    thr   last 

.•Illicit'   till'  CXJilissiiili    is  a    fllllitinn    nf  ,1'  nf  till'    //"'   ( lt'L;lt'i'. 

r_'"i.  '{'Ill'  s\  niliiil  l'\.i\  ii\\-  ll-iil  Inili'lintia  flllirt  inn  nf  t  wo 
\alialilis  .;•  anil  //  ;  tliils  ,i.,-  ■  In/  ■  r.  r.tnl  11.1-+  li.n/  -  n/  ■  il.r  ■  11/  •  f 
,'iri'  ii's].:'il  i\  i'l\    lini'.ir  ami  ijiiaili  at  ir  fnni'tinns  nt  .i'.   v. 

'I'lic  iifiiiiliiiiis   f'{.r\      (I,   n  r.  V)       <•  alT  .s.iiil    tn  lir  liiiiaf.  ijilad 
fatir,  ,.,   .'iri-nrdini:  ;is  \]\r    f'n  iirlimis  j'{.r).    /\r,   i/l  .'Ifi'  linr;if.    nn/nl- 
lat  il 


*  1  L'*;.  W'l-  lia\r  ]irii\(il  III  Alt.  ll'lt  that  tin'  >  .i/ii-'s.-^iDi), 
a.i'  •  III-  •  r  ailiiiits  nf  liiin^'  |iiit  in  thr  fnrni  "'.'■- n  )(•''- /i), 
wlirrr  a  .■mil    jj  .al'i'  tlii'  rimt  s  i><i  thr  1 1/ iinlinii  n.r'   ■  /../'  ■   .•       ( >. 

'I'lllls  ;i  i|U.lill  ,lt  ir  i'\|il  I'Ssinn  'M'  •  I'.r  ■  1'  is  cajL-llilt'  nt  Iti'llii; 
ffsnUcil     intn     tWn     latinll.ll     faitnls     ni     tilt'     til'st     ( Il 'L.'!  I'l',     \V  I  U'ni'\  ft' 

tlir    I'ljUatinli    Il.r'   '   li.r  •  r       ('     ha-     l.l' inii;il     innts;     tll.'lt    is,    wllC'l 
/(■'        \iir  is  a    |irlfi'i-t    sijiia  ir. 

*r_'7.       I'll  fiiiii  ill'   riiiiiitliiiii    thill  (I  i/iiin/ralir  Jniii'tiiiii  i;/'\.  y 

Mi'iinti'  till'  fuiii-tinn  li\  y'(.i',  //)  wlicii' 

/{.r,  I/)     ii.c-  ^'Ihj-y  +  by'  +  2'/./'4-  Ly}/  *  c. 


nil;  iiii.i'Ki    •'!■  iji  AKu.vric  i  v'l  .\iit'.\>.  .».> 

Wilt.'   tin.    Ill   il.^riiMlili.;    l"i\\rr-  of    .;•,  .UmI    iqlMtr    it     Ik  /iio; 
tllHS 

,1,'  ■  ■-'.<•(/■.'/  •  .•/•    ''.'/'  ■  -A/  •  •-■    '•• 

SdUiii;;  thi->  'Hi.iili  ii  ii    ill  ,'    \M'  li.iM' 

-{III/  ■  ij)  '  J  I'll      ;n   -'i^liii    •  -hi  ■  '■) 
II 

\,,U      in     n|,l,r     IImI      '■('■.    //)     lll.lV     !"■    IIm'    ITCHlurt    ..t'    IW.i    lii:<    ir 

fariMi^   <>\    ill''   t'Tiii    /■■•'/.'/  •   /■.    'Ii'-   'lu.iniiiy    uimI.t    iIm     i:hIi.-.-.I 
iiiu.-t   \ii-  a   iiril'i'  '   >i|n.ii«'  ,    IhIii-.- 

'I'laii-lMi-ihu'  •iliil  ili\  nllli:,'  I'V  ".   u<'  nlit.iiii 

iil,r    ■     L'/i///  -  ((/'  /';/'        (■//"        I*  . 

w  lii,  li  i>  til.'  r.iii.lit  i'.ii  i'i'c|iiir''il. 

'I'lii.  [,iM|iii>iii.ni  i.ot  -r.'.it  ill!  I  "Ml. MM-,.  Ill  Ai' ilMb'.il  <  ic<  .iii.'i  i\ . 

•*  1-J>.        'I'll  tlllil   till'   riUilitlnll    til, It    till     rc|ll.ltic>li> 

,,,,     .  /,,'  •  ,'      n,   ,( .,-■  +.  //,.'  •  -•      n 
lna\    ii.'iv  1'  a  riiimiinii   I'lm'. 

SupjKiM'  tin-"'  ''<HI'l'i"li-  •"'■    Ix'lli   ^atl^llnl   li\    X       a:    I  Ik'H 
,t,i'  ■    tin    ■   .■       O. 
((II'  •  //  a  ^''        U  , 
.-.  liv  t'i'(i-s  iniiltiiilii-atiiiii 


To   cliiiiinat.'    11,   Miliar.'    tli.'   '-.■.■.m.l    .it    tli.-«'   .'.[ual    latius  a 
('(luatf  it  tn  th.'  |ii-.h1ii,i  ><i  lli.'  ..tli.i-  two  :   tliu'- 


imI 


1 


.-.     {,;i'  ^  , ■',!)-        (he    -li'r)  [ill)'     ■  (I  li). 

liirli  is  tl iJiiditi.iii  I'l'iiuiivil. 

It    is  i-asv  tl.   in'.iM'   lii-it    thi.^   i-   til-'  «■ ii'i""   '!'•"    ''"'  <''•' 

twuii-ati,'  ftn..ti..|.s  I,.,-    :  lull  -  .'//•  anil   „\.-  ^  h  i 'J  ■  v '/  inny  l.uv.- 


a  I'lnniiKii 


(111  liiiwir  t;u'ioi . 


,  .  ■       It 


;»6 


IIKiilKK    Al.tiKliltA. 


;i!i 


i 


I' 


♦EXAMPLES.    IX.  c. 

1.  l'"r   uli.it  \.iliii'>  iif  //'  will  flir  cviiro^iiiii 

y-  f  :;-'//  f-  Ir  f  //-.'/     :5 
\»>  (•••([p.il.lc  I  if  ii^iiliitiipii  into  f  wci  r,if  iciii.il  f.  II  tors  ! 

2.  Kihil  the  \.iliii->  i.f  //(   wliicli   uill   iii.iki!  •-''■-  I  iii.i'/  +  'A'/-      Tiy     2 

cilUIN.llcIlt,   to  tlu'   |iroliuit  ot'two   llllc.ir'   l.litofs. 

3.  Shfw  that  till'  v\prc»iiiii 

.1',/---//-;     .<y{n     (' 
,i1\t;i_\s  ,i(liiiits  of  two  l-i;il  linear  I'.ictoiv-.. 

4.  1 1'  tlu'  ri|llatiolls 

K-  t  /'.'+'/      '»,  '■-'  +  /'■'■  +  '/      0 

Ijitvi'  a  loniMion  loot,  slicw  tliat.  it  inii>t  lie  lithcr 

/"/'  "  I' 'I  ,„.  V     '/ 
7     '/■  /'■     !•' 

5.  Kind  the  lonilition  that  the  cxiicciision^ 

I.I'  -f-  //(./■_'/  +  /'//-,      I'.t-  +  /'*'.'//  4-  /'  //■' 
may  lia\c  a  lonnnon  linear  faitor. 

6.  If  the  exiiivssioii 

can  lie  rooKrd  into  lineal-  factors,  ]ii-o\c  that  /'  inii>t  \<t:  one  of  tlie 
^o(.t^s  of  the  ec|Uation  ."- + -1"/'+ :i<(- +<;      (I. 

7.  Kimi  Oie  eonilitioii  tliat  tliu  exjiressioiis 

il.r-  +  '2/i.i\'/  +  hir,      (t'.r-  •  -Ih'.iy  ^b'lj'i 
may  lie  re>iMit  i\cly  ilivisiMe  hy  factoi-s  of  the  form  //     //(./■,  iii//-\-.r. 

8.  .Siiew  that  in  the  e<iu/ition 

.'■-    :i.iy  ■  -l/r  -  -ir    ;{_//-  :\:>    o, 

for  e\ei'y  iral  \.ilur  of  ,/   tluTe  i.s  a  leal   \aiut'  of  v,  anil  for  every  real 
value  of //  there  i>  a  leal  value  of  ./■. 

9.  I  f  ■  ami  '/ are  two  re;d  <iuaiitities  eonneete<l  hy  the  LMjuation 

;t.r-'  :  :].;;//+_,/-'      '.)±r     :20y  +  Jll    O, 

then  will  .'  lie  lietween  'A  and  (i,  and//  hetwem  1  and  lU. 

10.      if  '^t!.r-  +  h.r  +  '\i/  +  a'.(-  +  l>'j:  +  i'' -^0,  lind  the  condition  tluit  x 
luay  I'c  a  rational  function  of  v. 


''      h: 


CllAI'TKIl    X 


Ml-'   I  I.I.WI  Ml  S    I  i.l   Al  li>NS. 


f 


1-JO,      III    flii-    .  li.ipt.T    w.'     |,r..|.M-.-    In    rnn-iil.r    potno    tm<*- 

,.,.11,,,' 1>    .■.|Uatinns;    it     will    1..'     ..Til    thilt     IPihV    Mt    tlir..-..,h    \>0 

s,,K..,l   l.\    tl iJiiMiv  nil.-   t  .1    .|iM.li.ii.'  .■.|n..tiMi,s,  l.itl  oIImts 

1.  ,.nii.>  >"ni.'  v]...  i.il  .irliti.'.'  t'"i   tii.'ii'  .s..liit  i..ii. 

I-  r„mi~h'  1.     S..h-  ■"  ■"     >^'-  ■"     '■'"'. 

Miiltil'l\  li,\  .. -"  iiii'l  tl;iii~l'.i^.  ;   tliiw 

s., "     t;:!i-"-.'^     (t; 


|1 


./■-■'      ".. 


1 

I       ; 


,.,:,..(-,') 


x-'l  ".  "V 


that  i^, 

11.  n.  A. 


/,         (mi 


/  '■  /■'    ' 


.-.  '-'7 


:<      /.     f..; 


,/    „    /. 

•>iil>ii-      .■,.("(/      '.-;/  -t  ii./''  ^  0; 

/,  ■.\,i 

'I  -    -  .  or    ,    ; 

•  .I,,-""  /,^- 


-  -  '  vM 


m 


$ 


1 


!),S  IIKillh.U    Al.ilKHIlA. 

I   i.imi'l,    :<,.      ,S"U">      (r      ■>)('•      ")(r      t'.Hr      I)      ''O » 

\slnili,  111  ilu'  iiil.iii;'<  il  :i^  ii  iHlrtiliatic  in  .1 '•'      r,  ^■i^(■H 

(r-    .«)-    f,-j(i-    .11    :t:i(;    u, 

,     (.'     r     i.)(.'     ,.      .'.I',)     U, 
.•■      .      r,     (I,  ..r  x"     X     .".•'.     0, 
wli.iic.  X     :i.      •!,  ■<,      7. 

|;'(ll.       AiiS'  rciual  imi  wliiili  (■.111  l>r  tliioun  iiiln  tin-  tmiii 
ill'  ■   /<  <■  •  <•  i  ji  Ja.i-'  ■  III-  »  (•      <i 
ln.i\    In-  hoUi'l  a^  folli'W-.       I'uttiiiL;    V      Jux'  <t-  li.f  f  <•,  ««•  .ilitain 

,'/"'  •  fll  -  <l      " 
|,ct    .1  .lliil   ji  Im-  ill''   indts  (if    this  fi|llat  ion,   so  thai 
J iix'    •   III'    ■    C       'I,        J<l.i'     *■  III'   •    '•       ji  '. 
from  till"-!'  ri[liatiolis  we  shall  olitaili  //<///•  \iillH'S  of  j". 

^\'ht■ll  no  si'^'ii  is  jiirti\i'(l  to  a  railir.i!  it  is  nsnally  n;i(lt'fst(>o<l 
that  it  is  to  Ih-  taken  as  posit  i\i':  hrnrc.  if  a  and  fi  ;irf  Kotli 
lioNitixc,  all  tin  folli'  values  of  x  s;iti>fy  tlie  iiriijt  mil  e«|nat«on. 
If  ho  \e\er  a  or  ji  is  ne;rati\e,  the  roots  found  fioni  the  iisiiltiiii,' 
ijiiailralie  will  satisfy  t  i:e  ecjuat  ion 

II.,'  '  III'  ^  r  -  ji  J II  I-     •  /'.'•   •   (•      7, 

lull   not  t  he  original  ec|iiat  ion. 

l-:xiimi<U-.     Sol\(-  .1-'     ."..r  :  L'^/.i  -     :if     '."i  -VI. 
AcM  :i  til  (lull  si'ii';  thi'M 

.1-      "i-r  ■  '.'i     '1  ,Jj'-  '  'ix  •  'A—  1">. 
I'lUtiii^.'  ^' x- -  i>x  + '.^  =- If ,  we  iilitiiiii  ;r  r'.'.ij  -  l^'  —  O;  whciicu  i/^;j  01       '>. 
Tluis  ^  J--      "i.r  •  :t       •  ;*,  111-  ^  .1- -  a.r  ■  :<-  -  ■'). 

Siiimriii!.',  iiiul  sdlviiit-'  tlio  ri  sultiiit;  iiundmtici*,  we  dlitaiii  from  the  (irst 
-  i'v  i*.r  1  ■  :i::il  fr'.i!!'.  til'-'  si'Oeud  .r  ■  —  -  ^.  .  The  tir'^t  tiftir  f^i  v^lijng 
saii-lli  s  ilii'  ^/iveii  i-«|uatien,  l>ut  the  stoond  pair  satislies  tho  einmtioii 

X-  -'>x     -1  ^Ix-     .V  r  :i     1-2. 
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i;l        lU.fn.v  .l.aiin-  .•.•,  .M,u,iti..i.  of   ....li-.-ils   it  in  ,i.h  is^iU- 
,.,   ..x.i.uiM.-    NslMtlMT    ..My   .• ...nn   f.i.t.M    .-.iU    1h.    .V S...I    \.y 


<!i\  isidii. 


,!/■        •../  1         -M 


\V.   Iiiivi- 

Hi.-  fa.tnr   ^'r      2.i  cilll  Tlow  l.r  p  llluN''.!  fmni  rv.ry  t.rin, 

•.  JJ-    .-.,(     ^/r  . ;»./     s'  ■■    -"  ■• 

j--'2s'r-     •J./.r      I'-.'-; 

10.1 
jint'id,  or   -     .     . 

Als..  l.y  C'lnatin^  to  /rr..  tho  factor   ..'r     •.'.,.  nw  ..l.tain  x     2... 
On  trial  it  vvill  !..•  fo.uul  that  /   -  f,„  ,l..c-  not  ^,ai.fy  ih.'  .Muatio,, :  timn 
tho  rootrt  ari'      -.^     ami  l». 

Tho  Htiul.nt  may  comi'iir.   a  siniilur  .lU'^tion  ,lisou„.f.l  in  ih..  KUm.ninn, 
Al,irl,ni,  Art.  'JhI. 

1  :'.•_'.       Till'  fnllowillU'  Illtitir.'  is  solllftinK'S   llsrful. 

J.:.rn,ni,lr.      Solvo   ^/H^?      Ir  -^Hl   ^Au  '-l7-Tl       '.^  ■      •  H' 

Wo  liavp  idititirnlhj 

(■^x■--  ir  •  :Ui  -(:<■'•-'    •'-  "^     '■"■       ('■^^■ 

liivi.lc  ouoh  in.nilMT  of  CJ)  l.y  tho  corro^iv-ndint;  in.  imImt  of  (1),  thu^ 

J^y::U  +  M^JXr^       Ir      11      r,  .      .        .  [M 

Now  (•-')  i.  an  i,l,-nti.:,t  ,..,.-.-r/...  t.uo  f..r  .,//  v.Iu.h  of  .r,  Nvhoroa.  ,1)  is  an 
o,,,iation^which  i.s  truo  only  for  forta.n  values  uf  x  ;  la.ico  al.o  filiation  (.<) 


s  only  truo  for  those  valuo.i  of  x. 
From  (1)  <uul  ['A)  by  addition 


^/ay-  -  ix  +  34  =  7  ; 


m 


1(1(1 


iiif;Mr:i;  AiiiKiiHA. 


1  ."i.'i.      'I'lii'  sol  III  ii  111  <if  all  ccjiial  idi  of  l-lir  t'diiii 
(/  /■'  -i-  li.r"  i  r.i-'  *  h.r  +11       (», 
ill  wliicli  tin-  (■(■(•liiiiciiis  (il    ic'i'iiis  ciiui'listaiit    tV'tiii   till-  lii'i^'iiiiiiiiL; 
ami    cimI    ail'   ciiual,  can    In-    liiaili'    tu   (li'|ii'iiil    on    (lie   solut  ioii  tif  .1 
(iiiailial  ic       Iviiiat  imi-;  of   tliis   t\|if  aii'  kimun  as  r'Ci  jirnriil  iijini 
tiiiii^.  aiiil    an-    -o   iialm'il    liciausr    llic\'   ale    Imt    allrl'i'd    ulii'ii   ./•    IS 

rlialiL,'iMl    into  its    1  f(i| in ica  1 

Fo|-    a    liiocr    in|ii],li-t('    (liscussidli     ai    ii-.i|i|iM    il     r([iiat  iolis    t'/ 
I  lid. 'lit    iv  ic't'fi  )i-.l  to  Alts.   ."iTiS      .")7ll. 

K.i;iwi,h-.      Selv.'         l-i.r'      :,i;,,'   ■   X'.lr-       .Mm   -t  1-'      "> 
lli\  I  liii;'  li\  ./     ;iliil  ii^ii  lali'-ilU', 


H-:) 


1 


I'ul 


w hein-c  v.i-  iiliiaiii 


I 


till  11  .r-  h    .,  =  ;-■     ■-' 
r- 


1 :! 


1      .".        V.s 

.1  ♦  ,  I't' 


:i    •-' 


1!;,   -nlviii!'  til'  -■•  <  .lUiilioiiv  UT  fm.l  tlint  x      -',  .,-.,.  .^  ■ 


f 


II 


I 


% 


i:U.      Tilt'    followiiiL;  iH|iiatioii   tlioUt.'li    not    rfri/inifu/   may   \t 
sol\«  il  ill  a  siniiUf  inaiincf. 


I  '..I  •nil pi 


V:.^  h.:\,' 


Sdlvi'  tu»      L'."..!-'  -  1  ■_V-'  (  •.^"i.r  ■  fi     It. 

(',..-■  .    '    \       •„>.-,  i  r        ■).!■_>-   (I 
1/-'       ..  f  1 


'       \  ,'1 


•1 1  -  0  ; 


vliciico  wo  Cllitai  : 


1  1 

>  ■^.    - 
•2  S 


l.").">.      W'licti  oiii'  foot   of  ;i  (|iiadrati<'  cijiiatioii   is  (>l)\imis  1)y 

illSJM'Otidll,    tilt'    iitili'f     font     niliy    oftfii     lit-     iraiiliy     oMlallii-ii     \\s 

in.ikinu'  "^'"  "t"  tlic  |ito|ifi-t ics  iif  tlic  root.s  of  iju.uliatic  ('(juiit ions 

pldvril   ill    Art.    1  1  1. 


Mlsr|:i,LANKOrs    Kt^IAIloNS 

/■,  .rn ////,/.  .      Suhu       (1      ,i){x,ii)      '2tt  {\    -.i-)  =  0. 
This  is  ft  qiiadrutic,  on>'  uf  wliosc  roots  is  cU  .irl.v  '(. 
Also,  since  tlie  ciiiuitiou  iiiit.v  ]>'■  wiittrn 

\iiix-  r  (I  -  «-')  I"     "  (1  f  ""'     "• 
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1  f.f^ 


till' jiroiliK't  of  the  roots  is-      .,      ;  iiiiil  tli.  icfore  the  othi  r  mot  i~         _^^ 


I'll 


EXAMPLES.    X.  a. 

[Hh.i,  nii'i  of  th,'  inni,  salisli/  ,1  w<ul,l},;l  hnm  oflhr  ,.in„l,.<,i.  thr  .■.tti.l.iil 
„itl,l  ,:r,imiii,'  'tlw  p,irlir„l.rr  (irrnn'jan.nt  u\  th.-  .si;;/:  i/  th,'  ni.l<.,il.  !■>  whirl, 
i,-h  soliitiiin  (ipplii.-'.] 

Solve  tlie  following  rcji.af ioii.>  ; 


1. 


^  -  !>.,;    '  -  S. 


.(■    -  -  z.v 


3.  :is'-'-ii''^--->- 
•J  I 

5.  .t"  +  <;-    or". 

9.  i\' ■"-'>■''  -  -  l-^- 

11.  :i-^  +  '.)=l().:v. 

13.  2^*"+!  -:5:2.  l.'^ 

IK  l-IXA.  ■) 


2.     '.If.'    '     ill./,  -. 

4.      <•,,-■•      T.rl      :!.,;  <. 

1         1 


10.      1   t  -  r''f'.»x'.'-'     <i. 

12.    rt.:i'  +  ^  -^  -2t;. 

14.     :i-^'-'     TiT --<;.".  -J' 


16. 


^'-'.-:., 


.)(■       ■) 


17.  i,./.'-T;(.f  -:J;(.t  +  .");  ;.'■+ I.     Ki^". 

18.  (.'•  +  »)  (.'•  -  3)  (.(■    7  iv  +  ->j  -  :^^. 

19.  X, ±r  +  \)  {.'■-- 2;  {i.i;    lij    ii-.i. 

20.  :!.(;     Tif.r^-  !ty  (2.-- t  :))  =  !»!. 

21.  .'-  +  ■2  J. r- +  (}.!■=-- ii  -<!.'•. 

22.  ■"<.'■-     4.'  +  v'';^'-     -!■'■     ♦>  =    1  '^■ 

23.  a.'-     7  +  .'{  v^:5.'-  ■  I'Ji-  <  -I  ==  I''' 


-1.        -  -  •'  s 


.1        O.J 


25. 


a.-    -2 


+  s'2.r-    :),'■  +  :{ 


-\- 


10-2 
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26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 
38. 

39. 

41. 

42. 
44. 
46. 

48. 
49. 

50. 

51. 


J:i.r'  ^  ^'■+1 


...+-' 


^'±<,-  +  5.--  -  7+  v^i.''-     7.''  +  <!,      v'T.'.'-     "■'■  ■  1  ='^- 

Jii- '.  2itx  -  :\.r-  ~  J'l-  +  <i.r    !;,(.■- -  J-2"-  4- :{■'.'.•  -  '.»■<•- 

s'2.r-  -  M'+l  -  .,  2.'/-     '.».'■  .  4-  1. 


.-■■;+ l-=3.r'  +  ;U'. 


37.     .''+1     ;5>,'-'  +  .'j-±'-". 


K ,  ^.,-1  +  I )  _  c.-J,,'  r.c-'  -Hi  .^i.;,'-  -  <  >. 


40. 


<i  +  -I.r  +  J'l-  -  4.I--'    _  Ux 
<(  +  -'.'■-  s'"- -■*•'■■-        " 


v/,//-  +  .<'  I    ^^ 


/.i"l 


r'  - .'.'      - 


43.    1*'^^ 
X-—  1 


y:- 


87i--5  _  ^/.'ic -  7 
3.(:  -  7  .«■'  -  •'> 


45.     a'^{a-  '-\,-i^<t'^  +  u'')u. 


47. 


■lr+\ 


3s'T.'  -3 


J.c-  +  ((J-  -  1  -  Jy-  +  f).L--  1  =v''«  -  s'/;. 
/~7 — ,  /   ..      , 


.r*-2.i-''  +  ,i,--.380. 


52.     L>7./-'  +  21.<-f8  =  a 


MISCKI.KANKolS    KlilATloNS. 


ni:i 


i:it).      Wf  hliiill   HOW  tlisouss  Mini.-  siiimltiiiifou^  .(Hi.Uwhs  .if 
two  unknown  (ju.intitics. 

Kj-ampic  1 .     Solv.'  x  !  2  +  y  •  H  I  vA  ■  -  '-' i  (.'/  ^  =')  ^  ''•'• 

Put  .r  +  ■-»='/,  and  y  f  •'  -  '' ;  tl>cn 

uf  r  t  s^i"'   -:i'.t    

,j-  I  r-  i  III-     711 

heiic,  from  (1)  and  (2),  wf  obtain  by  divisimi, 

rroni  (1)  aiul(:M.  iM  c-'i'J; 

and  Jnr^UK 


or 

wllL'HCC 

thus 


u-2r,,  or  I;   r      I,  or  '2'.  . 
J     2;J,  or  2;  y~l,  or  22. 


E.nwq>Wi.     Solve  x<f//*  =  H2 

J--!/^"'^ 

Put  X     K-t-r,  and  ij-u-  r\ 

tliLU  from  (2)  we  obtain  '"  - 1- 

Substituting  in  (1),  (>'  .  1)'  ^  ("  -  1)'    ^-^ 

.-.  2(u^  +  f)'<-  r  1)  -H2; 
u*  t  (•.i(--Kt  -0; 
»--^l,  or  -10; 
11=  i2,  or  J-  v'-  1^- 

x^:?,    -1,  1  I  v'    I'J; 
y  =  l,   -3,   -lis/  -10. 


wilt  net' 
and 
Thus 


(I). 

(21, 


.',:!). 


(I). 
.(2). 


or 


KxamiA,-  X     Solv  .^  ^  -  ^  "  x  +  //     " " 

Ix^'xj     2'.t 

From  (1),  15(2.r-  4  3.rj/  +  r-3.r=  +  4xy     -r)-3H(:<.r^  .2-;/     ;rl : 
.-.   12<.tj-  -  2'.tj-i/  -  3'^;/- =^  0  ; 
.•.  <3x  ~  2'/W  t3j-  t-l'».M)-0. 

Hence  3r --2i/ 

43x         lUy  .  


(1). 

(2). 


(3). 


ji9- 
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lIKillKK    AliiKHKA. 


m- 


■ 


'm 


m 

¥' 


.r       V       (X  ■  -III 

I ,  liy  ((lUiitHiti  (•_'). 

.-.  x^  2.  II    :;. 

X          1/         7x  ■  '<ii 
A^-aiM.fn,M.(l),                  J,,    .j.j            ^._,- 

•J'.t 

.   liV  .  illlllUnll   (2), 

s-_'      ■ 

:,:.l          I-'IT 

,s2              '-'■- 

.-,.-,1            1_'I7 
M.'ii.-..                     X     -1.  ;i     -A:   cr,.-           ^,^  ,  .'/        ^.^    • 

Exdiiqilr  1.      Solve                 l.r'  .  Ax-ij  ■  if-^. 

'2.r'     '-.I'-'i/  -  .r;/-'      1. 

I'm  ii^iiix.  ami  .-ulislitiit.'  ill  liiitli  (•<iuatiiii!>.     Tliii- 

J '(4-  :!m  f  ;»■')  -«      

.    ■!) 

x'{2  -  'liii  +  III-)      1 

(•2) 

1  ■  .'tm  •  III' 

_  S  ; 

'    '  2  -  ■-//(    ;   lli- 

iir'     Hm'+V.Uii       1-'  -1': 

tliut  is.                                 ('/'     1)  ('"     •'*)  ('"      ')-  ">;  . 

.•.   );/   -  1 .  iir  :{,  di    1. 

(ii     T^iki'  //(      1,  ami  mli.-titutf  in  tillnr  ( 1 1  or  (2). 

From  (•-'),                             .'-'-1  ,  .-.  .'■   -1  ; 

and                                                 ij^iiix  -./■  -  I. 

^11)     Take  III  -  ;;.  ah.l  -iilistiiutr  in  (2i ; 


thus  ■..(■'- 1;  .-.  .r- 

and  ;/  - '"i 

(iii)     TaKo  m  -  1  ;  \w   olitaiii 


^/^ 


■■'■'■- ^/i 


lIU^.  I;    .-. 


and 


1/       iii.r       \r    -  I 


V    in- 


i 

V 


MIsrKI.I.ANKtH'S    Ki^lATloN^. 

lliiicc  the  r(iii\|'lt  ti  ^olulioii  1- 
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;,-  1,  :;  y  ..  '  ^uc 


NoTK.     Tlic  illxiv.'  iiicthi.il  of  >olutiiili    lUiiy  iiluiiy.s    Im;    ii>- .1   wlirii    tlir 
t(iiiatious  arc  <;»'  the  «/»(!■  il<'(in'C  iiiul  homoiitnci'ii'. 


I:.niiiqilf  '>.      Solve       'M.r-ij-      7;/*  -  1 1"-'-^;/  :  ''>»      " 

^-  -  7.;//  ;   ly-  •  -^     I) 

l-'lolii  (•-')  \\c  li:l\f        ■<      J-      T.rjM   I.'/-;   Hiul,  Mlli.-'tituUll^^  ill  (1), 

;;l  j-'(/-      ly*  t  1  '..r;/  (-c-  -  Tr;/  r  l;r)  r  (J-  -  7.-;/  •   li/  )-  -^0; 

.-.  :i\x-i/-'liJ^  +  (-r-     '.nj  t-  iy'j  (I  Lry^-. I-  Lnj-^iij-}     H, 

.-.  Hl.r-//--  7;/^ -:(/-'+  ly-)"     17.'-;/)-     U  ; 

Ihiitis,  •  .<■■'-  U)x-i/-'rV-0 

.-.  (^- -  y-)  ir- ~  ity^)  -  " ; 

lance  J-^  '  .'/.  or-r  -  J-^'i/- 

Taking  llie.^c  cases  in  .Miecession  and  sul)stitiitinK  in  Ci,).  we  oiilaiii 


(1). 
i-'i- 


i:i). 


x-x:,y      l_,y      ,  y     j'.. 


NoTK.  It  should  he  observed  that  equation  (:!)  •  /n-m. ;;.  ;„(,i/x.  Ihe 
niethod  here  emi'l'ived  hv  which  one  e((uation  is  niii.le  liunio(,'eneous  hv  a 
suitahle  coinhiimtioii  with  the  oilier  is  a  valuable  artitice.  It  is  e>|.ecially 
useful  in  Analvtical  Geometry. 


Kx<iiiiph'  f'l.     Solve  (.1-  +  !/H  >  ■-'  (■'•     !/)■'  =•'  (■'"■  -  !/"' ' 

1  1  ! 

lti\iJe  each  term  of  (I  i  by  (.r-     ;/-)%  oi  I '      'l)^  {'■     .'/)' 

\.r-yj  \J-  +  i// 


(1). 
.(2). 


■^ 


km; 

Tili:^  I'llllUlliiil  in   II  IJIIilllll 


iiitiiiKii  .\i,(;i:iii!A. 


1 
liiilii-  ill  (  '      ■'    I     ,  ii'""  ^\llll■ll  we  I  iisily  liuil 


wiifiici'  "^  "I"  1  ; 


C)  ■'■■■ 

( '.iiiiliiniii;^  tlii'^r  (•.jiiiitii'ii-'  «ilti  (•_'),  \m   iilptniii 

j_'.l,   ;/     7;    I'l  .'       .J   ,  .'/-It. 


EXAMPLES.     X.  b. 


Sohr  tlir  liillciwilii,'  rc|il;itiiili-  : 


1.     :?r     :2,'/--7, 

4.     .'•'  !  ./■7/'-+.//'     '.CJI, 


2.       •'"     ,'/    :5. 


3.  1'     :V/  -  1. 


5.     .(•■-+  .'•//  +.'/■--  -^i, 
■'■  -  n'''.'/+,'/      <!. 

7.     .'•  +.'/      ~  '■  J ■'■.", 


8. 

:v>:-    .">//-    ~, 

9. 

■')_;/■      "■'■'       '"' 

10. 

:{,,-+ n;.'    1  <>■'.'/, 

:i.,y/      4'/-- 2. 

'i.i'/f  -  (!,/'-  —  (». 

7,,.y  +  3y--132. 

11. 

:$.'•-+.'•.'/+.'/'-- 

-1.-., 

12.       .'- 

.'/-    :5 

-  3.'//. 

:{i.'//    3.'-    ">.'/■'- 

4;-). 

•_'.(■- 

-  (i  ( y- 

^0. 

13. 

.-■'+//'-  TOO, 

14. 

.,;'+.,/'-  :i7:i. 

15. 

.,-■■     _v     KiCi, 

,   +.y-  .s. 

.<--^//-2. 

.— //-2. 

16. 

17. 

18. 

^^^■ 

^+^,--^-'- 

•2      .'■)      .') 
./•      ?/      (■>  ' 

19. 

.)•+.'/  -1072. 

20. 

21. 

1       1 

:i        3 

1          1 

(i(.v''-  +  i/    •J)  =  5. 

M1S(  F.I.I. ANKors    Kt^rAnoNS.  '"" 

22.     ^'■'■~/+s''-    ."     '•  23.  ."t^N--     I     -. 

,,-    ,/-    ;•.  N  '  +  f     V  '     '     ^'■"■ 

94  /     ,       /•  ,  25.       ,,    +    ,,.  • 

,+,,/    1(1.  ''^"'   ""•'• 

26.  <■■  »  1.'/-     I'm-     I'»  :V'    '^  •    ■'•'    •'■ 

27.  .'-','/■- 4- it  HI     11'//,    //-    .''.'//     I'-. 

28.  I.'--  :  .">;/     C.  f'it/;</     2.'>//-  f -.'■,      Tr      II,''      !'■ 

29.  '.i'-  +  :5a'-     I -2  - 1 12.'//    \r^±^:i-    ■--    ■-.'/     l'^' 

30.  ,r-     //-,;,'■     //^-U'.,rv.        '■'     ,'/'■'-     ,""       inu.'-v-. 

31.  ±1- -  .ni-k-;r--2>i.     ±'- •   1.'.'/     •"'.'/• 

,/-'  +  */■       .r'-  '/■'       -i:5.''        .        -        , 

33.  //;y-:5.':'/     .'■-'  + :i  J     "•     x  .^r     Ax^/  ■  ±r- ,  \>^   ^^        I 

34.  ac'-M-y-'+.'/'  +  ^i    I),    .'-'.'/-.'•.;    1- 

35.  ,/■: (4.'-- II >H; -./■>-■'•  -'.».'/',,     -J./- +  ;».','/+.'/-      1"^- 

36.  (U-*  +  .,-y-+ lC>.=.-2./'l-2.'.+.'/' .     .'-'4-.'-,'/     ."-      '■ 

37.  .rin  ■  Xj~  :i  I'+m,     (ixi-hii       .'■•//-. 

38.  xj/  +  'il)^-2<ix.     y-i/-  rn-l>--^-2lr',r. 

39     •'-"-."■''       ^     -     '  ',     u. 

•'^-       ,(■;  Z/-'        x-i     y-a     't     '' 

40.  /-.-■■'- n»'(-7'.'' +  3"':/,    ,,>r-U)"i,\i  +  -M>x. 

41.  :^"(„  -;')+i"^ -■'■'-  +  , :,-.^-  '■ 

137  E.iuatioiis  iiivolvinn  tlirci-  or  iimiv  iinkiiouu  .|ii:iiititics 
..an  ..i.ly  l-f  solv,.<l  in  sp.rial  c,i....s.  Wr  s1,h11  linv  .•nnsi.l.r  soiur 
of  till-  Mio.st  useful  III*  tliods  of  solution. 

Kx.unpU  1.    SolvL'  X  -ry  +2      i:<  *''• 

x- +  ;/-  +  :"  =  r..") (-)' 

.r(/  =  10 W- 

l-'rom  r.i)  ami  (.<),  (■'  ^i/r-^'^-  '^^■ 

Put  «  for  3-~-y;  then  tlii^  fniuation  becomes 


I  OS 


f:.' 


m> 


i:- 


¥ 


lll<illKll     \l.i.l.l'.K.\ 


Al-i)  111. Ill  ( I 
will  lire  \sr  dliliiiii  "      7  nr  l'<  ;    .      •>  nr  7. 

'I'lllis  ur  lia\i'  '    ■    '/  7.)  ,     '    1    V  '',  ) 

mill 
.1//      li>  \  x'l   -  In  \ 

I  lillri'  till    siilullullS  111!' 

•f-''.  ■■'   -'j  .,     :t  !  s      1.1 

-  -     )     -.       I 

(.'/  •--)(;/  •■'■»-  1"', 

Wiili   II.  I,  ir  f.,r  //      .,    _  f  .1-,   .1+//  rr^jM'Cli\(ly  ;  tliii^ 

)■/(•  -  :iil,    nil   :  1"),    ,iv      Ix   .  

.Multi|il\iii^;  tlii-f  (.•iiuiitiniis  to},'''tlur,  \vc  liuvu 

u'-'t-ii-  -  ;U)  X  1  "i  -  \H-  1.-,-'  X  11  ■ : 
.•.   iinr—  i-'.IO. 
(^iinliininj^  this  risiilt  with  oach  i_,i'  tlio  iiiuatioiis  in  (1),  \\v  \m\v 
II   -  H,    r      ti,    ir.'i;  <ir   i(   -  -3,    I—      (i,    ;c  -      "i; 

ij  +  c  - :;  1        i/  +  J  =  -  .■{,  j 


(!)• 


..  I/  +  --  -.1»J       y  +  J=  -.'.j 

.r  i  ;/     •"' ;'  .r  + ;/   .     .">,  I 


whuilcc  .r-1,   1/     1,  --     2;  or  .r         1,  ;/         1,   -     -'J. 

r'.Xiiiiiiilr    '.i.      Sol\r  _i/--:i/-+z"       J'.l  

C-  +  CJ-  i  .r--l;t 

.r-4.r//  f  i/-      -M 

Sulitiactiii;;  (-Ji  IVirtii  (1) 

thtit  is,  {ii  -  .r){.r  rij  \  :) -Mt   

Si!!!ii:!i!_v  fmni  |  1 )  nml  (:i) 

(-      .rH.'-  -1/  ,  :)      U) 
Hcriic  fii.Mi  (1)  ami  ("n,  liy  ilivisioii 

.'/       •''     .. 


(1), 


(1). 
.(■^). 


WhlMlL'C 


(/     3z  -  '2x. 


MIS(KM..\NK<irs    |i,iIATI<»NS. 
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Hubstitutiii/  ill  r.iuatinii  (.;i,  wr  i(l.tiiiii 

rn.in  (■-').  J-  ■     •^-  •     -■      •'••■ 

S^'hint-' 111'-'' Ik'HIo^'P"*'""-"''!"''!""'''''-  '"  '•^^mil'l''  '■  •^'■'-  '"'•  ^^'   "'''■"" 
r       1  •_'.  '  :i;  mill  thcrt'tun'  ii       '  '< ; 

II 

]-.i.imi,t.    I.     Sols.'  ./-     ;/-      ii\   if     :r     ''\   -'      I'.l     '''• 
>[illtiiilv  tlii^  .■(iiliiti.in-*  Ipv  ;/,  .:,  r  r.wprctiv.ly  iiiul  H'h\  ;   tln'ii 

,■■,,■  •  .(■;/  •  '-•     <• 
Mnltiply  llir  i'.niiiti..M-i  \<\  :.  x.  ij  nsixctiv.ly  and  m\A  ,  tli«ii 

//-'./■  :  (■ '»/  ;  I/'-       <• 


1  I'.l 

;     ;ili.l  lli(  li'ft>li     '/  I 


rioiii  il)  iind  [-.'A,  hy  ^•u^^^  multiiiluiUicii. 


,1*      i;-i'-    '  '.'  -  r'il-       r*      ,(■-/.-' 


A-  -up|i<.-f. 


Sub>tiUitt'  ill  liny  one  of  tlic  t^i^Mi  .■.luatum-; ;  tli.ii 
;,-  (.<■•  r  /-"  +  '■•■■  ■  :i./-/- -,•-)     1  ; 


EXAMPLES.    X.  c. 


ii». 


(•-'). 


S<.1\.'  till'  f>.lli>wiii'-,'  i>iii;iti"ii> 

1.      '.'■'•  +  .'/     '^-     t\ 
t.,-     S-/  +  7;     0, 
,/:  +  :.r-\-.'\'i      17. 

3.      .<■-;/     -■     ^. 

5.      x-^,i--i'--l\, 

7.      .<■- +  ±(v/ +  :}.<■;     .')0, 
3;-  +  -.'+--i-."     I"- 


2.      ;i.'+,'/     •^-     '•- 

.,•  ■■+.'/ ■•  +  --■      I'iT. 
4.      .i-t-:i^'/     -     11, 

.i  -  =  24. 

6.     .--  +  .'•.'/  +  .'■-- 'S 
_;/-  +  v;+^.<  +  l-2     0, 
V-+-m;  +  --^-»». 

j+.r)  (.1-  -'/,)-:«, 


\\u 


9. 
10. 

11. 


13. 
14. 


lIMillKH    M.CK.r.ltA. 

■'/-■.-■"     IJ,  .i-;r:ii-  —  x,  .i-i/.-"-     I,  ;$,-;/-'.-■«- -l. 
V-.      1:.'.  ,--■■•,/ :V- .-.I,  .,■"-/■':-     7-J. 


12.       L''.'/      ».'■  f .'/      IT. 
fw    )  :{.     -J,-    ■_>!( 


/■.  f //      7:,  //■-  I  .'■      ^.,  .'■  ;  V  r  -       1 -. 
'■'■+.'/'•*--''-"',.'■- 4- .'/-'+- :-     "■-,.'•'//  f  .      ". 

15.  .'•■-' +.'/-f.-      v;  f  :,'•  +  ,.;-/     ./-,   :5'-     // f  ;      .' ^':{. 

16.  r-'fv-f.^     :2I./-,  ../:      :■•      'W     <;■'',:!'//     :!;      :<" 


I 


iNKITKinilNATK     K^C  VTIIINS. 

1  .'is.  Siitijiosc  tilt'  fnlldu  Jul;  jii'iihlnn  \\ cic  jirojinscil  foi' solu- 
tion : 

A  jicrson  spcnd'^  i'l'll  in  linyini,'  Imrscs  iinil  rows;  if  <';nli 
liorsc  costs  .£2.'5  ;inil  fiicli  cow  .i'lll,  Imw  ni.iny  of  <';icli  docs  lie  huy? 

lift  ,r,  1/  ]»•  the  nunilMT  of  liocscs  ainl  cijws  rcsjicctivcly  ;   then 

•_';?,•  -  ir,^     tt;i. 

ll('i'<>  w<'  liiivc  <),/<' <'(jn;it ion  in\<>l\inL;  (n'o  unknown  ([Uiintitifs, 
and  it  is  -leaf  tliat  Uy  asniliinL;  any  saluc  wf  jtlcasc  to  ,c,  \v<>  can 
olitain  a  corrcsjiondinLj  value  for  i/  ;  tlnis  it  would  appcir  .at  tirst 
sii,dit  tliat  the  |)iol)lcni  admits  of  ,ui  intinite  nundxT  of  solutions. 
r>ut  it  is  clcai-  from  the  natui'c  of  the  (jucstion  tliat  x  and  //  must 
lie  i)ositivc  inti'Ljcrs  ;  ;ind  with  this  restriction,  ;is  we  shall  see 
later,  tiie  number  of  solutions  is  limited. 

If  the  mimliei-  of  unknown  (juantities  is  i,'n'atei'  th.an  the 
iiumhei-  of  independent  ('([nations,  there  will  he  an  unlimited 
miml>er  of  solutions,  and  the  e(juations  ai'e  s.iid  to  he  indeter- 
minate. In  the  piesent  section  we  shall  only  discuss  the  simj)lest 
kinds  of  indeteiMiiinate  e(|uatiuns,  conliniiii;  our  attention  io  jmsi- 
tive  iuteijnil  nilms  of  tlie  unknown  (juantitics  ;  it  will  he  seen 
that  this  it'stvictioii  enables  us  t(.>  expiess  the  solutions  in  a  very 
simple  form. 

The  i,'cneial  theory  of  iiidctcrniin.ite  eipLitions  will  he  found 
ii!  ( "liap.  xxvi. 


INDKTKnMINATi;    Kl>l'ATI«»NS. 


Ill 


Es.imi.U-  1.      S.ilvr  Is  t  l-'i/     J.!!)  Ill  iM)MtiM;  ilitontrH. 
I>ivi.li-  tiiriiu^lioiit  I'.v  7.  llu:  suuill'T  o-ttViciiiit  ;   tliii-' 


J-  t  V 


J-  rV 


••;' 


:tl 


(U 


Situf  r  iiml  '/  iiif  to  l'.'  int.r<rr',  we  must  \\,\\>- 

■„l  ■  H 

7 

l.'.y     '.t 

7 

>/  -  •-! 


fttld  tlllTrfori' 

tlmt  is, 

liiid  llicrefiirn 


.'V  -  1  I  • 


iiiti^'iT  ; 
iiiU'i;i  T  ; 
inti'i^'tr ; 


7 

;/     7/>  I  -i 


intctjfr     j>  siiinMisf. 


I-.M. 


(:«). 


Sullslltlllin^'  tliM  vuliii' (if  ;/  in  (1). 

that  is,  -r     •-'><- 12;> 

If  in  these  rosults  wo  ^-ivc  tuy>  any  integral  valu.',  wr  ol.t.un  cm  s,.nn,linK 
int.vral  valucH  of  .r  and  ,;  but  if  j-  -  2.  vvo  .._c  fr.-n.  (:<>  tuit  -^  '^  '";>-;j^';;  • 
and  if  7-  is  a  n.raliv.,  int.>:iT,  ;/  is  n.-ativ...  Thus  tli.  cnly  i>osa„  .■  .nlnjn.t 
values  of  J-  and  ij  are  olaamiil  liy  pultini,'  j'     0.  1,  2. 

The  complete  solution  iiiiiy  !»■  exhibited  a«  follows: 

;,-   0,        1.       -2.  I 
.r  --2H,      K;.        J.   / 

;y=     2,  ".»,       10.    ) 

NoiK.     \Vh.n  we  obtained  ■''■'' ,j:'^     inteK'T.  we  uuillipli.d  l,y  :<  .«  on/.r 

to  wuk,-  tlu^  coqTu-u;it  ,.f  r,  iHfrr  h,  uuit,,  from  n  mult<v!r  of  7.  A  similar 
anitice  .hould  always  be' emi.loyed  before  int.o,l,:cinK  a  >y.ul,ol  to  denote 
the  infeyrr. 

Ksnmpl.' -1.     Solve  in  positive  integers,    1  l.r  -  11;/     2'.t 

Divide  liy  11,  the  smaller  c(«llicient;  thus 

Hr  7 


(1). 


11 


11 


3x-7 


2     r  +  !/     integer ; 


t     .    ■•>.  •' 


ll-J 

tl|:|l    I 


IIKilltK    Al.i.l  llliA. 

1  ■>  r      -2^ 

II 

.r       I, 
;■      'it  ml.  fit  : 


I  I 


int.  V  '      /'  --uiii".-"' 
I 


r       11/, 

lili.i,  lioiii  (I  I  '/       I  I/'      '  ) 

'I'llis  Hi;lll..l  tl..'  .;.  »l.  (■■(/  -nhiliiiii  ..r  til..  r.;i.,ili..|l.  all. I  I.V  ^'i\ili^■  l.i  ;' 
iLtiv  |i.i-itlM'  ml., Mill  \:ilii.'  ..r  /IT. I,  «!•  iil.l;im  |..i-.iti\.'  int./i.il  \  ,ilii.-  i.f  .■ 
an. I  ;/ ,   llnw  «<■  li.iM' 

/'     <•.      1.     •-'.      '•.  I 

.     I'..   17.  -l-^.  :i'.i, 
//     :.,  r.i,  :;:i.   17. ..  ) 

til.'  Mimili.i  III'  M.iuti..ns  li< in:-'  inliiiili'. 

/•  I  :iiiijih'  :i.    Ill  li.iw  iiriiiN  wiivs  cm  L'">  1..'  pii'l  III  ha 'I'  IT.  ..\n>  .iii'l  ll..riii-  ' 
1.1  t    r  1.1    tli.'  iiilMilii  r  ..f   lialf  .■ii.wn-.  i/  lli.'  iiiiiiiIk  r  .'f  llniiii-  ;    th  'Ii 
.Vi    ;    J,/      •-'(HI; 


.r  U/  + 


i 


",0  1 


lilt.  pT      //  -Uli|l<)Sc'  ; 


an.l 


.".0      r.yi. 


S.ilntiiiiiH  ftri'  (ilitaiiio<l  hv  aHcriliiiiK  !.■  /)  tli.'  valu.s  1.  'J,  .'i,  '.l;  iiud 
tli.ii't'iin'  Ilic  luiiiili.r  of  ways  is  '.t.  If,  Ihiw.'m  r,  tli.'  sum  may  lif  pail  lithi  r 
ill  liiilf  ridwiis  or  llDiiiis,  /)  iiiiiy  also  li.ivc  Ilii'  vilii.  s  0  iiii.l  lit.  If  y<  0, 
then  . I-  o,  uii.l  thr  sum  is  paiil  fiilinly  in  ll.irins;  if;)  Id,  tli.ii  ?/  •»,  an.l 
till'  .Kiiiii  i«  paid  ciitiii'ly  in  lialfcrowiis.  'rims  if  /.no  valui  s  i.f  .r  uiii)  ;/  art' 
admissiblo  til.'  niiiiilK  T  ..f  ways  is  11. 

Kxiimplr  t.  The  ixihmisps  of  a  iiaity  niimlni  iii^'  lit  w.ri>  f."..  1  1-.  •>./. ;  if 
ra<'li  man  jniiil  ."i-.,  lucli  woman  2-.  M..  iiiul  cadi  cliiM  1>.,  lii.w  many  wiru 
thi'ii.'  of  I  acli .' 

Ii(t  s,]!,  :  il.'iiot.'  til."  miiiibcr  of  m.  ii,  woiiuMi,  and  cliildii'll,  n'sihrtivcly ; 
tllcii  wc  liavi' 

.r^ij  +  z-    V:,      (1), 

10.C  •  .">v  !  '-':  -  22;(. 

Kliminatinr;  -,  we  ohtaiii  M.r  +  Hi/      1  Ci. 

The  ^'(•ll.•ral  soluiioii  ..f  tliis  ri|uatii)n  is 

■r      ■■(/'  *   1. 


■  'I  .    - 


INMKl  I  KMIN  \  I  I.     I  '.'I    \  I  l"V^. 


W'A 


II.  111-.    ItV  .-uli-tltllllll;,'  ill   ill.   W.'  iililllill 

ll.i.'  /.  .•Hiiiii.t  !..■  n.riiii^''  '"  '•"".  '• ''  ""^   l'''^'   l"'-'"^''  iiii'.'"»l  Niilii'^s 
Ir.iiii  I  t.'  ■>.     Thus 

/.       1.    •-'.     t.  I      •', 

I.    7.  1".  I  !.  1' 

I,    :t7,  '.".I.  •_'!.  11.    ■"■- 

.       -J,    7,  IJ,  17,  •-'•-• 


'■ 


EXAMPLES.    X.  d. 

S.iUi'  III  i>"--it >\f  uit.':;.T> : 
1.     :{,.  +^;/     li':{.  '2.     •'■    *■-.■'     •"'•'■  ^-     ■''»'-.'     i-'- 

4.     ].•{.-  + 11.'/     til.       5.     :;■!       :;■"','/     '.'I-"..       G.      ll..   IT;/     -'I'.'l. 
Fin.l  tin- '-'.•ii'T.il  >..liiti..ii  HI  i".-iti\<'  int.  U.I--,  .111.1  tli.-  l.-.i-t  \.iliii-> 
..('./•  .iii.i  ;/  whu  li  >.iti>l\  tin-  I  •iii.itH.ii--: 

7.    -■.,;    7.7    ;{.  8.    •;,     i.v    I.  9.    ^.    12 1 V    :»••«. 

10.     17.'/     i:u    (>.         11.     r.','/     •^:i'      T.         12.     VT;/     :!<',      L"...-.. 

13.  A  fariiuT  siHii.l--  L"7.'>:.' Ill  l.ii_\  iir^  li'T-'"-- .iii.i  <  .'\\~  ;  if  .-...-li  li"r>.' 
(.•..Nt>  'l':'.7  .-iikI  iMih  «"'v    L"-J:{,  li'iw  lu/mv  ..fo.i.  h  .l.«>^  ii<r  Imiv  f 

14.  In  linw  many  way.s  <-.in  'J.")  I'c-  (.ai.!  in  -lullin:.;-  ..n.i  .mxihu. ■.•.-,, 
iiH-lii.liiig  /IT"  .s<>luti..ii>  I 

15.  I)ivi.lt'  '^l  iiil'i  tw.i  i>ait^  SM  that  .'ii.-  may  l.  a  niiilti[.I«;  ..f  S 
and  tl'o  .ithcr  "f  •">. 

16.  What  is  till-  Minl.l.->t  \v:i;-  f'T  .'  l"-i--n  \^h..  li.--  ■•nly  ^uiii.-.i.s 
t.i  i>av  KK  (I'/,  to  aiKithor  wii..  li.is  ..nly  hall  ■  i.psmi-  '. 

17.  Kin.l  a  numlHT  whi.h  l..in-  .livulcl  1a  ;{'.» -im-^  a  niii.un.l.-r  HI, 
and  hy  .')»;  a  reliiaiiuUr  ::7.      ll..w  in. my  Muli    liiiml.»'l>  ai.-  lii.rt^  ' 

18  What  is  th.' >mallf>t  niinili.-r  ..f  th-nn.^  that  imi-t  1..-  •^iv.-n  t.. 
.li.s,-li.-u-^'e  a  d.-ht  ..f  'Jl.  (i.y.  (■../.,  if  the  .iiair.'-'  I-  t.,  !-■  y-iui  in  ii.ill  .  i-..uns 
..Illy  '. 

19.  |)i\i.li>  K'.t;  Hit. I  twi.  [Mi-t^  ..ill-  "f  whi.-li  uli'-ii  .iiM.I.-.J  l.y  :< 
l..M\L-.s  ivmain.l.  r  -\  .mil  tla-  ..tli.T  divi..!..!  l.y  s  l'-.iv.'>  r.m.iin.i.r  :{. 

20.  I  Imy  ttl  animals  .■.>iisi>tin^'..f  rams  at  fl,  i.ius.it  f:.',  an.l  ..xtii 
at  Jt;i7  ;  if  I  siH'iid  i':5'>l,  how  many  of  ta.li  <l<  I  huy  ! 

21  In  mv  i>.K  kot  I  havf  l',  .■..in>,  whi.ii  .im-  >..v.-i'-i.;ii>,  i.ii!--  r..«-i..s 
urshiilinuN  .lii.l  th..  amount  1  huM-  is  f."..  «'.<.  rJ.-  I...w  many  o-ins  ..f 
each  .s.  .rt  liav.-  I  I 

H.  II.  A.  ^ 


(iiAl'i'Ki;    \l 


hi 


I'lUMT  I   \TI<i\S     \\l>    (  'iiMKIN  \|  |()\S. 

l:','.i.       I',  \i  11  lit'  1  lir  -(/•»■.',/'/■//'■ /'Av  uliiili  ..111  i.i-  iii.uii'  liy  i.tl;in!_' 
snin.  i<r  ;ill  "f  a  iniiiili.'i-  mI  tliiiiu's  i^  .'.illi'd  a  permutation. 

(v,,  li    nt     I  ill'  •/rail  IIS  or  .■-'  ^'  '■'  i"i'<   wliiili   'all   ]<f  liiadr  li\    takiliL,' 

si.nir  >>y  all  nt'  a   iiiiiiil'iT  ct'  iliiii.:-  i-  rall.d  a  Combination. 

TImi-    i1'>-    !•.  riiniliiliiiii<    wlii'li    laii     I'l'    mailr     li_v    lakiiiu'     'In' 
](  tti  Is  II,  li,  .-.  (/  two  at    a  tiiiM'  all'  IwrUc  in  imiiiiIm'i',   iiaiiiily, 

nil.       III-.       ml.       III-.       Ii'i.       III. 

Iill,  i-il  li,!.  rli,  nil.  ill-   ; 

cai  li  .it'  ilii  "-!■   |ii(-.i'iil  iiil;  a   ihlliari  '    ii  r  i-ii  mji  iif  nl  nf  t  \\ .  i  lfiiri>. 

Till'  I  iiiiilii iiiit nnis  whirli  call  ln'  liiaili'  li\  lakiliL.'  tin'  li'ttiTS 
((,  /',  I-.  il  tsMi  at  a  tiiiir  all'  -.|\    in   imiiiliri' :    lianirl_\. 

,//,,       -».■.      ml.       I.I-.      /ill.      <-il: 

cacll   lit'   llii"-<'    |ilr-rntiiiL'   ^i    lillicTi'llt    >■  lirtiml.  iif    I  \M  i   IrttcTs, 

|*'|nMi|lii~  it  apjirais  lliat  in  hiin\\-\\-j.  rniiilinnit inns  \\i-  airnnly 
CI  iiiii'ini'il  with  the  iiiinil'cr  of  tiling;--  each  M-lcciinn  cuntair.s  ; 
whereas  in  t".  iriiiinu'  /!■  rui  ii/dinns  v,i-  \\:t\<-  aUo  In  ciiii^nlei'  (lie 
nriier  nt'  I  i le  I  h i  I i L,"-  w  iiich  make  n  |i  e  ich  ai  rair^'eiiieiil  .  inr  inslalii-e, 
it"    t'inlll     t'liiir     letters  (/,   />.   I-.    ,1    we    make   a    -elec-tinll   i  it    three,   silcji 

as  '(/ic,    this   siii'^'l  •   I'lijiiliiiiai  i(  Ml   ailiiiits   nt   liein^   arran:.'ei|    in    the 

fi  »11'  i\^  iii^'    \v  a  \  s  ; 

(f/,,',       ili'li.       hi-ii,        I, III-.        (•<///.        i-lnl. 


ami  M>  L;iM's  rise  t.i  six  (lillereiit  jieiiiiiitatious. 


I'KKMriATHiNS    AN1>    •  (iM  III  NAIU 'N-i. 


1 1: 


I  IM.  I'x'toiv  (li><u>^in_'  ill''  U'li-'ial  i)|(.iM..,ilio,i>  ..t  tlii- 
rli.'qit.T  tli'Tf  is  .111  iiiiixM-tant  iiiiiiri].!.'  wlii.li  w  j.rnc.T.I  to 
.•\|.hiili  ami  illiistfal.'  liv  a  \'i-\\    uuiiirfical  .■saiiii>lr>. 

//'<•,<-  (,p,  nit.inii  ,;i„  !,■  p' rh',-i„-<l  in  m  ir.nis.  <!.,>. I  (>r/„„i/ 
I,, IS  /...»,  prrforiivl  la  i',<;iv,n  ,,/  >/,..■<■  >,;,,,.},'  .s'. ■.,„,/  oj.oifln,, 
.;,„    i]i.  „.    h.'  prr/onn"!    i"    H    »w,/>;   ///.    „/'/«/-/■<;/■  /o/.v-s'  ..■/'/" '• 

I'ui-lllill'l    til'     t'l-d    (l/>ri-<lfi"ll-<    "'ill   I"    111      ■    'I- 

II  llii'  lir^t  i.|).>fatii>n  !»•  |M'it'.inn<'cl  in  -',"/  .w-  uav,  Uf  i  an 
.i.Miriatr  with  tliis  aiiv  nt  tin-  /(  way,  ..t  p.  rt'oriiiin-  lli-'  m.-.mi.I 
.,|M.ratinn  :  ami  tliu^  u.'  sliail  liaxf  ,'  n^  .y>  .'f  |..TtMrn,inu'  In-'  '  ;^  " 
.,|M'rati(.u>  witliout  ccnvidfi-iu.^  Im'Hv  llian  -"■  uav  ..t  ]..  rtoinmi- 
tl,,'  tii>.t;  ami  m,.  mi  iv,|M,n(liiiv'  tn  .„■/,  ,.t  tl,.>  /,-  uay,  ut  ji.t- 
f.-iinin-  th.'  tirst  niMTatiun.  \\r  sliall  liavr  ,-  \\a\>  .it  |..  rt'..rmin- 
ll„-  iwo;  lirnrr  aitnL;..tlMT  tlh'  UUnil.-T  i 'f  \Na\>  ill  xslii-li  tli-'  tun 
npnatinns     ran    l.r    iMTt'uniird    i-     ivi.r.-~.i,(c<l     l.y     tii.'     i.n.ilmt 

r  riPipIr  1        TIkx   ill.    Ill  ,-t.aliiris  i>Mn/  l..tu..n  r.iviil I  iilui  I'liLlni. 

,n  l.oNv  many  w^ns  ran  a  iiuiii  p.  f.-.n   laxn) 1   m  PuMin  aiul  ivtum  l.v  a 

ilitlVi'  111  straiiH'i'.' 

•rii.rriirr  /,/;  wav-nf  inakm;'  tlir  lil>l  pi.-^a-r;  uihI  v.itli  .  ,,rli  ,.f  \h.>v 
ili.ir  i-  arii-.ii-r  (.f  H/iir  \Vii\>  ..f  ictiiniiii^;  (-iiirr  tlir  man  is  not  to  roinr  Lark 
i,v  th.'  sainr  ,-,t.  amcrj ;  lanco  t!.r  miiulxr  of  wiiys  .,f  nmklll^'  the  two  jourm  \  ^ 
i>  In     '.I,  or  ',in. 

'riii>  }.liliri|,lr  may  ra-ily  l.r  rM.Mldr.l  t..  tlir  ra-r  in  svlii.'ll 
tliciv    aiv    mnlr    than  "twn    ofMiHtioli-   .aril    ..f    ulli.ll    ran     i>c    p.'l- 

t'.iiiiif.l  ill  a  L,'i\<ii  iiuiiit"  r  "t  uays. 

I.r.niip!.  -2.  Tlir.r  tr.iv.'U.is  ;ini\r  iil  ,t  to\\ii  wli.iv  tli.ir  ai.-  four 
liot.'N;  in  li.iw  many  wavs  ran  lli.y  tak.j  ui.  lli.  .r  .lUait.Ts,  taili  al  a 
tlllTrli  lit  h.>lfl." 

•I'll.'  tir.-t  trasrllrr  liiis  i-li.ii.v  of  four  lioU;l-,  ami  wli.  ii  li.-  lia-  iiM.l.  his 
-.■l,.'li..ii  in  aiiv  ..iir  wiiv,  til.'  s.i.ili'1  tia\.ll.r  ha^  ii  rh.arr  of  tln.v;  lliri.- 
forr  Ih.'  tirst  two  can  ini'iko  ihrir  choir.'  in  I  :t  «ays;  an.l  with  any  on.'  sii.li 
ch.ncc  thr  thinl  trav.ll.'r  can  sil.rt  his  |„,t,4  m  li  way-:  lirii.'r  tli.'  n.iiiiiua 
iiuiiilicr  of  \Miys  is  1     :<  •  2,  or  L'l. 

111.      7o.///"/  th,:,nn„h'ri>/i"rin"t<iti„„s,.ju  Jissin,i/<i  r  fhnojs 

titk'ii    V  "'   ''   tllll'  . 

This  islh.'  sani.'  thin:;  as  lin.lli  u  th.'  niiinh.  r  ..l'  N\a_\-  in  whi.'h 
\\r   ran    till   llj.    /'    |.la.'rs  \\lirn    w.'    ha\i'    //    .llH.  I'.'lit     iliilr^s    at    ..ur 

Thf  liist  pla..'  mas  !»■  tilh'.i  np  in  /'  ^^a\>.  l'..r  an\  -of  th.-  ,i^ 

tliiims    inav  !..■   taken';    uii.'H    n    I'as  l.orii  liirnl  ui.  in  any  .-nr  of 


«il 


,r     :  1 


M 


l\ 


I  k;  iii»;iikk  Ai.t;i;r.KA. 

tlicM'  ways,  tlic  si'ioiid  ]i1;mi'  ran  then  lie  tilli'd  tip  in  n  1  ways; 
and  siiici'  caili  \\av  (it  lilliiiu'  I'l'  'lii'  tii.st  jilacc  can  Im' aN-,(i(iatrd 
witli  carli  way  nf  tilliiii,'  \\\<  tlic  srcund,  the  iiiMnluT  of  \\ays  in 
wliicli  tlic  tii-t  two  jilaics  can  1h'  tilled  uji  is  ;;i\cn  liy  the  lUiMJiict 
ii(ii-  \).  And  when  tlic  liist  two  plKis  lia\f  liccn  tilled  ii)i  in 
any  way,  the  tliiiil  jilacc  can  lie  tilled  uji  in  //  -  '1  ways.  And 
leasiiniii;,'  as  het'ine,  the  iiundief  (it"  ways  in  \vlii('li  tliicL'  places  can 
he  tilled  11)1  is  n  (n  -  1 )  (a  -  '1). 

J'fiiceedinL,'  tims,  and  iinticiiiLC  that  a  new  t'att.if  is  iiitfddiiceil 
with  each  new  jilace  tilled  iiji,  and  tiiat  at  any  staLjc  t he  niiiidief 
(if  fact'il.--  is  the  ^anic  as  the  nundier  of  places  tille(l  up,  we  shall 
ha\i'  the  iiundief  uf  ways  in  which  /•  places  can  he  tilled  up 
('(jiial  to 

n{n-\)[u      -) t<i  /•  fact.ir.>  : 

and  the  /•'''  factur  is 

//  -  (/•  -    I  ),     or    //  -  r  !    1. 

'riieicfoic  the  ninnlief  of  peiniiitat  ions  of  //  thini,'^  taken  /•  at 
a  time  is 

„(/,-   \)(u--2) {,1  ^    r  :    1). 

('i)li.  'I'he  mindiei'  of  perimitat ions  of  n  thinL;s  taken  all  at 
a  t  inie  is 

)i  (ii  -  \)  (n  -  '2) to  /'  factors, 

or  //  {ri  -  ])(//-•_') -2.  1. 

It  i-.  il>iial  to  denote  this  pid(hlct  hy  the  syndiol  /;,  \»hich  is 
read  "factorial  ti.        ANo  n]  is  smnet  iines  iixd  for    ii. 

1  til.  ^\  ('  shall  in  future  denote  the  tiiniilM'r  of  permutations 
of  II.  things  taken  /"  at  a  time  hy  the  symhol   "/'  .  so  that 

"/\      II  ill       \)(ii  -  -1) (/(  -  /•+  1); 

also  '  l\^      ,11. 

In  workiuLj  numerical  examples  it  is  useful  to  notice  that  tin- 
stitVix  in  the  >ymho|  "/'  always  denotes  the  numhei-  (,f  factors  hi 
the  foiniida  we  aic  iisinu'- 

1  !,'>.      '!'he   iiumhcr  of   permutations  of    a   thiui,'s  taken    ;•  at 

..     <;.,.,.    •..:.'.,     :.K,!    !ie    f,, !!>,,!    ji,    file    f:^l!ow!>e-    ■!  :j' ■ :! :! '!■ 

Let  /'  represent  the  iiumhei  of  permutations  of  n  things 
taken  /•  at  a  time. 


I'KHMr  lA'rinNS    .\NI>    (  "MIIINATK  >NS. 
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Suiiposi'  uf  fcnii  all  tlir  iMTiiiiitatidns  .,f  n  tliiiii,"-  t.ik.u  /■       I 
,it  a  tiiiii-  ;   till'  iiuiiiluT  "f  tluM'  will  !"■    /',_,. 

With   .'ir/,  ,,t'th'>      'Ut  (.11.- .It   thf    iviiiainiim    '       ''I   <l'iii.U>. 
Firl,    tilur    wr   \h'   till      ^^.•    sliall    U'rt    ..ur    |.rl  ni'.lt.it  im,    nf    ,/   tlllliu's 
,-,-,1   a   tiliH'-.    ali.l  th.Trt'nlv  t  lir  u  ii(.l."  iminl.-T  i-t  t  lir  ]MM,mtat  K.US 
,,f  ,'  tliiii-s  /'at  a  time  is  ■■/',       -in      r  ■    ll:   that  is, 
7'^     " l\   ^  X  (/i  -  )•  •   1). 

I'.v  wiitiiiL,'  /■      1  t'lr  /•  ill  this  fmiuala,  wi>  ohtain 

■/',  ,    "/v,  <  (       ■■•  -  -'■ 

M.nilarlv,  I',    .^"l\    .   '     ■'       '■+•"'■ 


■/'_..  "/*.x(//  -  •-'). 
■■/',      v.  x(/'        1). 

Multil-ly   tn-rtll.T  thr    N.Tti.al   .nluiMlls  Hll-l   .aUr.l    lik.-  ta.turs 

tVniii  racli  siilf,  ami  w  "htaiii 

'l\      //(/t       1  )  ("  -  -)  <"      '■  ■    '  '• 

l:.n,w,,l.'  1.  Four  iifisons  .•lit.-,-  a  iiiilwiiy  rarnar.  in  «lii.h  i1..t.'  :.r..  ^i>: 
s.  ats;  ill  how  many  ways  can  tiny  tak.'  th.  ir  (ilar.-  .' 

Ti,..  Ih<t  lurson  niav  srat  Imiis.lf  in  •;  u.ivs  ;  ami  th,  n  th,-  s,  ron,!  i-rson 
i„  .-,  :  ,h,.  thiia  in  l:  an,l  th.  fomth  in  :i ;  an,i  shmv  .a,!,  o.  ih.>,;  ways  n.a> 
1,..  a-soriat.il  with  .a.'hof  the  oth.rs,  ih-  ■..|im.,l  an-^^ur  is  •.  •  ..  I  ., 
,.|   .tliO. 

j:.mmi,l.'  -1.  How  many  .lifT.i.nt  nunilMT.  fan  h,.  turmr,!  hy  asm-  six  .at 
.,f  thi'iiineili^'its  1,  •_»,  :i.     '.I.' 

II,  ro  we  hav..  It  .htT.T.nt  thin^-s  an.l  w  hav  U-.  \\u\  th.'  nuinh..,  nf  j.-r 
mutations  of  thi'ni  tak.n  I'l  at  a  time  ; 

•.  tlif  r.'.iuin.l  i<>iilt     "/'„ 

^='.1 .  .-s   7    •;    '.    I 

-TiUlSO. 

144.  To  /nul  Ih'  ,ni,Hl.>r  nf  run.hinollnu^  n/n  ./l.slmU.ir 
t/ihi</-i  ttikiii  V  iif  "  tiiii'\ 

L,.t  "'■    (lom.t.-  tin-  ro-iuiivil  mniilxT  cf  .nmhinat i..,,s. 

....  ,      .J-   ,1 ,.,,,,r:,,,tf;.,.,s   .■•■H-ists   nf    a   i/icuiii   "t    r 

,!issi'niU.-'ihin^s\viii.l.  i-au  l-  ana,,;:.-,!  amon-  thoms.-Kvs  .0 
),•  ways.      I  Art.   1  F-'.] 


lis 


IIICHKII    AI.CKUKA. 


Ilcliii'      ' ',  X    /'    IS  r(|ll;il    to    tlif    'lUllllicr    of    n  ,-i'<>  il,iliiif)lt.<    of    /t 

tliiii->  t.ikfii  /at  .1  tiiiii-:  that  is, 

II  (ii  -  \)  ill  -■!)  ...d'  -  r     I )  : 
'tiiii-  !)(//      -1)  ...  (/.-/•■  1  ) 


••  "C. 


(1). 


<'ii!.      'I'liis  foi-iiuila  for  "('    may  also  In    wriftin  in  a  ilitli'iciit 
fnnii  :   for  if  we  nmltijilv  t lif   niinn'rator  ••in!   tlif  dnioi'iinator  liy 
II  -    /•  Uf  olitaiii 


,/(/(  ^  1)  (//       •-')  ...  (II  -  r  ■   1) 
/■  .  /'      /■ 


I  hi'  iMiiiicr.i'' ir  now   lonsi^ts  of  llic  jnoihnl   of  all    ihr   natiiial 
niihilicr^  fi  onj   "  to    I  ; 


■r 


{■2). 


It  will  Ix'  ion\  enicnt  to  irnicni'Mr  hoth  t  hcsc  <'\])icssions  for 
"(\.  usini;  (!)  in  all  i  asrs  where  a  niimcrirai  result  In  rei|Miii'<i, 
a.Mil  (■_')  when  it  is  siitiicieni  to  lea\i'  it  in  an  al;,'elirai/<al  shajie. 

Niiir.     11'  in  Imiinihi  ('_')  \vi'  imt  r     ii,  we  hav.- 

"  1 

»      w  0        (» 

liiit  "<',^     1.  i-ii  tliMt  if  tlii>  rciriimlii  is  to  lie  true  fnr  /•     '*,  the  ^-yriilinl     ()  mu.-t 
lie  ciiiisiiiercil  ns  ei|;iiv;ilriit  te  1. 

l:.r<iiiijJi\  I'loiii  I'i  liiMiks  in  liMvv  many  \\a\^  cap  a  selcrtinii  of  "i  1  o 
iimile.  (I)  when  line  siieciliiii  liook  i^  always  incluiliil,  C-'i  wlirii  one  sjn-cititil 
\hh>V.  is  iiluays  excltiilrd '.' 

(It      Silire  llic  -|ii  citiiHl  lioi.k   i-  I.I   111'   ilicliule.l   in   every  sc'ectioii.  We 
!iaM'  iiiily  te  cliiin-r  1  mil  III'  the  iciiiamDiu'  I  1. 

llenee  the  nunilii  r  ef  ways      "( '^ 

i  i   ■  iO      '.I      ,s 
1      -2  •  .(      1 

=  33(). 
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no 


,-j)     Sine   thf  ^prciliea   tHK.k  is  ill  aun  s  lo  Iv  i.\dndcd.    a,     h.isr    tu 
f.Uct  tl'r  •"•  nooks  oul  uf  tlu'  remiiiiuii;^  11. 
Ht-nr."  tl\c  nuiiil"  r     f  wmvs  - ''f '., 

11     1(1    '.I     >i     7 
1  -  •_'  :•:  :i      I      ■'' 

1  I.-.  '/•//,■  innnl",-  uf  nnnl^in'ilnins  ,,/  n  //m»;/.s  1-  «t  ,<  tiwr  i, 
,,l„„l  to  thr  „nml..r  „/ .'omlnnotln,,.  <,/ n  /l,l,"j<  n       r  "I  "  tin,.. 

In  ni.ikiuu'  nil  tin'  i».s,il.lr  runil^inat  ions  of  „  tilings,  to  rarl. 
.M-oiM.  nf  /•  thhi-s  \v.-  M'l<'''.  'li"'-''  i^  ''•'''  '^  runv>i,..n,liii'^'  -mnj.  ..t 
7,  -  /•  tliin-s;  tkit  is,  til.'  innnlMT  »i  .ninl.inat  inns  of  //  tliin-s 
;■  ;,t  u  tiin."is'llir  s.nn.'.i.  tlic  nuhil.-r  of  .-onilmiat  lon^  ot"  u  tlmr.'s 

„      r  at  a  tini>'  ; 

■■,■        r      . 


■  1  * 


Til.'  i.ropositioii  may  al->  l-'  piovrd  as  f..llo\\.- 
"    ■  /(  -  ;•    //  —  (  "       '■) 


All     111. 


1 


"('.■ 

SlK-ll   folnlMnalions  aiv  .all.Ml  .;,„, I'l'iif  iit<iril . 
NoiK.     I'nt  /•     )(.  til. '11  "<  „     "(■„     1. 

T!i.-    ivs.ilt    ur    I. ax.-  .just    1.I..V.-I    is    u-.fnl    in    .nal.lmu'    ii>   to 
alii  i.l;i''  aritiimctical  wn  k. 

]-:.r,n„i.l.  .      Out  nf  1  i  mill  ill  li"«  iiiiiny  wiiys  .i.ii  in    -  l-v.ii  l-f  clin-.'ii'' 
'Ihc  n'liuind  iiuiiil  •  i      "',, 

It     i:<  ■  12 
1  ■-  -J  ■  a 

I'.i- 1 

If  w.  ha.l  .na.k  us.,  of  tl,.  fo.niuU  -<  „,  «-  sh-niKl  huv.^  luul  tx,  n.auce  un 
i.si.ivssi..ii  wlios*^^  numerator  an.l  .i-n.muniit..,  .uol.  ci.taiii.  I  11  ta.lois. 


li'O 


iii<;m:i:  .\i.i.i.r.i;.\. 
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1  M'l.        /'"  /'/"/  ///•■  II II  (I'll!  r  III   irni/s  ill  ii/iir/i    ,11       11   //li  iii/s  mil   III' 
ilii,'l-il  mill  lii-ii  ij  run  jis  '■'•iilii  I II I  iiif  111  iiiiil  11  lliiiiifs  r-  sji.  I'll  rihj, 

'i'liis  is  I  liarly  ciiiiiv  aliiit  tu  limliin,'  tin-  liinnlpi-i-  (if  idiiilpi 
li;itiniis  nf  III  II  tliiic's  ,(/  at  a  tiini',  tni-  cnitv  tiint'  ut-  sriicl 
line  L.'niii|i  lit'  //(,  tliiii'_'>  \\i'  li'avc  a  i,'iii|i|i  nt  //  tliiii:,'^  lnliiml 

III  \  n 

'I'liiis  till'  iiiiiiii  111  niiiiilHr       =^=- . 

//(   III 

I       1 

Niiir.     If  /(     "',  till-  Ki"!!!'"*  '"''■  I'jiiiil,  iiiiil  ill  llii-^  1  i^i'  t)ii'  siunilicf  df 

ihil,rriil  wavs  iif -iiliili\  i-iiiii  is         -  ;   for  in  aiiv  c'v  w.w  it  is  ims^ilili. 

Ini     III     "J  .  .  1 

to  iiiti'irliiiii;,'i-  till-  1\mp  ;.'niii|is  uitluuit  nbtiuiiili^.'  a  new  distritiutii     - 

111.        'I'll  Ji  ml  lln    nil  mill  r  III   iriii/s  i  ii  n'/m/i  In    ■   n   i   ^i  f/i  lin/.i  run 
If    iliriihil  iiiln  thi-ii    ijriiii/is  niiifii  I II I  III/  ,1.,    II,   II  t/iiiii/K  SI  ri  rnlli/. 

I'"ii--t    (|i\iilf   //(  ■  ii  ■  ji  tliiiit,'s  iiitii  twii   ^riiii]K  (•iiiitainiiiij   /// 

;iii(l  n      y<  tliiii:js  i  i'^|iiit  i\  rly  :    ilir  niiiiiln  r  nf  \va\s  in  wliiili  (liis 

,;;(    •    /'       ji 
can  111'  ilnnc  is  ■  -       _ 

[;H    |H  +  ;) 

'I  iii'ii  till'  niiiiiliiT  "it  \\a_vs  in  wliirli  the  miiu|i  nf  //  ■  j>  tliin^^s 
can  Im'  ili\iili'i|   liitii  \\\it  '^I'liiijis   I'lilitaiiiiiiL;  "  .iliii  y/  tliiii'.,'s  iTspci'- 

"    '  I' 
tn  I'ls'  IS 


M 


t' 


II I '111  1'  I  111'  nuinlicr  (if  w  a\s  in  wliirh  t  lie  siiliili\  i>i(in  into  t  lircc 
^ii'iips  iiiiitaiiiiii:,'  ///,  II,  ji  tilings  ran  In- made  is 

'//(  •  //  +  p        II  .  ji  \iii  \  II  ■  ji 

.    ^  ,   111-    '  -     -  - 

"'  ,n  •  /'  ;/,  :/'  j//(   l/t    i> 

VMii 
Nmr.     If  wi' )iiit  II     p  -m,  we  iilitiiiii  ,        -        ;  Init  this  funiiiilu  iCL-an's 

\m    III   iiii 

us  (litTiTiiit  nil  ilic  )icissil)le  orders  in  which  tTie  three  trroups  can  orciir  in 

any  oiir   modi'  of  Mihdivision.      And   siiut'   tlirrc  are   lH   siicli   oidirs  cor 

responding  to  I'aeh  mode  of  subdivision,   the  nninl)er  oT  diffrrent  ways  in 

...       .  I'''"« 

\sl:ich  suhdivision  into  three  niiinl  f,'roups  can  he  made  is 

■Ml    III   ,m  ",i ' 

y'.r.;m/).'.'.     The  nmiilur  i.f  wavs  in  which   1.".  recruits  can  he  divided  into 
1 1.-1 
three  e.inal  t;roui's  is  ,-     -   ,-     .j  ;  and  the   nuiiiher  of  ways  in  wliich  tliey 


can  l>e  diaft.  .1  into  three  dilTcnnt  re^,'il^l'llts,  fiM.  into  each,  is 


!>     <■>      .) 
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lis.  In  thf  .'XMiniilcs  wlii.li  t'i>llu\v  it  is  iinjHiit.iiit  to  ii<.tii<' 
tliJit  till-  fniiiiul;i  fnr  j>,, -11111/, ifliiii.i  slinul<I  nut  Im-  iiM-1  until  the 
Miit.ilil-'  f^'lirtiuiis  rt'iiuiitil  liy  till'  .[iii'-tinn  Ii.im'  l»'<'n  ni.idr. 

I..nimiilr  1.     Fiofi  7  Kiii,'li-hni.  11  nil. I  \  Ainrriciitis  a  (■..niiiiilt'  r  n(  H  i^  to 

I..'  fcrnifd;  in  liow  niiiiiy  w.ivHCiin  this  !«■  iUnw.  (1»  wli.n  llir  cunmiittc n 

tiiiiis  ixiictly  2  AnifricHHS  C-'i  iit  li  ur-t  2  Am.  riciins  .' 

(1)     Wu  liiiv.'  to  fliHosc  •_'  AniLtieiinri  an.l  I  Ent,'li-limi'n. 

The  nuinlnT  of  way;*  in  whiili  the  Aiut  ii<'iuis  can  1m'  clu.-.n  i^*('..\  and 
Ihc  numl«'r  of  \v.iyn  in  which  tiif  Kn^-'li-hnicn  cm  hi'  clios.n  is  '(\.     Kufli  of 
the  first  ^'ldlI;>s  can  he  ussociiitfd  with  tacli  of  tlic  xconil;  li<  iicc 
till'  iii|niir<l  nninhcr  uf  wi  " -■     ^(  „      i\ 


{•1}     Tho  coniinittco  may  contain  2,  :t.  or  i  Americans. 

Wr  shall  cxhau.-t  all  the  siiitalile  comhinalioiw  hy  formin..;  all  the  groups 
ontaiuin^'  2  Ani.iirans  anrl  1  I'.n^'lislmu  n  ;  th.  n  .t  Am.  li.aiis  an.l  ;i  Kntjlish- 
meii;  and  lastly  1  Ameiicans  ami  2  KuKhshmen. 

rhcx/imof  th.>  three  reMilts  will  s,'iv..  the  answ.r.      II.  m...  th.'  re.niir.-.l 

.     .  -_.  i.i  "/'       .    Ij  •  7 1  • 


iiimilicr  of  wu\> 


_*(•..  •"''■•  *( 


(  . 


•JIO,  110-21-  ;t7i. 

In  this  lAamjile  we  hav..  only  t..  mak.'  us.,  of  th.-  suiiahl.'  f..iMiiil,i.  f..r 
cumhi  ii.it, on:<.  for  we  aie  not  c.m.-.-rM.  .1  with  the  jxissihle  an  aliK.ni.  nts  of  the 
niLinbeTS  of  the  coinmitl.f  amon^'  th.ius.lves. 

Exiuniih  2.  Out  of  7  cons.inants  an.l  t  v,.wcls,  h.iw  many  \v,>r.ls  can  !..■ 
made  each  coutainint;  :4  ens.. mints  an.l  2  vowt-ls? 

The  number  of  wavs  of  ch..osint^  the  three  conso-.:  its  is  "<•,,  an.l  the 
numher..f  ways  of  ch.M.-inj,' the  2  %owels  is  <(  ,;  and  ^  ...e  .aeh  Dt  the  nr.-t 
-r...ll.scan  l.e'a.-.-..cial.'.l  \>ith  each  ..f  the  .s,...,nd,  the_  numo..r  of  coml.in...i 
l^roups,  each  containing  3  consonants  and  2  \..wcls,  i.s  '('j  ■:  ■*<  ,. 

Further,  each  of  these  groups  contains  .".  l.tt.rs,  whi.h  may  !..■  arram/.-.l 
anions  themselves  in  |.",  ways.     Hence 

the  reiiair.d  muuher  of  word.s  =  "c'j  ■  ^'j  '  \-> 

-:5  .<    17 

=  252110. 


1-J-J  III(;llKI!    Al.flKliKA. 

I:  nihipi.   :i.      llou   niiiiiv  u.i|'l>  •■.in  I"'  formi'il  mil  ■if  llif  li-lt.Ts  mlnlr,  so 
tliiil  llif  vowiln  o»;i;uii>   tliu  tjvi.li  iiIulis;' 

llcii'  \\c  li.ivi-  In  [Hit  tlif  :t  vowels  in  .'{  siiccitii'il  jiliii'i-;.  mi'l  thr   t  r.iiiHo 
iiiuit>  ill  the  \  Hill. lining'  |p1iio's;  tlir  lii>l  oii.T;itii.ii  cuii  Imi  limn'  in   ,:t   «ay.-<, 
iiiiil  till'  MCdini  ill     1  .      Hiiu'c 

llir  ifiuin  il  nimilM  r  (if  wni'cls         =  |3  x  |4 

in. 

In  till-  lUaiiipl.'  tlir  fiiiiiiiil:i  fur  iiiTiiiiiI.ition"   i-<  iiiiiin-.lialily  ;i)ipli<-iilil<', 

1mciii1-i'  liy   till'  ^t:lt■  Illi'llt   iif  till'  i|Ul'^Uiill   lllcl.'  is  liUt  line  UllV  nf  rlii..  .-lllk'  tllll 

Viiwcls,  ami  our  wav  i)f  clicin-iiiv,'  tlir  i'i)n~i)iiants. 


EXAMPLES  XI.    a. 


m 


-i    ■ 

>■  ; 


m 


1.  Ill  ||.  .\\  ici.iii\  wa\  ^  i.ili  a  c-iiii-~.ih,iiil  a  I  111  ,i  \in\cl  U-  ilm^i'li  mil  ul 
till'  li-ttcl>  i.f   tiic  Uunl  I'liiniiir.'' 

2.  'I'lii'lT  .in-  ^  fai|i|iilati'.-i  fill' ;i  Cla.ssical,  7  f'Ta  Matlifliiat  ii-al,  ami 
I  fiif  .1  N.itur.il  S.ii'iiii'  Si  iiiilar>liip.  In  ln'W  ni.iliy  wa\s  <aii  t.lic 
Si||iil.ll>lllli>  lu'  .iwanliil  ' 

3.  Fiiiil  llii'  \.i     •■  "f  "/';.  -7',.   ■''•,,   I'V,,. 

4.  Iji.w   iii.iiiv  ilillrri'iit    .irr.iii'_'i'iiii'iit  -  ran    In'   m.iilf    lt\    i.ikiiiL'   ."> 

nf  thf   IrttiTs  n|'  tilt-    Wnnl   r,j„,, /,',,,<  ! 

5.  1  r  I'l.'ir  t  iiiii'^  till'  iiuiiiluT  uf  iicrniiit.it  iiiii>  uf  /*  t  hn:^  .'{  tnu'i'tli'''' 
is  ciin.il  tu  li\i'  tiiiH's  till'  imiiiliiT  I'f  iii'riiiiilatiiiii^  ■■!'  n  I  tliim,'s 
;{  tuui'tlirr,  rnul  /(. 

6.  liiiw  lii.ilis  |n'rniul.itiiih>  r.m  Lf  m.nli'  mit  ul'  the  littciN  nf 
111.'  wmil  Irl'iH'ilr .'  Ili'\\  iii.ihv  ..f  tluM-  will  lii'.'in  with  /  .ami  I'lul 
with  1  / 

7.  IjnW    III.IIIN     lllttrlrllt    -I'lt'ltinllS    .Mil     ti.'    lll.i.li'    li\-    t.lkili'_'    I'lillf    l>f 

ihr  ili'_'its  ;?,   1,  7.  .">,  S    1  '.      lliiw   iii.iiiy  .litli'ictit  niinili.  is  .-.in  lie  fnfiiu'il 

with    fi'Ur  nf  tln"M-  llil,Mt-~  ' 

8.  If  '-■"'',   :  ''('.      1 1   :  :'.,  tiii.l  II. 

9.  Iliiw  in.iiiy   .hali'^'i's  .'.111  \n-  ywt-j,  with  .i  |ii'al  nf  .'i  lu'll.s:' 

10.  Ilnw  m.iiiy  .'hall,'.'-  .an  In-  iiiiil;  with  ^4  i>i'al  ^>^  7  hi'ils,  tin-  tcimr 
alw.i\>  ln'iii.:  I'ist  ' 

11.  (hi  li.iw  liiaii\   lii'jhts  niav  ,i  w.il.h  nf  -J  liu'ii  lie  dfafti'd  limil  H 

.  1.  \V  ..I  ::  ;,  .^..  t;,.iT    ll..  r\V..  -.v.n.rirs  arc  a;r;;;;,-a;  .     t  ?::  :;n%%   ;::,;:l^  •':   x'.:r:-~t: 

wniiKl  any  .m.'  inati  In-  t.ik.ii  '. 

12.  Ilnw  iiiany  .ii'iMii'.'iMii.'iits  .'.in  K'  ina.lf  mit  nf  tin'  li'ttcrs  nf  thn 
\\. It'll  i//'.'";//.'',  the  N.iw.'ls  n.'\.i'  Ix'iiii,'  sfjiiiratoil  '. 


rFKMITATinNS    AND    r<  >Mii|  N  ATTnNS 


1-2:? 


13.  Ill  .1  t..\MI  r.iiiliill  tlii'lf  .lit'  J.')  <"llTirill..rs  iihil  111  .iMcfliirli  ; 
li(i\v  iiiaiiv  (  Miiiiiiittfcs  i;ili  I  ■<■  iMrimil  cul!  cMn^i^f  llii,'  "I  ■>  i'iiiik  ill"!'- 
,ili<l  ;J  alilonurii  '. 

14.  Out  of  till'  littn-s  .(,  /,'.  r,  /,,  ,/,  r  li.,w  lii.  Mv  .irran.'i'iiM'iits  r.m 
U'  liia<i<'  Ij  lK"4iiillili','  wifli  ,1  caintal,  2  Ih^iiuhii^'  aii^l  I'li.liir,'  \Mtli  i 
lapital? 

15.  l-'iiiil  tlic  iii'iiil.iT  ..f  ( liliiliiliatiMii-,  iif  .'ill  tliii'--   H;  at  a  tiiiMv 

16.  If"'',,     "'*..  InHl'T,,. --r,.. 

17.  Ill  li>>\v  many  way  ^  can  tin-  Irtt.T-  "(  tl..-  \\..m1  ,-...r./,<  I..- 
al-l-alr-'t'«l,  if  the  li'ttciN  .<,■  iaw  only  ucciipy  i<>\'\  plai  i-,  ( 

18.  Fnilii  t  otti.ciN  ami  ^  inivati-.  III  Im.w  inaiiy  ua>>  •  an  tJ  1h> 
.•liciscn  i'i)  tu  incluilc  exactly  nm'  uliif.  r,  :;  t..  umIikI.-  at  Ira^t  our 
iptliciT^ 

•Ir.tiil     iVolp 


11  >    In'     -I 


19.      Ill  liow  many  ways  can  a  parly  of   1  or  nion 

jo    ]M'|->ollS    ! 

_20,      If  '-('r     '"'Vt.o  liii'l  ''',• 

21.  Out  of  iJ.">  consonant-  ainl  a  \o\wl-,  how  many  \\or,l>  can  K.' 
formiMl  each  c,Misi>tin^'  of  :.'  con-onant,  ami  :?  \o\\cU' 

22.  ill  a  lilifary  then-  an'   ■!<>  Latin  an<l  •',   Cicck    i ks ;   in    hou 

maiiv  wavs  can  a  ;_;roiiii  of  ".  , si>tinu'  of  .',  Latin  and  l'  <  Ire,  k  U.ok-  l.i- 

[ilaccii  oil  a  sliclf  f 

23.  In  how  m  iiiv  was-  can  \t  tliiii'^s  l.c  ilu  idisl  I'linally  aiuoiiL,'  t 
]M'i>ons  ■* 

24.  From  3  capitil.--.  .".  consonants,  anil  I  \owcls,  how  many  word- 
can  lie  made,  each  coiitainiiiL'  :{  consonants  ami  :•  \owel-.  and  lM-jinnin_' 
with  a  capilal  ! 

25.  At  an  election  three  district-  are  to  I.e  .■aliVa.--o,l  l.\  Id,  1.".,  and 
'20  men  reNpeitJNelv.  If  I''  leeii  M.lunteer,  ill  how  many  ways  i-  in  they 
lie  allotted  to  the  ilitlerelit  d         icts  ' 

26.  In  how  many  ways  .an  »  Latin  and  I  Knu'lish  l-wk  !»■  [ila.  fl 
on  a  shelf  so  that  the  K'lLilish  l-ook  isalwa\>  in  th.-  middli',  the.-.l.T- 
tioii  lH'int,'made  from  7  Latin  and  :{  Kiulish  U.oks' 

27.  A  l«iat  is  to  lie  manned  h_\  eiuht  men,  of  whom  '2  i  .m  only  row 
(.1!  liow  .--ide  and  I  .'an  only  row  on  -troke  -idi-;  in  how  many  ways  can 
the  i-rew  li<!  arraie^ed  ' 

28.  There  are  two  woi'Rs  lach  of  ."{  \<ilnmes.  ami  two  works  each  of 
■2  \.ilin!!es  •  in  how  many  ways  can  the  In  honk-  U'  jilacedi.n  a  >helf  >o 
that  volumes  of  tht;  siiine  work  aie  not  ^jmrated  .' 

29.  ii  Iiow  :'ianv  ways  can  In  examination  )ia|iei-  lio  arranijed  so 
tlwit  the  lict  and  .  oist  iiaiKi-.  iieser  come  to-j.-ther  ' 


l:i+ 


iiKJiii.K  .\i.i.i;i'.i:.\. 


30.  All  CI.' I  it  i  Mill  I  I'"  it  '^  til  111'  III  ililii'il  liv  a  cl-iw  riiii~cii  frulii  1  I 
1 1 11 -I  I.  Ill'  w  liMiii  ;{  iMii  >ti  I'f  1.11 1  r.inniit  iiiu-,  ,11 II I  ;  111'  II '^t  1  Mil  ii.w  liut  iMii 

111  if    ^rii'j-.        Ill    111  US'    111  111  V    u.l\  ■^  iMIl    t  'if  i|rw    111'  .lllMII'^r  1,    if   tUii    iif    t  IcC 
llli'll    1  .III   ii|ll_\     I'lV.    1  'II    i"iV,    -hir  ' 

31.  l'rii\i'  til. if  .111'  iHiiiiliir  i.t'  \\.i\-  ill  uliirli  y<  iiii-.itisi'  .iiiil  /' 
iii",',if  u  I'  >|.jii-.  iii.i  V  111'  ]il.niil  Ml  .1  V'  I'.v  >i  1  tli.it  ui  1 1  w  11  111  "_',if  I  w  .>i'4ii.-i  .>liall 
111'  fii'^'i'tlicr  i-,  '■  •  ir„. 

32.  If ''7V,„  :  ■■'/',,,     ;?<MH)  :   1,  lin.l  /•. 

33.  lli'W  lll.lliy  illtViM'i'llt  .--i'.iIKil-.  rail  111'  in.uli'  li,\  li..|-tlli','  <!  ilitl'iT- 
I'litlv  riiluiii'i'il  lla'_'^  iiin-  aliii\i'  t||i'  ntlii-r.  wIhii  iiiy  lniliiln'l'  <>(  tlii'lii 
Ilia\    111'   i|ii|>tiil  .It    nliri'  / 


34. 


-•''■,,     I        L'J.'i         II.    lillil    /■. 


1  I'.l.  Ilitjnrln.    in    tin-    fiuiniila'    \m'   Ii.im'    iiIumiI,    tin'   tliiliL.'S 

li,i\i'  lii'i'ii  ii"_'.ii  ili'il  ,'is  iiii/i/,'\       I'li'turi'   ruii^iiji'i  iiiL,'  I'.'i-vi's  ill  wliii'li 

smiii'   mil'  111'   iiHHi'   .'-•'t.s  lit    tlllll:.;^  iii.is    Im'  ///.<.    it    i->   iiiti'ss;ic\    to 

|iiiiiit    niit  t'\.'iiil\    ill    \\  li.it    vi'iiM'   till-    wiifils   //'/.    aiul    iiiiULi    ,'H'i' 

llM'il.         W  lii'li     \\i'    >|ii'.'ik    lit     tlllllL,'"'    iii'lli;,'    i/is.-i  iili^'i  r,    i/i/hi''iif,    I'll 
/i/,'\     \M'    ilii|il\     tli.'it     till'    tliiliLTs    .111'    risiUii    inilil.',    .si>    ,'is     til    111' 
I'.'isilv  (list  iii'_'iii>li,ilili'    tiiiiii    I'.uli    iitliiT.      <  111    fill'   iitlii'i'   li.iinl    ui' 
sliall   .'ihMas  u>i'  tin'   triin    /// '•  tliiiiu'-^  '"  ili'iiuti-   sm-li  .is  an'  .'liiki' 

tu    till'    I'M'    ;illi|     r.'llllinl      111'    lli-t  illi,'l|i->||i'ii      iVmil     I'.nll     ntlll'l'.  l''ii|' 

iiist.'iiii  r,  ill  l'',\.  1',  Alt.  1  IS,  t  III' mil  ,iiii.'iiit-  .'Hill  till'  Miwi'ls  may 
ill'  s;ii(l  f.'irli    tu  t  iiii'-ist    nf  a  i,'ii>n|i  i  if  tliiiiL;--   iiiiiti'il    liy  a  iuIiiiiumi 

^ll.■U•.'l^tl'|•i^l  ir,  .'illil  tlllls  ill  ,l  ri'll.'lill  M'Iim'  tu  In'  i  if  tlir  s.'lllli'  kind; 
lillt  tili'N'  r.'ililiot  III"  li'LJ.irili'il  .'IS  llki'  tllllii;^,  lii'i'.'illM'  tlii'l'i'  IS  ;ili 
illil'  iiill.tlilN  existing  aliiiiln;  till'  tliilr_;s  nf  I'.'irli  ^l'ii|||i  wiiirli 
iii.iki's  tlii'iii  c'lsily  (list  iiiL,'ui>li.'ilili'  fiuiii  I'.uli  ntlicr.  Ili'iirc,  in 
till'  liii.il  st.'ii,'!'  (if  till'  ('\;nii|il('  VM'  CI  iiisiili'icij  c'lili  ^Mi)U|i  to 
cdii-^ist  iif  li\c  i/is^iiiii/iir  tilings  ami  I  lii'icfini'  i'.'i|i.ili|i'  nf  ."» 
aii'.iiiyt'iHcuts   ,'111111111,'   tliciiisch  I's.      [Alt.    141  Col'.  ] 

l.">(l.      Sii|'|iosi'  \\i'  Iia\i'  tntiml  .'ill  till'  jdissilili'  \\ays  nf  itir.'iiii,' 

in;,'    I  ■_'     liooks    nil  ;i    slii'lf,    .">    of    thrill    licili;,'     L.'ltill.     !      J'lllijlisli,   ailll 

till'  ii'iiiaiiKJcr  ill  dilii'icnt    laiiL,''i:iu'''s. 

Tlic  liooks  ill  cacli   l.'iiii,'iiai,'c  iii;iy  1"'  i'ci,'.'ir(l('(l   .'is  lii'lon^iiii;  to 
oii.o    I'lass.  iniiti'ii    liy  :\,   i-oniinoH     I'liarai'ti'iisf  ir  ;     Imf    if    tln'V   \\»>!'i' 

iIistiiiL,'iiisli;il)l<?  from  v:u\i  otlu-r,  tlic  uuiiiIkt  of  jwi-miitatioiis 
Would  lie    111,  sini'c  for  tlii^  jmrjiosc  of  ;iri'iin^<'iiu'iit  among  tiit'in- 

schi's  tlii'V  ale  cssciitiallv  difii'ictit. 


l'Ki:\n    TA  rinNS    .VM>    <  oMl'.IN  \  IHiNS. 


l-j: 


It,    li.>Wf\.i,    llif    i«M.k>    ill    til''    villi''    l.iliu'lla;,'!-     an-    li"l     'li^ 
tinuniNlialilf  fii>iii   laili  <itlnr.  \m'  vlmiilil  lia\f  t<.  tiiicl  tin'  nmiiln  r 

lit'    wavs  ill   whirli   IJ  t  liiii;:^  <  an    \>r  all  aiiL.'.'<l    an u'  t  Ihhi^'Ims 

uliiii  ."i  nt"  tlnlii  ail'  I'vaitly  alikf  "t"  "li''  klinl.  .mmI  1  l'^al■tl_v  alike 
ut'  a  sfKiiid  kiiiil:  a  pi  nliiiiii  wliic  li  i>  nut  ilii'<tl_v  inrliuli-  I  in  any 
of  till'  laM'M  wr  lia\c  |il('\  ioilsl  V  I'llisidfi-cd. 

i.'ij.  7'<<  liin/  lit-  I, mill"  r  '■/'  //I"/-  '"  iiliK'fi  11  tli'ni'is  luin/  li,- 
„rrii,„i.,l  iininini  t/,' ii<.<- '>:.<,  I.ih'nnj  lli'iii  nU  "I  "  lilif.  n  h>  »  |i 
../■  iff  t/iili'/s  ili-f  i.i'flh/  iil'ikr  n/  I'll.  /,/-./,  '1  .;/'  f/i'iil  iJiutlil 
iilik'  I,/  ii,intli,r  /.iiiii,  I-  <;/■  f/init  ijiullij  aHL'  I'J  n  lliii<l  himl,  mill 
tlif  n tit  III!  i/ijl'ii-'  lit. 

\^•\  til.  re  I'f  /(  Ictt.is  :  Mil>|"iM'  /'  "f  til.  Ill  t..  1..'  ,1,  ./  i.t"  til.  Ill 
to  I..'  //,  /•  of  tlit'in  to  !>.'  <',  and  tlif  i.'-^t  to  I..'   nnlik.'. 

l/'t  .'■  lit!  til.'  ii'.(iii'<.l  ihiimIh'i-  of  |icrniiit.iti.iiis  ;  tli.'ii  it  tlif 
II  l.'tl.'i-so  were  rt'jil;u.d  hy  y  nnlik.-  I.'tt.rs  ditl't'r.'iit  tf.iii  any 
of  til.'  rot,  from  <»////  vm  of  tli.-  .»•  ji.nimtat  ions,  uitlioiit  all.T 
in:;  tli.-  jiositLHi  of  any  of  tin'  r.inaininL;  Ictti'is,  wf  .-..iild 
foini  ly  iH'W  jifrnmt.'itioMs.  llt'ii.-.'  if  tliis  iliaiii^f  «i'if  niad.' 
ill  cacli  of  til.'  .'■  ]><'iiiait;aions  wt:  should  olitaiii  ,'•  /<  ,.fiiiiutii- 
tioiis. 

Siniilailv,  if  the  7  Ifttcrs  h  wrvr  i''|>la.f.i    l.y  </  unlik.'  l.'tt.Ts, 
til.'  niiiiili.T  of   ]>»'iiiiiitations  would    Ih' 

■'■  ■    /'  ■    7- 

In  likf  niann;'!-,  Iiy  i.'iila.inL;  tin-  /•  l.-ttiTs  r  liy  /■  unlik.-  li'lt.rs, 
%M'  should  tinaliy  ohtaiii  x  ■    p   .  I7        ;'  |«.'i'niiitat  ions. 

!!ut  the  things  arc  n'lW  all  dithrfiit,  ami  t  li.r.'foi.'  admit   of  'a 
jH-iiiiutations  anion:;  tlu-iiis.-ht-s.      Il.-nc' 


tliat  is, 


I'l'l 


-.l\ih   i:,  thr  n-iji 


AiiV   cas.-  in    ulii.h    tli.-    tliiiiLTs  ar.'   not   all    dilli-rcnt    iray   Iw 
trt'utt'd  siniilailv. 


l-.'ti 


iii<;mi-i;    \i.i.i:iu:\ 


!■  .nniij'ii'   I.       How    in;ili\    'lilTiiMit    |>i  i  liiutal  immk   liiti    lie    iii,iii>     <>llt   iif   thi 
I(  tti  I-.  Ill' the  wiini  ,ui'i.--.-iiiiiliiiit  l.iUi  II  Jill  tin.'(llnr? 

\Vi'  Jm\i'  Ihic   1H  lillti-  of  wliiili    I   iii>'   -,  :i  iiK    .(,  •>  lire   ;.  aiid  "2  iitc  u. 
Iliiii'i   till'  iiiiiiilM  r  III'  |H  I iiiiilittinnH 

l:i 
~  |4  a  -'  •-' 

l.t   1 1  .  I"  .  '.I .  ^  ."  .:t.  .■) 

jINIj        jlWINI       |ll>III->IMl. 

/  niiiij^l,     •_',      Ijiiw     MMiiy     iiiiiiiIm  I  .    i.tii     I •.      ruriiiiil    with     t.  ■     du'it^ 
1.  'J.  .(,    I,  A.  'J,   1,     o  tli;it  till'  mill  (lit.'it-<  iiKmi\>  I'll  i||iy  tlir  inM  |.lufi  ■..' 

'11  ir  mill  'ii/il-  I,  .'i.  .1,   1  (  ;iii  1. 1    aii,iin.'i  il  in  tin  ir  four  [ihui  -,  jii 


Till   I  \i  ?i  (lii'it-  •.',    I,  •_'  1  .111  I.I-  iiiniii-i  il  III  till  II  till,  ,'  |ilinrs  ill 


ill. 


c-'r 


l-.,i,  Il  i.|  llir  ua\-.  Ill   ill  ran   l.i    ii-.M.ci.iti  il   with  i  ai  li   i.f  tin-   w.iv  .   in  cJi 

lliiui  till'  iniuiiiil  iiiiiiilii  1       '^  ^       ^     i;    :i     In. 


i-il.'.        Ill     lliiil    hill     nil  ml"  r  nl    jii  iniilhil  imis    n/    II    lliiii'J-'     ruf  ii 

lnii>\     irlii  II    iiirli     lliiiiij     iiimj    In     iijinihil   niir-,    tififi, iiii     In     r 

(iiii'.s    III  i(  III/  II  rill  ii'H  nil  lit. 

Mill'  ur  li.iM'  til  (  iin-iilir  (III"  lillllllw'l-  iif  \\;ivs  iti  wllicli  ;• 
}>l.iiis  rail  111'  lilliil  u|>  wliiii  \M'  li.iM-  //  iliU'ciriit  (liiii:,'s  at  (Ulr 
ili-.|Mis,ii,   cull   lit"    ihr   ,/    tliiliL,'N    Ix'ili;,'   ll^ril   ;i'^  nftfll   a^   Ur   lilcisc   in 

.  ..y  arr.iii:,'riiii'iit . 

'I  lie  lilsl  |il.iif  iii.iy  lir  |i||i',|  ii|i  ill  //  u.iv-,,  ,iii,|,  w  jirii  il  )i,is; 
licrii  lillnl  ii|i  in  ,iiiy  ,,||,.  \\ay,  tin-  s.tdihI  jil.irr  may  aKu  l.r  tillr.l 
iiji  ill  II  Ways,  siiKi-  \\c  arc  imt  jUfchidi'd  finiii  usiiii;  tlu'  s-.vnw 
lliiiii,'  ai,'.iiii.  Tlificfnii'  tlic  iimiilici-  of  w.ty.s  in  wlii.li  tli.'  first 
two  jilairs  ciii  lie  lillrd  up  is  ,i  ,i.  n|-  „'.  Tin-  tliiid  j.la.c  can 
also  1m-  lillrd  iq.  in  ,/  w  ,iys.  and  t  lirn't'oiv  tlir  tiist  tliiii-  pljucs  in 
/<'  Ways. 

I'liMccdini;  in  lliis  iii.iinur,  and  iioti.iiiL'  that  at  any  sfai.'.'  tlic 
iiidi'X  of /(  i.s  always  tiit-  saiiic  as  tin-  iuiiiiIht  of  places  tilled  up, 
wc  shall  have  the  iiii?nl)er  of  ways  in  which  tiu'  r  places  can  l>e 
tilled  up  cijual  to  a'. 


l'l.l;\ll    1\II>>V^     \M»    <  'iMI.IN  \  riiiNs. 


1-7 


I-  r.iwi.lr.      In  h..u   ini.iiv  \mi.v^  .  ;hi    ".  [mi,.-  !..■  ^-iv.  li  ikWii>   I..  »  U.>-.  «li'li 
ni.li  !..■>    1-  >  li^-'il'!''  f"!'  iill  111'    1)11/.  -■' 

\Mv  ni,..  ..f  tl..   pn/.-nii.  !-•  :  iv'"  i"    '  ""^-^  'i"'  """  ""       '";;'''  ''"' 

,.„.,ii.ni.u'  i-n/.-niU  Hi...  I..t;n.ii  iii  »  «.i.v-.  hi it  ni.i.v  U|  ..I.M....  .1  Lvll... 

l„.v  Nvl...  \uU  ill..  ...iv  r.'vi^.  .1  11  |.n/.  .  Tliu^  l«..  I'M/'-  'Wi  '"■  ^''^'  "  "^^■'V  m 
l'\v,i.NS  tlir..'  \>v\/.\  ill  r  v,.iy..  iiM.l  -...n.  H.iH.  iIl  M"'/'  •  '' >m  I.,  jjiv.i. 
ii\s;iy'iii   I  .  '.i    H'.'l  \wi\    . 

l;.:;.        7'"    ///"///(■     /■•t.il  iiiii,,l>-  r  !■/'    11,1,,.   in    ,rl,,,l,    ,1   ,.  I //./' 

I,,  ,n,'l.'    <i   ... /../('M/   /,./  I.il.iii't  -nif  ../•  ."'''  .;/'li   tliii'ih 

i;,,.  Ii    Iliiii,'  lii'\    '»•   'I'-'il'    ^^1'''  nitu..  «a\^.  t'.r   It    Hi.iv   .illi.r 
1...  1,,'k.ii    -.r    I'ft  ;   iin.l    mil.-   -hIi.t    «.iv    ..t'  .i.-.ilur.'  unl,  ;,mv    ..n.- 
lllili-    lll.iy  1h>  .•l-s,„i;it.Ml   \Mtli  .ith.  r  \v:i>   ..t'  .I.mIihu  \Miti  '••"  li  """■ 
ui  th.-  ntli.T>,  til.-  iiuhil.M   ..f  \v,iy>  of   .I.Mliii-  \Wtll  111.'  /(  thill--  I 
•_'        •_>        J        •_'  I.,    ,,    l:i.I..I-.. 

I'.ilt    llii-    lli.lu.l.'-    til.'   .■a-.'    ill    wlii.li    all    til.'    tliihu"-    •!"■    I'lt, 
tli.T.'t'..i.'.  ivj.'.tin-  <'i'-  '■•''■'••  ''"•  '"•■■''    ""'I'l'"  '■  "''  ^'■'>"  '^  -"      ' 

Thi-  is..t't.ll  si„.k.'n   i.f  a-   •Ml,.'   I..lal    liilliil..  r  ..t'  ...|nl.lliat|..li> 
ut"  ((  tliiii;;s. 

I  r.iniiil.  .      \  iiMii  lui.  f.  fri.ii.U;    in  l,..u   Tii.in.v  wa\-  ln;i>  li.    iiiMl.'  "i i 

nil. I.'  ..f  till  HI  t"  iliniici  ' 

H..  liiis  I.,  s.'l.il  >..n •  iill  ..(■  Ill  •  '■'  fii.  II. 1-:  ■"!''  Ill'  "  '"I''  ''"    ii'i'iil"  I  "f 

\vii>>is2''      l...rr,;i. 

Tllis  r.  -lilt  Cilll  1>.    \.  I  ill.  .1  III  t'i>'  f..ll..«ili;-  inallll.r. 

Till    ^'iiists   iiiav    1..     iiiviti'd    >-iii_l\.   in    lw..s,    tin..  >. 
niiiiilM  r  uf  hil.tlioii-'  "'  I  !  ' '         "'        "'  I  •  "'   .  '  "'  .. 

_f,  ■   1.".  •  -Jil      1">  .  ''.      1      *'>'■'. 


ill...  I'..|..    tli( 


i."ll  '/'"     lill'l     h<r     H-ll'll      >-,l/lf         ../'      I       //'■        lllllllll-r      I,/  r^^llll,|||,ll|,,|,.- 


■">ill.r       "' ', 


til      \){ll     '-) ('<- 


: )  (  "     /■  t   II 


ir       i) 


aii.l  "'' 


)  ( /-      •_'  I  .'II       /• 

•_'.  .•'....       '.■       I  I 


„^  ,     .,  . 


li..    ui'iticii  1. 

r 


Til.'    iimltiplviiii,'    fa.t.ir  w\\ 

wliich  sli.ws  tliHl  il  il.M-rfJisfs  as  /•  in.-naMv-,.       Ili'inc  a.>  /•  nc.'ixfs 


ili 


m. 


128 

tire    \.illli>    1,   ■_', 

.,»  ^\ 
until 

;• 

Now 

Ml  loii^   ;is 

tlr.il    is. 


lIUMIKIt    AKiKHIiA. 

ill   siicccssinn,  "('^  is  ciiiiiiiiu.illy  iiurca.sfd 
i   Iwi-uiin's  ciiiiJii  tn  i  or  lf>s  tliaii.  1. 
n  4  1 


V 

;t   t-  I 

r 

n   ■    1 
«) 


-1-1, 


r. 


^\'('    lia\('    to   cliiiosc    tlir    ^rc.itfst    \allli'   <if   /•   (Minsistriif    witti 
t  liis  iiic(|iiaiity. 

(I)       lict    u    lie  cxcii,  and  ti|iiai  to  :!/;(  ;    tliih 


ami  t'oi'  all    valiHsof    ;•   iiji  to    //,   iiirliisi\r  this  is  ^icatiT  lliaii  r. 
Ilfiiic  liy  ]iiittiiiL,' 
foiiiliiiiat  ions  is  "( '  . 


r      III      _  ,  wi'  liiiil  tliat  the  i,'it'at<'st  iiuiiiIh  r  of 


It 


(■_')      lift  a  lif  Olid,  and  ciiual  to  '2in  :   1  ;   tlicn 
//   i    1       •_'/;/   I  '2 


II.  .  1  ; 


and  tor  all  sallies  of   /•   iiji  to  /;;   iiirliisi\c   this  is  un  atrr  than   /•  ; 
liiif   \shcii  /•      III  ■   1   tlic  nnilti]il\  iiiL,' fartor  iici  oiiifs  rijiial  to  1,  and 

"(•     ,=-■'(■    ;    that  is,    "C  .,      "('     ,; 
and   thrri'foii'   thr  niiinlii  r  of  coinliinat  ions   is   ^irat.'^t    when   the 

,    .  ,  II     ■     \  U   -    \  II-  1 

tliinirs  are    taken  ,   or       ^^      at   a   time;   the  resiiU   lieniLT  the 

same  ill  I  he  two  rases. 

l.i.'i.  i  he  foiiMuia  for  the  iiiinilier  of  coinliinat  ions  of  /(  things 
rat  a  time  iiia\-  he  found  without  assiiniiiiL,'  the  formula  for  the 
iinmher  of  jiermutat  ions. 

i,el  (  _  (iejioie  tile  nuiiiiiei  oi  ii  )iii  i  unai  ions  of  /(  limits  taken 
/•  at  a  time;  and  let  the  ii  thiiiL.'^;  1"'  denoted  hv  the  letters 
„.  /.,.•.,/ 
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T;ikt'  aw.iv  '/  :  tlidi  ^^itll  tlif  rtMii.iiiiiiij,'  letters  v.-  ciii  form 
•■-'r  c-()intiiiiatiniis  of  ,1  -  1  Irtt.Ts  t.ikni  r  1  rit  ;i  tim.-.  With 
.-acirof  th.'sf  write  a;  tlius  wr  s.m.  that  ..f  tli-  cnmhinaticns 
..f  n  thiiijis  )■  at  a  tim.-.  tlio  hiiiiiImT  of  tli.>s.'  whi.li  coiitim 
,,    i^     ■    •(^•^     ;    similarly    tiie    lunnlMT    of    thoM;     whicii     roiitaiu 

Tliprpforr  ii  •<  "''^',  i  is  ecjual  to  the  iiunil.tT  of  ooiuhiiiations 
,•  at  a  tiiiic  which  cniitaiu  a,  to^^'cthcr  with  tho-e  that  cuiitaiii  A, 
tliosc  that  rniitaiii  C  .■mil  so  on. 

r.iit    l)v    foriiiini,'   the  coiiiliinatioiis   in   tliis   iiiannrr,  raili  p.ir 

tinil.ir  oiiV  will    \»'  iv|..-at.Ml  ;•  t i s.      For  instaii.'r,  if   r     ."..  the 

.•oiiiliiiiatioii    «/>'•  will   1><    foniid   ainoiii,'  lliosc  .oiitaiiiiuLC  r*,  anioUi^ 
those  i-ontaiiiini,'  /',  ami  amom,'  those  (■.niiMiniuLC  .-.       Ilmr.- 


"<\ 

1  !\    w  lil  int,'  /' 

1    .Hill    ; 

r 

Simil.ul\ , 

"  -r 

I    ilisteail   of   //     iml    /•   I  eN[M'it  i\  el_\  , 
/'    -     1 

■■■'■■      .-! 
n  -  ■-' 


and  tinaliy,  '   '^T,      u-r+1. 

Multijily  to;,'ether  the  \ertieal  eoliimns  an<l  <-aii.el  like  faetors 
from   eai  II  side  ;   thus 

I,  {u      \){u   -  -2) ( /(.    ■  r  *  1) 

"^■'"  rir      1)  (/■-•-')  1 

I'lO.       7V)   fiii'l  iff   tdf'if  vHiiihrr  I,/  !/,vf//.v  (■/'  ir/nrh  it  i'<  i«,s^il,lc 
III  iiiidi'  <i  sflirliini   fit/  ln/cimj  uniiii'  or  (lU  oi't  ._./  p  +  11  ■   r+ 

//o'lujs,   irhri-.n/Y  'ir''  'nlikr  ,•/  uW  k!u.f,  i[    :i!ik-  ,/  ■•  >■•'■,.,»/  kin,l,   V 

ii/i/if  «/  II  tliinl  Li  till :  und  sn  on. 

The  ;*  things  may  he  dis])osed  of  in  p  ^  1   ways  ;   for  \^e  may 

4-1--   A      I       .)     -J  ",.    ,.t     tlw.i.,  SilmilMllv    thi'    n    tllJnL'S    lliaV   IxJ 

disj-osed   of   in    7+  1     ways:  the    r   things    in    r*  1    way;;    and 
so  on. 


H.  11.  A, 


lit   :i 


m 


I'M)  iiKillKit  A[.<;i:i'.l{A. 

llciico  tlic  iiuinlicr  "t"  ^v.iVN  in  wliiili  .ill  iIk'  tliiiiu'-^  may  In- 
(Iis]>()Sc(l    of    is    (  y)  -  1  )  1.^  +   I  )  (/•+  1  ) 

lUit  tliis  iiicliidcs  tlic  casp  in  wliirh  iionc  of  tlio  tliin<;s  aro 
takiii  :  tlifict'uif,  rcjti'tiug  tlii^  ca-.f,  tin-  total  imiiilMT  nf 
«  avs  i  < 


(/.    •     1  )  ('/    ■     1  1  (,■  4     1) 


1. 


l-">7.       A  tfiiK  ral  tornmla   «\|'ii"--iiii:  'li''  niiinlx'r  of   jii-cimita 
tloiis,  or  ( i)iiil)iiiatioii-.   of   ,(   tliiiiLT--  takni   r  at    a   tiiiir.  w  lien  tin- 
tilings  all'  not  all  dill'Tont,  inay  !>'■  soincvUiat   coinpliiatfd  ;    iiiit  a 
I  lait  jell  la  I'  rase  iiiav  In-  sol\  imI  in  t  lie  tolli  w  inu'  nianncr. 

Ixiiiiiiih  .  I'lii'i  !)!<■  nunil"  I  n!'  u.-i\>  ii,  uliicli  1 1  I  a  ^ilcclji.n,  ('Jl  an  ;ii  ■ 
lani^'incut.  -if  fnur  Ictt.i-i  inn  l.r  niMch'  fi"in  tip'  l.-lliis  of  iIh'  woiil 
jiriijii'rlinii. 

'l"l;(ii'  uir  in  littt  IS  of  six  iiilT<  out  -'111-.  imiiK  1\  .«,  .i..'.  />./•;  r.  r :  t :  i ;  ii. 
fii  finding'  KTOiljis  of  f. .nr  tin  -■'  iii:'y  lir  i  i.i--ili'  'I  n-  I'. .Ili.u-: 

(Ii     'I'lucc  alik.  .  ■•n.   iliiTi  o  n!. 

r_'l     'l'\M>  nlilu',  l\Mi  I'llii  1-  iiiiKi  . 

i:i|       'I'wo  allUr.  llir  uth.  I    I  A,,  liilh  o  111. 
ill       \ll  foin  ililf  11  111. 

(li  ■riir  -il.cii.iM  c-.ui  1»-  mall'  ill  •"••Aa\-;  f^i  .  a.-li  nf  llic  Ihc  li-lli'Ts, 
,,,  c^  i_  ,\  ;/.  ,  :iii  \h-  tiiKi-n  Willi  lli>'  -iii).'li'  ^i"ii|.  ..f  I  111   ilio  I    lik.'  li  tti'is  ,1. 

I'Jl  Tin  s(  liM-linii  (Mil  lii'  iiia'li'  in  ■'  .  niiy-  ;  fci  we  liiivf  to  cli.io-Ji'  Iwo  out 
of  ll  .■  llii.v  pans  ,1.  .1,-   ;i,  y:    r.  r.       Tin-  -im  s  :i  -ilirti.Mi-. 

(.'ti  This  silirtion  can  '"'  iiiinl"  in  •>  ■  !'•  wa;  - ;  for  «■■  si'lcrt  one  of  the 
;!  iiaiis,  mill  flicn  two  fioin  thi'  iiiiiiiiiiiii;_'  ."<  Ivtlcis.     'I'liis  K'Vis  :«)  si  lections. 

(1)  Tliis  sclvction  can  I'c  iiuuli-  in  ""'('^  w.iy-.  as  \vc  liav"  to  take  -1  ditTcrtiit 
litnrs  to  clioosc  fnmi  the  si\  <■.  p.  r.  t.  i.  ii.      This  nivts  l-'i  siicctioiis. 

Tims  the  ti't.il  nuiiiln  r  o*"  S(  lictioiis  i<  ."i  ■  .".  ,  'M)  ■  1.';    that  is,  u'X 

In  liiiiliii),'  llie  (lilTeient  iinanceuK  ills  i  f  I  letters  we  have  to  ])eiiiiiite  in 
all  jinsMlile  ways  each  (if  the  fonj/nillt,'  ^•niiiji-. 

1 


If 


ill      ;.'l\i  s  1  oe  !■ 


ii'i     fi\.     Ill   n 


;i 


'I  L'n  ai  lan^'eim  lit-. 


■I    I  -<  .HI  ran;.'!  Hunt    . 


(lU      t;i\i'S  li-e  to  :fl»  •   '_    ,  or  :w;  I  srran^'eiiieiH''. 

(  I)     ^.'ivcK  ri-e  to  I.'i  -.    -l  ,  or  iiliO  avr:ui|,'eliielits'. 
Thim  th.   tolal  niinil..  r  ..f  iirraiiL-i  iiieiit-  is  20  ^  I -<  •  ■:A\i\  ■  .tHO;  thai  iw.  7aH. 


i! 
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EXAMPLES.    XI.  b. 

1.  Kind  flio  iimrilM>r(if  ;irr;iii<,'fni(>iit.H  tlial  <.ui  Ix-  madf  mt  of  tin- 
lottirs  (if  tti(!  wnnl- 

(1;      III'/'  pr/itl'iiii-^  (O;     .iiifH-r.ttitiiiiif, 

I  .');        Ul.lt't''ti<'ll.1. 

2.  In  how  iiiiiiiy  wavs  can  17  LiUianl  ImIIs  !.,■  ananL''ii,  if  7  "f 
them  .•iif  I'lack,  G  rt'il,  anil  1  whitf  / 

3.  A  rorm  is  to  1><'  ilccuratcd  witli  fnui-ti'^n  tia_'^;  if  li  uf  tln'iii  ai(> 
\>hu\  '.i  rod,  -2  wliitf,  .'5  <^ivvu,  •_'  yill.iw,  and  -J  |.iii[il.-,  in  li,,w  nianv  wavs 
«an  tlicy  Kc  liunj,'? 

4.  ll()\v  many  iiundMTs  ^'n-ater  than  a  nnHinn  ,an  he  f.iinrd  witli 
thi-digit.s  -2,  :i,(),  .-{,  1,  -2,  -M 

5.  Kind  thf>  nilluhfr  ..f  ;inaii.,'fni(Mits  wliich  <an  l.o  made  initcf  tlio 
lottcrs  of  the  Word  n/i/'/ii-ti,  \wtlio\it  alt.rint^  tlic  nlativi-  jxPNitions  of 
\i>wi>ls  and  con^diiants. 

6.  On  thrrc  ditfrriMii  days  a  man  has  to  (h-i\c'  to  a  railway  station, 
.'ind  h('  can  choose  from  .">  cojivcyanrcs  ;  in  Imw  many  wa\s<aii  he  make 
the  three  jonrncys  I 

7.  I  lia\c  coMiiters  of  //  mlt'erent  <'oloiirs,  •■e,|^  uhife,  Miu' ;  in 

liowinany  ways  can   I   make  an  ai  i-anu'enient  con-istin«,'  of,-  e ter>-, 

.'•niilMisiii.,'  that  there  are  at   lia-t   /•  of  eacll  ditt'ereijt  eol,!^ii'' 

8.  In  a  steairier  tiiere  are  >ta!l>  {•<r  \-2  ammal-,  ami  there  are 
cows,  horses,  and  cahcs  i  n..t  '  ^s  than  I  ■_'  of  eaeh  rea.K  t..  !»■  ^lnpiM^I  ; 
in  how  many  wa_\scan  the  shi|iliiacl  !«■  njaili'' 

9.  In  how  many  ways  can  n  thing's  he  '_'i\eii  fi  p  |"  r-..ns,  wjieii 
tiieri!  is  111)  restriction  as  to  the  ninni.er  of  things  eacli  mav  r.(eei"vo? 

10.  In  how  many  wa\  s  can  five  tliiu-s  he  divided  hetween  two 
IK-Tsons  ? 

11.  TIow  many  ditferent  arranu'cmentscan  he  made  out  of  the  letters 
in  the  e\{ires>i<iii  .jV/'-V  when  written  at  full  lenj;th/ 

12.  A  letter  lock  coiisi>ts  of  three  land's  each  marke,]  with  fifteen 
ditierent  letters ;  tiiid  in  how  many  ways  it  is  ]M.-,sihle  t.i  make  an 
nnswcce.ssfld  ilttelillil  to  open  the  luck. 

13.  Find,  thi!  niimher  of  trian-les  which  can  he  formed  hv  joininL,' 
three  aii;.'ular  [loitits  of  .-i  '{uindecaL'oii. 

14.  A  lihrary  Ikus  -i  copies  of  one  hook.  A  c.pies  of  each  of  twn 

IxHiks,  (•  copies  of  each  of  three!  hooks,  ami  sin.'le  e.  .pj.-s  ,  ,f  ,/   honks,     hi 

how  many  ways  can  these  l)ouk.s  he  dustrihutt-d,  if  all  are  out  at  once  ' 

15.  How  many  numhers  less  than  l(KHK)  can  he  made  with  the 
fight  digits  1,  '2,  ;i,"u,  1,  :>,  C,  7  / 

16.  In  iiow  many  ways  can  tho  followini;  |iri/es  lie  mven  away  to  ,i 
c-l.tss  of  i>()  hoys:  tirst  and  second  Cla.ssical,  tirst  and  seei.pd   >fathe- 


matical,  tirst  Scien 
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I 


is 


17.  A  tili'L'r.ilill  ll.i^  •"'  .■inns  .iliil  (Mch  .ii-in  is  cqiMlilc  df  I  distilirt 
iiii-if  ii'i's,  ii]i-lii(liii'4  till'  ]"i>itii)ii  iif  ii'st  ;  wii.it  i.s  lilt!  tiital  iiuiiilK.'r  nf 
siuiials  that,  call  1m:  Iiiailr  '. 

18.  Ill  li"^^'  iiiaiiv  \va\s  can  7  |«'r.s<iiis  f'cinn  u  riiii;?  fn  ln'W  many 
wass  call  7  Kii-'Iishliicii  alul  7  Aliicrii  alis  sit  (Inuii  at,  a  i-'juihI  t/iMc,  im 
1u(i  AnicriiMUs  Ix.'iiig  tnjctlicr:' 

19.  Ill  li'iw  many  ways  is  it  pM^silii(>  to  ilraw  a  sum  "f  iiimify  fruiii 

a  \<.vj,  ciilitaillillU'  'l  sii\  iTci'j'n.  a  lialt'-snNcrci'.'li,  a  cfuwii,  a  ti"l'ili,  a  sliilling, 
|"'lili'. .  aiiil  a  lal't liiliu'  ' 

20.  l'"i"in  .■'.  (•'"■■■a  iiut^.  I  apple-,  .md  t  ip|\nr_rcr.,  huw  many  scloc- 
tiiMls  ul' iV'lit    call  lie  lliailc.  t.iMli.'at  least   i  .nc  of  cacli  kjud  ? 

21.  I'liMJ  tiir  iiiiiiiiMi' ..r  .iiifcivnt  ways  of  ili\  idiir^  ///«  tliinus  iiiId 
//  cnual  L;l>ai[i-. 

22.  1Iii\v  main  si'.'iiaK  cm  1k>  mailc  l.y  linisf iii','  1  llai's  df  <iilTcrciit 
coliiuiw  (.lie  al.M\r  tlic  ctlicr,  wlii-n  aii\  iiiuiiKi'r  I'f  thciii  niay  lie  lini-^lcil 
at  uncc  '      I  |(iw  many  with  ."•  i!  i  j-  .' 

23.  I'iinl  <'lic  liuniiicr  nf  pcniiiilatli.lis  uhich  can  he  I'liMiici!  Milt  iif 
the    Ictler,,  cf  the    Wiijil  .-■•  /■'■.-■  t.iken   three  ti.-eth(  1'^ 

24.  'i'liere  are  ^;  I"  lint  -  in  .1  Jii.ine.  Im  thnc  nf  uliidi  are  in  t  he>ame 
st  raijlit  hlie  '.',1th  1  he  e\ci'|i!  i.iit  nf  y,  which  are  .ill  in  t  he  same  st  rai  jhl 
line:  liiiil  t  he  niiiiihi  r  I  i  il'  >tia  ijht  line-,  l'  nt' triaic^'les  which  i-e-nlt 
I'l  1  'III  iiiiniii  ,'  t  hciii. 

25.  'I'lieli'  ale  yi  |i..iiit-  in  -pici  .  In  i  finir  it'  which  ale  in  the  saliie 
pl.me  ',\itli  the  e\ceptiiiii  I'l'i/,  which  ale  ,ill  in  tlicsame  |i',ine;  hn>i 
liiiw    liialiN    planes  t  here  ale  each  cuntainin/  tlilc f  t  he  pesnl  -.. 

26.  'rhe!-e  :ire  c  clilVel'enf  Imek-,  aiiij  ji  cupies  .if  lacli  ;  IuhI  t  he 
nniiil"  r  ■'!'  \'.a\s  in  which  a  seli'ctii'H  can  he  niaiie  trelii  thein. 

27.  I'ili'l  the  iiuiJih.r  iif  >elictiiin-  alhl  iifai-laliL'emeiit.s  that  call  hp 
maile  l'\    t  ikin_'    1  Ict'i'ls  tVnlil   th'-  Wiinl  cy/'.  .<.</••;'. 

28.  Il'iw  many  pi  rmutat  imi-  ef  1  hatei-s  can  he  made  uiit  nf  the 
letter-  el' the  wel'd  I  X'iii,niilti"ii  ' 

29.  l-'in.l  the  .siim  lit'  all  mimhers  'jn  atcr  tli;in  1("»0<H)  fermcil  hy 
iisin'j  the  ili'jits  1,  :!,  .'),  7.  ;».  nu  (h:;it  liein_'  repiMteii  ii;  any  mitiiher. 

'30.  l-'iti'l  the  slim  ef  all  nnmhers  greater  than  loiKH)  f.ir-.iied  hy 
ii--i;i  :  ;hc  licit--  1 1.  J,   \.  1 1.  ^.  ic    ilijit  hcin;j  repea*-  d  in  any  mimhcr. 

31.  ir  ef  /'  7  ■  /•  t'liii'js  j'  he  alike,  .'ind  '/  lie  alike,  and  tin;  rest 
clilVcIeiit,  shew    that   the     nt.il  liiiniher  nt'  celilhill.lt  ii  ilis  i> 

/I       1       ./       !      L"        1. 

32.  shew  that    the    milillier   i  if  peril  int.it  i.  nis    which    can    he  fiirilied 

tVuni  -11  letters  which  , ire  either  .I's  ,,v  //>  is  ..'re.itist  when  the  niimher 

i.f   '/>  Is  eiplal  til  the  mimhef  i  it' /.'s. 

33.  If  the  /'  t-  I    niimhels  (^  ,'.,..  ,/ he  all  diirerent,,'inil  e.icli  <if 

them  a  prini"  ii'iinher.  pr.  ae  th.it  the  mimUr  I'f  dilierent  f.icters  of  tlio 

t>\li|'e.--sii.!i  I/*   hill i-  , //,        1     -Z"-       1. 


(JMAlTKll    Ml. 


Matukmath  Ai.  Jmm  I  iitiN, 


1  TiS.       Manv    iiii]i"iilaiit    in,iili<'iii.iti<;il    tc>niiul;i' .iif  imi  cisily 
il. •iiiunstr.it. .1   l.y  .i  ilirct    iikmI.'  nf  yu<'>i  :   in   muIi   .m^  ;   w<'   t'lv 
(lumtlv  tiiicl  it  .■uiiM'iiiriit  to  ciMiili'V  ;i  iin'tlnMl  ct'   yvin't  kn 
mathematic"^  iuduction,  wiiirli  wi- >li,ill  in.w  illustr.itr. 


niiu  n  ;i-. 


/   nn„pl.-  1.      Suiipo-,-   It    i^    ir.iuiivl   t"    I'l'.-r   tli.il    ill"  Mini  of  ih.    cui..- 

I  "  I  '/  ■  1  i  I  - 
i,f  the  lit-t  /Mi:itni;il  nmiilM  IS  i,~  ('iiii:il  I"    i        .,        ,    ■ 


We  .■all  iM<ilv  ~.r  l,v  trial  that  tlir  >tat(in.'iil  i^  tn,.-  in   MMiplr  ca^.-.  .-iu.ii 

!i.  ulin;  „      1,  in  -J,  .n'it ;  hilI  tVmii  tlii^   \w  lui-lil   1..    i.  .1  to  ,•.,„,,    /in.'  tli.il 

llir  toiMiula  wa^.  111!.'  ill  iill  easts.     A.^>muc•  ih  it  it  i,.  tine  uii.u  n  t.-riii-i  ur.; 

taken  ;  that  is.  siippoxi 

1  ■  I '/  .  1 1/  ' 
1  1  .-'2'  -:i'  •  to  II  ii  im- 


Aikl  til.'  ((/  -  1|"'  tmii,  that  I..  [H 
V  T  2'  t  ;i'  ■   to  /,      1  tniii 


/        2        ^ 

to  r.icll  !-i'ii'  ;    thi  11 


\  II  ill   ■    1  1 1- 


{II       1  I  '• 


I 

/ 

■  ill  ■ 

li 

1           '2 

-"'■. 

which  is  ,.f-  til.-  swm,'  /...».  a^  tne  n -alt  w  a>-.u.,..l  to  b,,.  tir  ■  ha  „  teiiij  . 
,1  ^  1  takinu'  tlie  place  of  n  ;  in  oth.  .  wo,,l.,  if  the  le.nltl.s  true  uh..ii  \yo  tuk.' 
a  certain  nuiiiUr  of  terms,  \vi,at.'\er  tnai  ii  .ii.o.r  ma..'  i,.-,  it  iS  ti;...  v.:;,  n  -.m: 
increase  that  nunih.r  hy  on.:  hut  we  se.  that  it  is  true  Nsh.^n  .J  t-riiis  are 
taken;  th,  u  fore  it  is  Inu-  when  4  terms  are  taken;  it  i-  tii.r.fore  true  when 
.5  terms  are  lak,n  ;  and  so  on.     Thu,  the  i.  sult  i.  true  uiiivcrsuUy. 


i:u 


IIHillKK    Al.iiKlJKA. 


I' 


4 


h  ,: 


.-¥    iv 


hi-i)' 


i 


Ih 


life 


irawjih    -J.       r.)  (Iit.riiiiiic  tin:  |)i')(liiit  c.f  ii  hiiioiiiiiil  fiiilors  <if  tlio  form 
J-  t  ■(. 

My  !i('tii;il  iiiiiUi|ilicntioM  uc  Ijiim' 

(,;■  i  ,/|  (  I-  ■  //)  (.r  t  i)-.i-'  •  (n  :  li  ;  i)  r"  •  (.('<  t  '"•  t  ••")'■  t  "'«•; 

(.(■  I  (()  {.I-  ■  //)  (,'    •  (■)  (.1    ■  r/)^-.l  '  I   (,/  ,',-.■■  J)  .1  ' 

:  (,(?,  .  ,/.■  t  .(./  •  '"■  (  /-./  •  •  '/)  .1- 
{  (-(//.■  !  ttliil  ^^iiitt  I  hi-il}  .1-  •  atiiil. 
Ill  llic-L'  icsult>  \M'  (ili.-ciNc  tli:it  till-  fdllowilii^'  lii«rt  lioKl; 

1.  Till'  miiiilMr  i)f  tiiiiis  (111  till.'  rii^lit  is  uiiu  more  tluin  tin;  miinWr  of 
liiiiiii.iiiil  factors  on  tlio  lift. 

i.  Thr  imlix  of  .r  in  th.'  lir^t  ti  nil  is  the  s;iiiu'  us  tlic  iiuiiilit  r  of 
liiiioiiiiiil  failors;  iiml  in  tiiuli  of  llir  ollur  triiiis  the  inilix  is  one  kssi  than 
tliiit  of  tin.'  jirtuiHlinf,'  t«  rni. 

.i.  Tile  rocHicitint  of  tlii'  tii>.t  ti  rni  is  unity  ;  tliu  cocniiifnt  of  tin-  wcond 
tciiii  is  tin:  sum  of  the  Ktlcis  k,  /-,  r,  .  ;  the  id.  IIU  ii  nt  of  tin,'  tliinl 
liiiii  is  till'  -iini  of  tin  piodint-  of  tlir^-i'  litl-is  talon  tuo  iit  li  linii'; 
till'  rotllirnnl  of  llir  loiiitli  ti  1  in  i^  tin-  -mil  of  tin  ir  inoilucts  \:\Vvn  tliirc  at 
u  tinu'i  ami  so  on;  the  la-t  ti  rm  is  lliu  iiioihn  I  of  all  thr  Utti'is. 

A^Minii-  that  till  -I   laws  hold  in  thr  ca-r  of  n      1  faiMois;   that  i-,  sili'iio-i,' 

(r  !  wl  \.r  ■   h)       (.1    1   /,)       ,"    '   .  /,,.;■"    -  \  ]'..i"     '  ■  f  ,.|-»    *  {-  . . .    ■  /■„    ,, 

wllilf  y/,  -^  >l   t  ''  I  >■  I    .     '/  ; 

jr.    -,ih  ■  ,„■  :   ...   .  „/,  !  /„•  •  /„/  )    ; 


/'«    I    -"'"■■/'. 
Miilti|'l\  hoth  siflr>  hy  aiiotlur  factor  .c  )  A;   lliii> 
(,r  •  .n  (.(•-.  '.)  .  .  (.1-  ,  h)[.r  I,  I.) 
i"-(p,  i-l.}.,"    I  •  il',-tl',l.).i"   -M/'.i*^'^'')''"   ''      •  ♦  /■„    1^- 

Now  ;i,  •  /._((( +/)!.■  •  ...ih)  ■  k 

—  sum  of  all  tlio  )(  li'tti'is  .(.  h,  i\   ..k; 

l>.  •  /',A-;i_.  •-  kid  '  !•+-..  •  h) 

-sum  of  the  luodiiuts  taki  n  t\^o  at  a  tinu  of  all  tliu 

;i  letters  (I,  h,  (',  ...  k; 

I      ...  I.  ,    I   ...  .         ,    .  I.  .  I  .  ,       \ 
/^.  ■'  ry-      i':t  ■  '■■v'''  •■  ''■■  ■     ■•  rtiftr  •"    -    .   ; 

sum  of  the  iirodui'ts  taken  time  nt  a  time  of  all 
till   11  letters  a,  h,  c,  ...  k  ; 


J'li    i''      Jiruiluct  of  all  the  /'  letters  (I,    //,    r,      .  k. 


MAIIIKMAIH  Al.    I  MUi 'I  l<  iN. 


IS5 


If  thcrrl'oic  till'  laws  ImM  win  ii  n  I  fiUtnis  un'  iimltipli<  .1  Iok'.  thrr, 
thfv  Ltilil  ill  the  I'liM'  I'f  n  lactm,.  I'.ut  ur  li.ivo  sm  ii  that  tin  y  li.iLl  in  tlio 
,asi'  i.f  1  faotms;  then  I'lTo  tht  y  ImM  f..r  .">  faitoi-:  tlin.  fi.ro  »!-<)  I'T  •'> 
fiictciis;  aiul  Ml  on;  tlui:i  tlicy  imH  iiiiivfr-ally.     Tluri-forc 

[.,■  I  „).r  ■.h)o       r)     .    ir  ■  h      y    :   >,■■'    '  .    S..."    ■"  r  N^.r"     '  •  .^,. 

«luTc  N,      till'  >Ulil  .if  all  till'  "  li  tlrl~  .'.  /..  .■         /  ; 

s.   -thr  Mini  i.f  till'  |.r..,lui  l-,  tak.  n  Iw.i  ;il  a  lim.'  >•(  tli.  -<    n  \<  lUr-^. 


ihc  plO'lurl  I.f  all     iir  ./  li  tt.MS. 


i.')',).      '^ill•l.^.•nl■^    ivlaiin-    tn   ili\  i-iMlii  \     may    i.ttni    1»'    f>t;i- 
lilivlii'd  \t\  iiuUu-tiiiii. 

I:.ramplr.     Sluw  that  .-"      1    .s  ,li\i-il,l.;   l.y  .r      I    f..i- ail  ii..>itiM:  ml.-ial 
valuf-.  of  II. 

..•■I  ,     .'■'    '      1 


I'lV  ili\  i-ii.n 


I 


,f  ll„, ,11. !.■..■  '  1  i-.ini-il.!.  l.>  ..  l.il.in.,'  I  H  iil>o.liM-il.l..  l.>  I  I. 
|;ul  ,-  -  I  i-  .liMMl.l.'  I.v  .'■  1  ;  tli.'ivfoi.'  .,■■■  I  I-  .l.visil.l.'  I.y  .,■-  >■""••- 
I,  „...,<  1  isdiM.-il.l.'liy.-  l.aii.lsoun;  l,.n..  tl..  |.i..|)o-itioii  i-  .  Mal.li-li.  il. 
Otli.r  rxanil.lis  ,.f  lln-  -am.'  kiml  uill  L-'  louii.l  in  lln'  ihai.d  r  on  tin' 
/  //.  ■'Ill  'It'  S II  mil'  /■■'. 

inn.       Kn.ni    ih-'   Imo-Min-  .•nmmii.Io^   ii    nnIH   !"•  "  i''"    'I"' 

,,nlv     tl ^.•lll^     ti.    uhirll      illilll.tioll      '-.'li      1)1'     .ii.plioil      aro     iIiom' 

ulliiil    a.llnit     I'f    Mlrrr.MM'    .mm-,    o,  mto-,!..  MMlili-    to     ti 'U'f   "t 

till'  natural   miniliiTs    1,    _,    .">, '<• 


EXAMPLES.    XII. 


l'r,.\c  I.y    1  li.liirl  l"li  : 

1.  It:}    .'.4- t   -J/'     I 

2.  r-+-:i-  +  :i-  .  .. 


j-  /.-  ;/     ('    t    I       -"    :     I 

r, 


3.      :;  +  -2-  +  :!  ■  f f  "J"     - 


CVIMI. 


2.:i^^.W' 


|..    ((    tl'MlH 


I  4-1 


1.,.  i.,,i.,,.t;,.i,  tl.p.t  .,"-,/"  in  ilivi.-il.io  I.y  .'■  •  y  wh' ii  n  ii 


^^">' 


,     t 


f,.  : 


CHAITKII    XIII. 

1'>IN"<)MIAI.    'I'UKOllKM.        Posri'IVK    IXTKciKAI,    InDKX. 

101.      It  iii.iy  !»•  slic\.  .1  \>y  .■utii.il  niuit  ijilicatinu  tli.it. 

{.-•  I    II)  (.1-   '<  I')  (./•  +  .■)  (.r  f-  il) 

.r'  ■•  {'I  ,  l>  ■  r  .  ,/).,•■'  ,  (,(/,  )  ,/,•  ,  „,/  ,  /„•  ,  /,,/  ,  ,•,/).,- 
t   (tihr   1   11/11/  i   in;/  ■   /«■</)  .(•   i   ,i/i,;/ (  |  ). 

We  may.  however,  write  tldwu  this  irsiill  l>v  ii]:^|icit  inn  ;  fni-tlii' 
i'iiiii|ilitc  |iiii(luct  I'liiiNists  (if  tlic  .sum  of  .'i  immlxT  nf  [i.iil  i.il  ino 
(Iiiits  carli  nf  wiiirli  is  fipriiicd  liy  mult  ijiiviiiLT  tou't'tlicr  t'diir 
letters,  ()/*'■  lieii)^  taken  fr-i>m  mr/i  of  tlie  four  f.ietnrs.  If  we 
e.\aiiiiiie  tlie  way  in  wliieh  the  variou.s  }iaitial  prucluct.s  are 
ffirmeil,  w  e  see  t  h.at 

(1)  the  term  .I,'"  is  fnrmeil  hy  takiut,'  the  letter  ./;  out  of  ntrh 
of   the  factors. 

(!')  the  terms  iiivol villi,'  '■'  are  formed  l>y  taking'  the  letter./' 
out  of  mil/  thru'  factors,  in  e\ciy  way  jKissihle,  and  lOU'  of  the 
U'tters  (/,  /),  c,  (/  out  of  the  remainini;  factor. 

(.'!)  the  terms  invohini;  ..•-  are  foi'iiied  l>y  takin;,'  the  letter  x 
out  of  (iiiji  tiri,  factors,  in  e\fry  way  }>ossihle,  and  /iro  of  the 
letters  II.  II.  <•,  ./out  of  the  rem.iinini(  factors. 

(1)  the  terms  invoh  in^,' .;•  are  formiHl  by  t.ikinj,'  the  lett<'r  x 
out  of  itiii/,,,1,'  factor,  .md  tlmr  of  the  letters  (/,  A,  c,  ,/  out  of 
the  remainiui,'  f.ictors. 

(.'>)  the  term  independent  of  .c  is  the  jiroduct  of  all  thi'  letters 
»(,  A,  (•,  (/. 


'!     '1     '   I 


l..niiHjiir     1.  (J-       ■2}[.r  r-^)  [X  -  t))(.r  +  '.l) 

-^  .'■'  '■  {'    -J  •  .-!      .-.  1  11)  .;•■■'  +  (      C.  ^  10  -  1 S  -  1 .-.  -4  27  -  •»•")  J-" 

-  (.fO  -  .■>!  .  liu     l:).".).r  +  270 
-  .r-* -t- ."..r '      I7.r--  C.'.i.c  +  •_'70. 


BINOMIAL   THKoKKM.       I'dSITIVK    INTK(J|{AI,    IM>K\        IM7 


hiampU  "2.     Find  tin;  cocftjcifiit  i)f  j-''  in  tlic  product 

Tim  tr'rn.,s  illvol\iIl^?  J"''  iirt,'  formed  l»y  iiuiltiiil>iiiK'  toi.'ctlnr  tlir  r  iii  <iiuj 
thill'  of  the  fiiPtiirH,  hihI  tiio  of  tlif  iiiinirriiul  iiiuiiitilus  oiil  of  llir  two  iv- 
niiiiniiit;  fiictors;  liciuo  tliO  coi  llioic  nt  in  r.iniil  to  tlio  hUiu  of  tin;  iiiodiictd 
of  the  tiuuiititits  -  ;i,  Ti,       1.  "J,    -  M  tiiktii  two  ill  a  tiuic 

Thus  tL    iKiuirt'd  codlicii'tit 

_  - 1:. +  :5  -  04 -M    •"■' t  10    lu    2ts     ir, 

-_  ~ :{'.!. 

!<)■_'.  It  in  (((U.-itiiiii  (1 )  (pf  tin-  iii-»'<.fiiin;,'  .iiticlc  wc  sujii'o.sc 
6    (•    </    f<,  we  ohtaiii 

{./•  +  <i)'  -  J-*  ♦-  tdx'  +  ti'Tx'  !  \it'x  •  u*. 

Tlu'  iiH'thod  h(MV  exciiipliricd  of  dciliK  iiii,'  .i  ji.irtitiil.ir  imsc 
frniii  ;i  more  jiciii-ral  result  is  one  of  frenueiit  oc(  uireiu-e  in 
M:itlieni;ities  ;  for  it  often  liajipens  tiiat  it  is  more  <M.>y  to  prdve 
a  i,'eneral  jnoposit ion  than  it  is  to  |iro\e  a  [lartieniar  case  nf  it. 

W'e  shall  in  ♦he  next  artiele  emjiloy  the  same  nielliMil  t(i]il<iw 
a  formula  known  as  the  Binomial  Theorem,  liy  \\  liieh  any  I'inomial 
of  the  form  ,'•  :  ii  ean  1m'  raised  to  any  as.sii^Mied  jiositiNe  intei,'ral 
jiiiwer. 

](».">.  'I'll  jiiiil  till  ■  .rjiidisinn  <y'(\  '  ai"  n-/,.  ,i  n  i--  it  jm.-^iti re 
ititi  i/ir. 

Consider  the  exjires.sinii 

(./;  +  It)  (x  +  h)  (.r  f  .')  [x  i  /■;, 

the  nuinlx-r  of  factors  iH'ing  ii. 

Tlu!  f.\j)ausion  of  this  exjiression  is  the  eont inm-d  ]irodii<:t  of 

tlie  ti  factors,  ./•  +  (I,  X  +  b,  x  ^  r,  '■  +  /.-,  an<l  e\ery  term  in  the 

ex|iansion  is  of  n  dimensions,   Ix'iie,'  a  jiroduct  furmed  l^y  midti 
plying  together  n  letteis,  une  taken  from  each  of  tiiese  u  factors. 

The  highest  jxiwer  of  ,;;  is  r",  and  is  formed  l.y  taking  the 
letter  X  from  nirfi  of  the  //  factors. 

The  terms  involving  .<,-""'  are  fcirmed  l.y  taking  the  letter  x 
from  ittt)/  11  -  1  of  the  factors,  and  <iiie  of  the  letters  <i.  h,  r,  ...  k 
from  tilt;  remaining  factoi' ;  thus  the  coetlicient  of  j;""'  in  the 
iinal  product  is  the  sum  of  tin-  letters  (t,  l>,  c, k;  denote  it 

The  terms  involving  .('  '  are  formed  l.y  takin;;  tiie  letter  x 
from  iiiii/  ii-'l  of  tiie  faitors.  and  twa  (.1  the  letters  <i,  h,  r,  ...k 
from  the  two  remaiidng  fa<tors  ;  thus  the  coefVicieiit  of  x"''  in 
the  Iinal  jirodtict  is  the  sinn  of  tiie  products  of  the  letters 
a,  b,  c,  ...  k  taken  two  at  a  time;   denote  it  l.y  >'^. 


i:{s 


iiKMiKic  Ai.<;ir>i:A. 


it, 


'1. 


U 


And,  ;,'fii<T.illy,  tlir  tfiiiis  iiivolviii;j  ./■*  '  nif  furiiifd  hv  t.ikiny 
till'  Ifttrr  ,r  fiuiii  am/  71  -  r  ui  tin?  fjn'tnrs,  and  r  of  tlio  Icttrrs 
<i,  h,  r,  ...  k  fi'iihi  tilt'  /•  ifniainiiii;  factcus  ;  tlius  tin-  iiK'dicicnt.  of 
./•"  '  in  flic  lin.il  |iriM|iiri  is  the  sum  of  llir  |iiodii(ts  ,,f  tlio  IctttTs 
II,  I',  i\  ...  /,•  taken  (•  at  a  time;   dfni.li'  it  l.y  >'  . 

'I'lic  last   ti'iiii  ill   till'  [.lodiirl    is  irJir  ...  /  ;    dciiulf  it    liv  .V 

ll<'lii-<'  (.(•  ^  (/)(,)•»/.)(.■.,  )  (.<■•/.) 

.'■'  t  S  .1      '  (  S  .,'   ■■  1   ...   .  ,S'..'"    '■.,.(>'      .,■  .  .s' 

III  >'^  the  nil  mill  r  <i/  li  rmx  is  ii  ;  in  N  //;-•  iiiniilur  nl' !■  mis  is 
till-  saiiii'  as  tlic  nmiitiri-  of  iDiiihin/it  ions  of  n  tliin_'s  '_'  at  a  time; 
tiiat  i.,,  "('^  ;   ill  .S'^  the  iiuiiilv  r  nj' firing  is  "('   ;  and  so  on. 

Now  su)l|vo.■^(•  /),  c,  ...  /•,  fa<li  ciiual  to  n  ;  tli<ii  ,S'  l<rc'oiiifS 
"(\ii;  iS^  lii'coiiifs  "('ji':  .S\  l.rconifs  "(     t^:  and  so  on;   tliiis 

(.»■  )  (,)"      .'•'  i"(\ii.r"    '        "<',,-'.,"  r  ,,\i"    '  ■      ..    '  "C  il"  ; 

siili'^t  it  111  in:;  for  '  (  '      "I '  ,  .       w  .■  oliiain 


■  (/(  -    I  ) 


n^  II       I  )(  "      -) 
•I  .  (/  .!■' 


\\\f  siTii>  loiiiainiii'j;  ;/   '    I    teims. 

I  iiis  iv  t  lir  l!  nil  I  III  ml  Tin  hi  <  in.  and  1 1 \|iii>^ion  on  t  lie  ri'dit 

i>  said  lo  lir  the  expansion  of  (.,■     ,/)'. 

I'll.       I  ln'    Uinoniial  'I'lii'oicni    mav  ai^n  In'  |iii>\<d  as  folj.ius: 
I'.y    induction     uc    can    lind    tlic    ]irodiicl    of     tin-     n    factors 
.'■     ",   .'■  •  /',   ■'•  •  <•,  •  •  .'■  •  k  as  c.\]ilainc<l   in    Ait.    l"iS.    V.\.   "J:    \vc 
i;in    tlicn  dcijiicc  tlic  cN|i;ui.sioii  of  (.<■  +  <()'  ;is  in    Ait.    jli.'l. 

Il>'>.       The   ciicllicicnts    in   tlic   cxjiansion    of   (.'■  ;  n)     arc    \cry 
coiivcnicntiv    expressed    li\-     tin-    s\iiiImi1s    "('  .    "('.    "i'  "(' 

W  c  shall,  lio\\c\cr,  son  let  iiiics  fiirt  licr  aliliri\  iate  tliciii  I'V  oiiiittiiiL' 

...  *'  o 

;/,  and  \Mitini,'  <  ^,  (  .,  r  ,   ...  r^.      Witli  tliis  notation  wc  liavi; 

i.c+ii)"    .1-' -^  (\ii.ii'     -  (' .irx'  -'-^r (»'.!,•"  ' ■\-  ...  +('ir. 

If  w c  w  rite      ((  in  tlic  |il,i(c  nf  if,  w c  olitain 
(X   -a}"     x"  ^<\(-n}x"    '  iCJ-iiy.!:'  ■-Cj-ity'x"    '+...  ^  ('_(-„)- 

lliUH    ;!:"    t'-!'!::-;    Hi    t!h-    CX J":;ilisi; Jl;    tif    (..-       ,-,•;"    ;ind    (x       a)"   urc 

tiiiiii'ririilli/  tlic  same.  I.iit  in  (.<•  n)"  tliey  arc  alternately  positive 
and  ncLjative,  and  the  last  tcim  is  jM.siii\e  or  negative  according 
as  n  is  e\  en  oi'  ndil. 


IMNOMIAI.   TIIKOKKM.       I'oSITIVK    INTK»ilt.\!.    IM»KX         1*V.> 


EmmnU  1.     Find  tin-  ixi)»ii»*i"ii  <>f  (j-  t  yi". 
By  )"■•  lormula, 

uii  c;ikuliitinK  tlu;  viihus  of  ■'<',,"(•„,"(■  I . 

Exiviipli- 'i-     Kind  tlif  fxiaii  .1)11  (if  ('<     -'.r)". 

Now  mnfnilM.rinK'  tlml  "( V  -"'V  r-  "'»»'■  ful^-uliitiiik'  tli.'  cm.nicu'nt.*  u).  t.. 
"(•.,th.;  ruMt  may  be  written  down  ut  oncv;  fur  '(\    'Cy,    i\     ■':;  Hml  so  on. 


1  ItiUCC 


a'  -  Tutrix)  t  •21.4'eix)- -:<•'..!*  Ciri^^  :»->,i' (2x)« 

•il.i=|2r)M  7.ir-'.i)"     fi-r)' 

(■.7'.''(-j     •    ll-*.!!'-      I  !!'<.('. 
r.rniiijiU'  It.      I'iiid  till'  \iilin'  of 

(,i  (  ^  .(■-■     ir  i  ("     s'"-'-  Ir- 

\Vc  hiivf  li<r.^  tlio  i-uin  of  two  .aihuimomm  wlio^r  tniii-,  ai.i  iiumii  i.iillv 
ll..'  sum. ••  but  ill  111.'  s.Toii.l  .xian^ioii  llu:  .s.roii.1,  fouitli,  hiMli,  und  .•i-htli 
trims  iirf  luriitiv.',  and  tlui.  fore  lU-.ilioy  tlic  ion.>i.ondinK  I'  rm.s  ul  llio  lir.-.t 
ixpiiii.-iiim.     llcncc  tilt'  viiluo 

-  -i-nrila"     112<i*  !  5C.a»     7). 

]»•,(;.      Ill  tliroxiiiUisioiiof  (.-•  ill)",  til. Hi.ioiil  nf  tlio  MT..M.1 

t.Tiu  is'C,  ;  of  til.-  tliinl  t.-rm  is  "<', ;  "f  tli.-  f..mtli  trim  is'f',; 
:iml  «.)  on;  tlif  suHix  in  .-Ji.li  t.-nn  L.-iiiK  on.'  l.'s.s  tli;in  tli.- 
iiumiImt  ..f  tii.^  term  to  whi.li  it  iipi.li.'s  ;  li.-n.-.'  "' '.  is  tlu-  o. 
.•irR-ii-nt  of  tlic  (»•  .  1)"'  t.TMi.  This  is  ."ill.'.!  tl.f  general  tenn, 
U'tJUist!  hy  f,'ivin^'  to  r  (lillfifnt  iiumcririil  values  iiny  of  tin- 
f.K"Hici"nts  niav  U-  found  from  "(',;  au.l  l.y  giving  to  x  aMtl  a 
tli.'ii-  ;i}.{.roj.ri;it.-  imiites  any  assi^'n.-.I  t.-iiii  may  1«3  ..lit.-iiu.-.l. 
Thus  the  (r-^  1)"'  tt-rm  may  1m'  written 

.,,    ,-,  .  n{n-\){n--l)  ...(n-r+l) 

(    X     a ,   or  J-     a  . 

Tn  aiijilyini,'  this  formula  to  any  purtitular  i;is.-,  it  should  l..- 
(d.s.'rvcd  that  t/i'-  in<l>:r  ,>/  ti.  is  ih,  s,ii,f'  os  t/i--  .fiijic  <>/{',  and 
that  the  aunt  <>/ th'-  inilirt-t  "/  \  ami  a  i.-i  n. 


H 
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Enimi'li-  1.      I  iiid  till'  lilth  li  nil  nf  (.1  1  ■-'.r')' 

Tht!  miiiirrd  tiTin  '■'■,(("  iL'/^* 

1 7  .  1  •'. .  I  'p .  1  I 

1  .  J  .  ;J  .  1 
:wflH(i./i'.j'-. 


lt;„'Jj-i- 


/  r.ii"/'/<  •^.      I-  mil  tlii^  toiirti-ciilli  ti  rill  c.f  (:<     ./|' 

'I'll.'  ii(Hiiiv.|  t.riii  '■■'Vi  (•*)■*     "'" 

'■<•,  .  (     IM")  [Alt.  II.-.. I 

'.t»:>a". 

1 1)7.      'J'Ik'  siiiuili'st    furiii  (if  tlic  liiiHuiiiul  tlirnrciii    is  tlui  ex 
paiisiiiii   (if  ( 1   i  .rf.      Tliis  is  (ilitaiiicil   finia  flic  i,'fiiiral  furmiila 
<if  Art.   I'i'i,  liv  wiitini,'   1   in    tin-   [ilacf   nf  x,   ami  ./•   in   tlic  jiljicf 
(if  (I.      Tliiis 

(  I    f  .rf       I    I  •'(',,-■  •     < '.•■■'  ■              "r.r               .   'I'/' 

1   .  „..•  I     .^,  .    (       ...      . 
t  lie  ni'iiiral  tit  III  liciii',' 

/((/'-  1  )' "  - )  (  "       '■  '    '  ' 

I': 

'I'lif  <'.\|iaii.si(iii   (if  a  liiiiiiiiiial    ni.iy  always  Itr  iiiailc  to  ilcjiciid 
ujMiii  the  ca.sc  ill  wliicli  the  lii>t  tci  111  is  unit)  ;   tlius 

<-•■"■  ;■■(■■:)}" 

,/■"(  1   f  ci",    %vli(  IV   ;    -'   . 

KjiiiHiilc  I.     I'iiiil  thij  ciM.lUciiiit  lit'  .1  '■'■  111  till  txjKUisiim  uf  ( '-     "-'m'". 
WVliuvu    (./•--•_'.il'-  .r-"(  1      "J    ; 

iumI.  siiicL'  .T-"  iiuiltiplit  s  (Very  t(  1111  in  tlic  cxpansiDii  of  (  1      "  j    ,  wu  liuvt;  in 

1 

this  Lxpiiiisiuii  to  .-ictk  till'  eocfliciiiit  of  tho  t<  rm  ulilih  n. lit. .111..  ^  j. 

llciico  tliL'  rtt|uiifd  cot»IVR'ii'nt  —  '"'  \(  -  2)* 

lO.'.t.s.T     ... 
1  .-'..i.  I 

:i:!t;(). 

Ill  .sdliic  la.sfs  tin;  fdlliiw  ilii;  iiiotlind  l-^  slliijilfl'. 


nixoMr.\r,  tmkoukm.     i-ositivk  iNTK(;itAr.  im>k\      I4J 

/        1    " 

t.xaiiifiU  '1.     I'liid  tli<"  i<«  iVuii  lit  nf  r""  in  tin'  <\|iim."iiin  uf  I  i  -  ■        \  . 
Kiippoxo  tlijit  j""  (iccjir-*  ill  till'  (/'     1)''  Icfiii. 

Til.'  (/.  t  I)''-  U  nil  "'■(.  (<-■;"  '■  (     ,) 

I'tit  ihi-t  t<riii  ciiiitiiiin  ^''.  mill  tliiiifnii- 'J/,      ".y-     ,.  i<\- ]•     '  . 
Thix  till' r«i|iiir(  il  f'(Ml1iri(iit     "',.     T.,,   ^ 


.  C^"    ')  I.  ci" 


•J»i      r 


I'lilc--^"   .         1  .  11  ])i>:.itivi'  ml'    1  r  tliiii' u  ill    h.'  im  tirin   !■■  ii!.i;niiif  .i '' in 
till'  i\puii>lon. 


ins.  Ill  Art.  I<i.">  \M'  ilrilllct'il  tin-  ('\|i;ilisiii|i  ct  i  .<•  •  <')'  tlidii 
till-  lir'ndlli't  iif  11  f;irti>is  (  /•  •  (f)  (•'"  '  '')•  (■''  '  ^1.  •'H'l  ''i''  lii''lli>>'l 
I'f  lil'ixif    tlllTi-   l,'i\<'ll    i>    \  .llu.il'li'   ill   <(i|l>r(|lli'liii'  "if    iIh'    wjiji'  LJi'lIt' 

i.'ilitv  of  till'  ri'siilts  (il.t.iiiifil.      I'.iit   till'  t'nll"\\  iiiir    ||..i  i.  r  jn-... .f  nf 

tin'    I  •ilUMIli.'ll    'rili'i'li'lll    --lliillld    !.»'    Ilnliri'll. 

It  \Ni|l  ill'  sii'li  ill  t  'li.l|i.  \S.  th.lt  a  siliiil.il  imlliixl  i^  ll^i'il 
111  iil)t;iili   till'  u'lliilJil    li'Ilii  nf  till'  (■\]..iii^iMii  i.t 

(//,/<:-'•      I". 


Iti'.l.       To  i>ri>i''  till'  I'l'tiKiinhd  'J'liinriiu. 

Tlic  t'Xli.-ilisiiili  i>f  {■•■*<>)"  is  till'  jpfodiirt  "if  /(  f;i(tnl>,  fiU'h 
t'liuiil  to  .1- ^  ti,  .iiiil  cM'iv  tfiiii  ill  till-  I'Xjiaiisioii  is  nf  u  iliimii 
sinus,  Ix'iiii,'  ;i  jirnilui't  fmincd  liy  iiiiilt  i|ilviii;:  tn;.'i'tlirr  ;/  li'ttcrs, 
<)ti»  tiikfii  fi-oiii  cull  nf  thf  n  f.-utni's.  'Jims  ciili  t.'iiu  iiisnhini,' 
x"  'ii'  is  obtjiiiu'd  1)V  taking'  ((  nut  nf  ,iin/  r  nf  the  fartm.s,  and  .r 
out  nf  the  rciiiainiuL,'  "  -  r  f.Ktms  'Jln'icfmr  tlif  imiiilHr  nf 
tclliis  wiiiili  ilivolvi'  ./;'  'd'  must  Kr  cii'ial  to  tin-  liiiiiilxT  nf  uays 
ill  \vliiili  /■  tilings  rail  !»'  silrrtid  mit  nf  jt  ;  tiiat  i--.  t  In- rni'lli.ii'iit, 
nf  ./■"'(('   is  "' ■  ,  and   l>y  j.'iviii^'  tn   /'  tin'  \alui'S  <>,    [,  i'.  ;1,  n  in 

suc'ccssinn   \vt'  nlitaiii   tlit-  ciK'tru  ifiits  <>i  all  tin-  ttTin^.       Il'iici' 

l.r  -¥  a )"'■'"  +"i\-^'    '"^^''/'''    '"'        ..  -I- "<■■_,./■""'(('  ?  ■  "', 

silK-t^  'fc„  ami     i\  ail'  carli  fijlial  tn  uiiitV. 


14: 


HKillKU    AI.fiKHUA. 


ii'-i* 


^•■ 


afi 


mil 


EXAMPLES.    XIII.  a. 

Kxii.iml  till'  fMllowiiii^  hiiHUiiials: 
1.     {.V    -.i}':  2.     ;:{.'• +  :iv,'. 

4.     'I     :i"-':  5.     -■(■--f-.'-''. 


r   (^   ri 


8-    V'-    :,) 


10 


:?  ^'■ 


.3. 

.) 

'  '.'' 

6. 

1 

-  .ly. 

9. 
2. 

Write  (li.\sii  .iiiil  Miiiiplil'v  : 

13.     -riir   1"' t.riii  nf  i./-     :./'.         14.     Tlie  It."'  t.nii  ..f  (1      L'..;l-. 

15.    Til.'  |-."M.Tni  ..f  •-''■     I'-.    16.     'I'lie  i;^"' t.TMM>f  :.<■  f«.'/  ". 

17.  'I'll.'  1"'  t.M-.n  ..r  ('.'^  •  '■>'■  )    . 

18.  'I'll.' :."'  I'Tii,  .,f  {■:.,     .J   . 
I.. 


19.     -III.- 7'"  I. -I  If, 


■'i.  : 


20.  'IIm-  :,"■  t.T f  (  'i      •",)    ■ 

„ -■    /,-• 

I-"iiiil  (lie  v.iliH'  of 

21.  ;r  +  ^':>"+  .,■     ^'J,'.  22.     (\'.i^  - -i- i  .>■'• -{^.i--  ->i- -  .v)\ 

23.     Is'--i  +  1  '      s':^  -  1 1'-  24.     {-2     \'\      '■ "  f  '•_'  4-  N'T-  .rf; 

25.  Fiiiil  till'  iiiiil.llr  tiriii  of  ("  +'    )     . 

26.  Kni.l  th."  iiii.l.ll.-  trim  of  (l     '||")     . 

27.  I'"iii'l  tti<'  ."<.iti,i,>iit  ..f  ri-  in  (.(-  t-       )     . 


28.      l-'in.l  th.'  (■i..-tri.'ii'iit  of  7-1^  ill  ../.,'-    /..r/-'. 


l\i-"' 


29.  Fiiul  flic  fixtl'uMiiits  '<{  .r-  jiiiil  ./     '■  in  ( .)'       ^^  | 

30.  Kiii.l  tlu'  tuo  iiiiiMIr  tj-rins  ..f  h?.^ 


liIN<».MIAI.    THKnltKM.       I'OSITIVK    lNTK(iHAI.    INDKX.       1 4S 

;{  I      ' 

31.  I'lii'l  tlic  frri'i  iiiilriH'n'l.nt  cf  .1:  in  (     ./■'      .,     )  . 

\  '2  •if  ' 

/  1       '" 

32.  I-'iii'l  til''  l.'V'  t.Tiii  of  (;i,-     .,    ,    )    . 

33.  If  ./ '■  iMiiir>  ill  tin' .■\[uiisMii  .if  (.'■  t      I    ,  liml  itH  i'..rilicii'iit.. 

34.  I*'illil  till'  tcflll    illil<'|irMilfIlt   iif  ./■  Ill   (  ,1-  .1      . 

I     J" 

35.  H     ,<■'■    ,Mrlir>     111    til"-  "-XIMll-l"!!    "!'('■    I  )        ,    |i|n\(.    (llJlt.    it--,    «■> 


c  lliriint  I- 


:i  '"    ''  r.i  -"  -I' 


17".       //'   ll"    I  ijiiiiisiiiii  ()/' {\    •    \  )"  t/ir  rc'liicii  III.-:  11/  ft  iiii.'i  I  I/Ill 
(I'lsliiiil  irmii  till-  ll'  i/i iiiiiiiij  iinil  I  ii'l  iiri    i'/ii<lf. 

'rill-   <c.firnifiit    of   ill.'    (/•  *    1)"'    t'liii    t'iniii    till'    Ix'^iTiniiii,'   i■^ 

"''.■ 

'I'll.'  (,■       I)"'    t.Mlii    'ri'iii    the   111'!    lias    n  ^    \      (/•■!).    '>r    /'       r 
ti'iiiis   liifinf    it;    till         'It'    iniiiiiiri!,'    fiiuii    tin'    l>i-i;iiiiiiiii,'   it    i-% 

til,,  ,„_;•,  I  ,'!'  tillil,  am!  its  incirH  irlit  is  7  '  .  uliirl;  lias  li.'.'ri 
.shewn  to  lit'  f(llial  to  '<\.  |.\lt.  I."i.|  llrlir.'  tin'  Jip  ijmsit  ii  Ul 
t'dllows, 

171.       To    liii'l     till'    i/i'(ifisf     inijjh-ii  III    in    t/if    t.rjuutnina   oj 

(il.X)". 

Tlip  coctllrifiit  (if  fin-  gcjicr.il  trnii  of  (1  +.>•)"  i.s  V\  ;  .-11111  we 
liavc  only  t<>  find  fur  wluit  valiic  (if  v  tlii.s  is  j,'r('att'.st. 

I'.y   Art.    !;")(,   when  n  i.s  (.-vcn,  tin;  L'n'.itcst  ((it'lliticiit  is  "('^  ; 

t 
.•uid    wlicii    a   is   (iild,    it    is  T     ^,    or   "''„.,;   tin's.'  two tliiicnts 

■i  'j 

iM'illt,'   «'.|U.ll. 

i7"_'.         Tn jiiiil  til'    iircolist  t-riil.  in   tin'  '.r/iiiiisii.ii   n/  <\    ,    a)" 

\V(>  h.-ivc  (j;  +  «)"  -x"  (l   ^      )   ; 


J-/ 


/        rt  \ ' 


thorcfoir,  sine.'  j-"  iimitijiiifs  cxciy   tctin  in   f  i  +  -j  ,    a   will   }je 
eutiit-icut  to  liml  tho  groutcst  trrm  in  tins  l.ittcr  cxjifiiisioii. 


f 


m 


i 


ll!' 
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I.i't  tlic  ) "'  ;iii(l  ( /•  1)'''  Ipf  ,i|jy  two  coiisi-cllt  i\  f  trrins. 
TIh'  ( /■  •  I  »"'  idiii  is  tilit.iitii'il  l,y  iniiltijiK  in;;  tlir  /'"'  trriii  Kv 
II  -  r  -  \      (I 


that    i.s,    l.v 


'--!-■ 


'I'll.'     farti.r 


//    r    I 


Art.  1  (;»•).] 


(Iccri'Mscs     lis     /•     iliirraso  :     liciiif    tliM 


( I-   ■    I)"'  tiTlii    i^    ii(»t    always    U'''''''!'*'''    tliai;    tlic    c"'    1ci-|il,    liUt    olilv 


mil  il 


(^  ■'):'" 


(iliU'S  riiual    til    I ,   111-   |i-,<  t  hail     I  . 


Niiu 


sii  lull''  a 


(■"'     ')" 


tliat    i- 


„    ■    I 


V    -     I 


^  1. 


MBMr 


;i! 


ftii, 


,'  .  I 


(I). 


It    ^^^    1m'    an    inli'LTir,    iliimtc    it     li\    yi  ;    tlii'ti    it"    /•       ji    the 
'■.I 

mill!  ijiKiuL,' factor  liccuiiit's   l,aii(l  tln'(y)  •    1)"' tciiii  is  ('i|ii,'il  to  tht' 
y*'*'  ;   and  these  are  :,'i'eater  than  aiiv  other  term. 


If 


li  •    lilt    ,111    iiite'_'er,    denote    its    inteu'ia]    jiait    Ky   ry  ; 


1 


then    tiie   L,Me;ite>t    \;ilue   of    /■  eoiisisteiit    xsitli    (I)    is  i/  ;    hence  the 
((/    (    1)"'   term   is  the  '_M-e;itest. 


Since    we   are    only   concerned    with    the   iniiwrh'  lUij  (jreiiti'.'it 
ImiK  tlir-  inx'esti Ration    will    lie   the  same    for  {.v- n)":  therefore 

ill    lU'.V  !!!!!!!erii.  ;l1   exalu'.ile    it    is   i.iiini'ieKsa.rv   to   eoiisiuler  the  sii^ii 

of   the  .second  teiiii  of  the  liiiioinial.      Also  it  will   1)0  fmind  Ix'st 
to  work  e;icli  e.Xiiniplt!  iiidep-ndeiitly  of  tlu'  yenenil  fonauU. 


I'.INMMIM.     IIIKniilM.       I'oslllVi;    INrKi;i:AI.    INDIA.        1  }•." 


l:.nii(il'h'    1.      If./    - .   .  Ii;i.l  th.' ^.'iiiiti -t  t 


till    ill    (il  ■  1  \I.:UI^^I"I1   i.f   I  1     :     1 


y\    :    l.-r 


I'.'M.iti'  llif  /"'  uini  I/-  ■    1  i"'  tilliw  ii\    /  .  aii'l    / 


,     ,   ir-jn  .tn.  I y  ;    llirii 


■^      /■       1 
/,.,    -  .  I.-;       /, 


'.I      r        I 


llCll''' 

.-'1    Inli^;  ;i^ 

llllll  is 


',t      ;■       1 


1 


ill      (/■     .'i/, 

:;•',  -  7/-. 


'I'll.'    K'rmlc^t    Mil  III'    c.f    y  coll  ~,.- trill    with    tin,   l,   .",  ;     I,,  n,.-    llir  t;ir;iti~t    t.Tlll 

is  Iliu  -i\tii    iiii'l  its  v:ilur 


■(';'•■■  I'j 


■.7:;  II 
•J  I.;   ' 


/■../. /H/y, /,   ■_'.      |-'iii(l   ill.'   ).'iiati-l   t'liii    111    till-   f\|iaii-i.iii    i'i   i-i      '.'.r)''  u  III  II 
x—  1. 

I     '    \  . 


licit 

ht  Mcc 

Ku  li'ii;^  ii~ 
lluit  i>. 


'.•    /    I    •-'/ 


/  ,.  ,    Jlllllli  I  !■  'lUl/, 


U) 


r  .f 


'Vi  ■'-, 


1 1      r       •_' 

/■         :i 
•ju  -.•,/■. 


Hriiri'  for  all  viilms  oi'  ;•  up  to  .'<,  we  Imm'  I  \.  .  ; ,. ;  l,ut  it  ,  |,  t!i.  n 
/',.,,  7',.,  mill  till  sc  iiu' llic  t-M'Hti.st  liriiis.  Tlim  tlir  1'"  iiihl  .V'tcims  anj 
i::Ui:v:k^:!!y  c:lU:i!  ;Uil  -lV:itt;i   th;i::  :i;;y  :;tL-  i   iv:;:;,  :i::d  liici;   ^;;!;;i 


^'■'r,:(j^'-:v^.si..s^l 


H'MKH. 


II.   II.  .V. 


10 


\i 


1  U\  iiUMiKii  .\i.<;i:i!i;a. 

17:1.       /'«»    ///'■/     //('  Sinn    n/'  //<■'    rii.jj'ii'irtils    in    tlf     rijtitii.iioii. 

Iij   I  1     •    N )". 

Ill  (li.-  i<l.ntily    (1  •  xf       1   .  t'.x  ■  ('/:'  •  t'^.,:^  ,...■.  (\/\ 
jiul  ./■       1  ;  iliiis 

-"  1   •  ^',  ^  ''•''..'••■  '  '-',, 

-  silJii  of  till'  ((irtllriclits. 

c.i:.  r_  .  r,  .(....■  r      •_>-     1  -. 

tllllt    is   '•  t  lir   (i.l.il   llUll|tM-f  of    .  o|iil)ili.i1  iuiis  of    /(lllilii:^        is   l'"        1. 

[Alt.  1. ■.;!.) 


17  1.  '/'(<  y/V'C.  //-"/  /'//  //"  '■/'(iii-io/i  1;/'  (  1  1  \)\  till'  Sinn  <;/ 
///<'  i;i<  [iirl,  lit.-:  ,1/'  t/i'  .../,/  /,,-,,,<  /.<  ..y/'.//  /■>  ill'  .■<i'iii  :>l'  tif  '■'"llicnil/t 
<»/  f/ii'  rri  II  t'  fills. 


]ii  tlir  i.l.'iitity    (  I    t  .'■)■'       I   •  '  \'-  •  ('.'■'  •  '  ■/ 
{Hit  ..■  1  ;   tliiis 

0       1       '',   •  '',,      (•,+  (\  -'' ,  *         ■ 


<■•■,.'•". 


(-11111  of  all  tlif  coitliriciitsi 


1  ,  .■>        'I'lic    I'liiioniial   Tin  oiciii    iiia\   al.--o   lie  aiiiilitil  to  cxiiaiul 
•\|irfssioiis  wliicli  coiitaiii  inoir  than  two  tfiiii^. 

I^viniijilr.      Fiiiil  tlicM'Xiiiiri^idii  iif  (.1-  t  -r     \)K 

Ucj.'iiKliiij,'  '_'./•     1  us  u  Hin;,'k'  triiii,  tin  cxjianHion 

=.  (/-)'  .  :H  (/-)-  C-'x     1)  -•-  3.r-  (--'.r  -  1)-  t  l-'r  -  1 )' 
—  .r''  I fLr"  + '.U''     4.1' -  Hi!'-  t  tJ.r  -  1,  on  reduction. 

17<i.      IIk'  following  cxaiiijilf  is  iiistruitix I'. 

i:.nii:,j,\,-.      If        (1  l-j-)"     (■„  f  r, r  +  (vr- -- +'•„•'''. 

liiul  thr  valiK'  of  <•„  :  '>^^^  +  ^^l^..+  Ir,  (  f  ('(  -^  1|  i-„ 


ul 


.•,-f :?,.,' 4  :«<■;,- » 


I  "<■»-   


Tlif  M  rifs  il)     (,•„  1  .  1  t  .'i  •  !-'■«)  + ('"i  +  -<-■!  ^  '■'"i  '  ■  •       t  '"'J 


lilNOMIAI.    Tlli;<iUKM.       I'osiriNK    I  M'K(  ;|{AI.    INIii:\.        \  ^7 

'I'll  tiriil  the  -.alui;  cif  thu  >.Ti.  ■;  (Ji,  \\r  iiiin.'.iil  ilms: 

'■, .r  +  'J'-_,.r- +  :'..■. .r'  ...     •  nr^^  ,-'• 

I,  ,  I"      lii'i      •_')  I 

II. I      1   •  w(  -  1  I  ./■  I 


1 


ii.r  (1   •./•)"    '  ; 


X 


1 


..  t 


Al-.. 


J-       .1-        J- ' 

•\l   <    ''!•'■    •    '■-  '' 


I' :.) 


•  „  i"      (I    •   1  I" 


(.11. 


I  I 


ir  H''  II 1 11  hi  ply  t..,L-'i  ill,  r  thr  tUM  .-,  li,..  ,,ii  llir  It  II  liaii'l  ,-i(l(-  of  |:!i  ani 
«'■-''        It  in  the  iiuiciiict  ill,   I.  1111  ln,l.  j.,  ml.  nt  ..I'  ./■  is  the  ^,  i  i,  -,  r.'i .    '.■ 

till'  M.i     M  i'2^  liTiii  iiuli  i«iul.  lit  I'l   .111       (  1    .  ./  I 


('    '.I' 


1,1  III   ill,],   [nil, I,  III   I'l'    I     i 


II  I  1     ■    J  |- 


ciicirH-iciil  i,r  I  "  ill  rH  I    •  .'  l'-" 
••ii       1 

'i(/    \  H    r 


EXAMPLES.    XIII.  b. 


Ill    tllO  tullnWIIJl,'  t'.\[i;iIl>ioIlS    tl'1,1    wlmll    i^   lllr    Ul'  .itc.^i,  tillll  . 

1.  '•       II, ■"  Will'll   .)■-  i  I,   //        I. 

2.  ±c-  iV//-'"  wliiu  .'■    :»,  ,'/     1. 

3.  ':i'i  +  b,^^  \vii,-ii  '/-  I.  I'    ."i. 

4.  '{4--.',  '■'  will  11  .'       _j  . 

Ill  till!  fi>ll(>Wlli;4  CXl'.lU.sjoli.-t   lillil  llli;    \.i'llU:  Ml'tiH-   UII.mIi  .^l   t(_-lll. 
.* 

5.  !+'      "     \^!l'''!     -I'    -    ,.    :      "  —  •">, 

.i 

I 


6.      i '(  +  .("  when  (( 


;j 


,  /<^-i». 


U)—2 


II, 


'Ill 


]  4S  IlKiirKK    AI.(!KI!KA. 

7.  sill  vv    tli.it.    till!   riH'tfu'ii'lit,    of    thr    liiiiMlc    tcrtll    "•!'      I   f  ./■ -'"    is 
ciiuai     t'l    llii'    Mini     iif    tin:    ri>rtt'uirlif>    "f"    tin'    twu     luliMlo    1'Tlu^    '  if 

8.  If     .1      !„■    the    Mini    nf    till-    ■"I'l     I.   rill^     .llnl      11    till-     .-.mil     nf    tlu! 

r\rii  tniii.-i  ill  tilt;  fxiiaii.'-iiiii  111'     r -^'i  ^'\  \>Y<<\v  ^\\,&  A-      II-       ./ -     -/-;". 

9.  'I'lic  ■l'"\  :V\   ;"'  t.iiii>  111  till'  .•Niuiifi'iii  nf    ' -fy  "  .ii-c  L'ln,  Tiio, 
liiM)  i(s[ifrtivily  ;   lilnl  .',  //,  ''. 

10.  rilal  till'  ixiiali-luli  111'     \  -\  -Ir     ,'-,'. 

11.  Find  thr  t\[iaii>iiiii  lit'    :i '  -     -I'Ij+'A^-/'. 

12.  I''inil  tin;  '"'  tcrin  frmu  tlic  >ih1  in    .>   ■  "  ". 

1     :,.  •  1 

13.  I'inil  till- ,^,  +  :i/'' trriii  ffniii  111'' .■ml  III  (  ,'■        1 

14.  Ill  tlic  .•Xliali.^iiili  I  if  1  I    (.''■■  tin-  fiirtiiricnt.-.  nf  the  :;.'/•+  ly"'  anil 
till'    /■  t-  li  "'  tcini.--  an.'  ciiu.il ;   liml  /•. 

15.  I'"iliil  tlir  irlatiiili  lictWi  Til  /•  ami  /(   in  iinlci'  tliat   till'  riicirirnill.s 
uf  thr  .V' ami    -•  fJ  "'  tfilM- iif    M-  1   -'"  liiav  !«•  r<|iial. 

16.  Sliiw  lliat  thr  liiiilillr  term  in  tlir  lAliali.^iiili  ul'    I   t.'/-"  i.s 

I  .:{..■) ...  :;"    1  • 

—  li"./". 
,11. 

\i  i\^,  .-, ,  <■ '  „  ilcliutt;  IIr'  ci)i.llii.-ii.'nt.>  in  tin-  i-.\|ian-iiiii  uf    I  +  'V", 

prove  that 

17.  '■,  +  :;',+;5''.i  + +  /'.v  ''■^"  '• 

18.  'ii+'M  ./+ +  ;,    ""—,"■ 

19.  '+-+■'.    r 

'•,.     ''l      ''J  ''..-  1 

'v •„  "  +  iy' 

20.  v''ii  +  ''i)''i +''■-•' ''m-i+''i.'         '         ^_  ■• 

.) ' .       -i;!,.       .)\,.  .Ill  •  1,.       ■{"  * '      I 

21.  :i,,.|-/  +  -    M-.N    f-       ."-    •'  '. 

_  .1  1  ;i  +  I  "  +  I 

I"  I" 

ill 

23.        '„'.f.VV.l-t-'V'.-J+ +'nr'',.-|^^        ,-,„f-/-' 


CIIAI'TKi;    XIV. 


1>i.\«im;ai.  Tiikokkm.     Any   Inkk.x. 


177.  I\  the  l,i>t  cli.ijitt'i-  we  iii\  ot  i^.-itcd  tin-  I  iiii<>iiii,-il 
llicocciii  wlifu  tlic  index  w.is  aiiv  jmsitiM-  infi'^cr  ;  wr  sliall  imu 
(uiisidi'i-  \\  lift  lit'i'  the  fctriimla'  lIuTf  iilitaiiicd  Imld  in  tin'  ca-i- 
of  iici,'at  i\  I'  and  fractinnal  \aliii's  dt'  tin-  index. 

Since,  liy  Art.  lt>7,  e\ery  iMnumial  inav  !»•  n'diicid  to  one 
eoinnion  type,  it  will  U-  siitliiient  Id  innline  nnr  aitentii'U  in 
liiniiinials  <it'  tlie  form  ( I  +  r)". 

I'ly  aitiial  eviilntion.  we  lia\e 

'.        ,  111 

(  1   4-  x)'        \    1    +  .(•        I    +     .  .'•  .'■'   t^    ,      .'■ 

-       s         hi 

and  l>y  aei  iial  di\  ision, 

(I  -.'•)   '■         ,  .       1  +  •-'<■  f  ."...-■+  I.»-^  f  : 

|<  'oni]'are   K\.    1 ,   Alt.   f.o.  I 

and  in  eaeli  of  these  series  ilii'  niiinliiT  of  terms  is  unlimited. 

Ill  tlie.se  I'a.ses  we  li,i\i'  liy  independent    processes    olit;iined   ;iii 

1 

oxpjinsion  for  eacli  of  tlie  expressions  (1  +  .r}'  and  ( 1  +  a:)  .      W'l' 

sliall   presently  prove   that  they  are  only  jjaiiicidar   c;v.ses  of   the 

ireneral   formula   for  the   exp.insion   of  (1  +;#•)",   where    u  is   any 

rational  (juantity. 

This  fornuda  w.is  disi-o\ered  hy  Ni'wton. 

17'^.  Siipjiose  weha\e  1  wo  expressions  arrani;e<l  in  .•iscendiiiL; 
powers  of  .r,  siu-li  as 


,  711  ( III     -   I)       ,        7ll  (ill  -   \  )  (ill  -  -)       , 


( i  i. 


1       ,  n(H      I)     ,      II  (it  -  \)  (u     2 1    ,  , 


1  .  : 


.  'J .  :5 


f 


l.'O 


IIUillKIt    .M.f;i:iU!A. 


i 


'si 


% 


i 


% 


'I"1m'    i.n.dil.  I     >it'    tlii-i-    iwii    r\|i|f>ncpMs   will    lie    ;i    '•i-iic^    in  as- 
<  il|ilill'_'   IliiUi  I-,  nt     '  .    ijiiidtf   it    l>y 

1   ,  .1-   .  /:.'  +  (■.'  t   /A,'+ : 

tlicii    it     i~    ij.'.ir   tli.it     .1.   /.'.  ('.  .Ill'    fiiiK-tiniis    nf    ///   anil    /(. 

;,i,.i  til.  let' 111'  tlir  aitnal  \aliif>  nt  .1.    A'.  >' ill  any  j.art  iriilar 

la-i'  will   <li-| 1    ii|i"n  till'  \alni'>   lit'   /"    and  ii  in  that  case.       I'.iit 

ill.'  wav  in   w  hiili  tlir  in.'tli.i.iii :,  I'f  til.'  )ii.wcrs  of  .;■  in  (  h  and  ( J) 

rniiiliiiii'  til  <_'i\.'  .1 .  /'.  ' ' is  .piiti-  indi'iii'iiilcnt    d   ///  and  /(  ; 

in  lit  111 f   \\  ni'iK,  ir!,.il,  !■•  r  rul III  ■■<  in  n inl  \\  //cv  '''""''.   -V   I  >.  < ',  

,./•!  >./■'■•    f/ii-  smiii    iiii-iiri'ilih    i'i>nn.       1 1  t  lirrrt'nri' nm-  ran   di-tcrimnc 
ill,,  t'nrni  lit"  .1.   /»',  ' '.  .  t'lir  anv    \.iliii'  <>i   iii  and  /',   \M'  fnm-liidf 

tll.lt      .1,      /;.    (',    will     ll.lM-     till'     >.lll|i'     inlWi     /'ni-  ll/l   Vdhi'  n   i<i     in 

.and  II. 

'I'lif  iniiiriiili-  lii'ir  I  Ajilaim  d  i>iiti.n  icliTnd  ti' as  an  f\aiii|il<' 
dt'  ■till'   iM  ini.iiii  ni'i-  lit"  ri|iii\  .iliiit    ti'iiii-  ;   '  in  tlic  jin-sfnt  cast'  we 
I    i\<-iinl\  ti«  rciD'.'iii^i'  till'  t'.iit  tli.it  ill  11/11/  iil'ffiriiii-<il  jirii'liirl  tlic 
I'nriii    lit'    till'    lr>lllt     uill    III'    till'    -.line   «  ln'I  luT    llic    qiLalit  it  irs    in 
Mihcd  ;iri'  w  hull'  niiirilni-,  nr  t'r.irt  ii  iiis  ;    pn-it  i\  c,  or  ni'L,'at  ivc. 

^\'<•    sii.ill    iii.aki'    iisi'   lit"   tlii>    |ii  inii|ili'  in  tlir   L,'inrr.Ll   jir.i.if  nf 
the     r.iiiiiiiii.il    'riii'i.icni    t'lif    .iny    indi\.       'I'ln'    |iriMif    wliiiji     «■• 

^i\  !■    i>   dill'   In    I'.lllil'. 

IT'.i.       7'ii  jii'iii'i     ill'     It'i iii'iiiiiil    Tlimriiii    It'll' 11   till'    iii'lix    />    '( 

iiiisifi  I'l    I  rill/  mil , 

Wli'ili  rrr    I"     ill'     ruliii     "^  in.    /insi/irr    nr    m ijufi rr,    nili'/rnl    nr 
l'r,i,'l'i,,,iiil^    li-l    I  III-   s\lnliMl    /'(///)   -l.llid    t'l.r  till'   srlirs 

III  (  //(         1  )       .        //'  ( //(.        \)  (ill  -'!)      , 

,'■   +  . . .  ; 

1.1'.  ;i 


(-  ///.'■ 


.'■  -t- 


tiiiai  /'(//)  will  stand  t'nr  tin'  sciii's 

/*  (;/       1)     ,       II  {II  -\)(ii  -'!]     , 

It     wr    llUlltililv   tlir-,1'    two    s    rirs    tiiLrftlliT    i'l'  imMlui't   will   l)f 

aiinilicr  sciifs  in  .1-1 1  hilin;_'  [n.uir.,   nt   ,<•,  uimsr  rn./Jo'ir/its  vil!  hi'. 
ininlli  ri'if  in /una  ^rhufpn  r  in  mul  ii  ///"//  /"•. 

'I'll  dftiiniini-  t.lii^  innirinlili'  /'iriii  uf  tin'  iirmlnrl  wr  may  f;ivo 
ill  /(/  .imi  /'  .ui\  i.iiiii  -^  Wi.iV  .ir."  nii.-,  (n.;;-.  ina:;;  ,  ;.:;  ;a;:.  jMirji:!.,,-- 
suii|"i-i'  tli.it    ///  .ind    II   .-.        ]iii-iti\i'  intr^'iTs.       In    this   r.asi"   /'(//() 

i<  1 1 xii.indi'd  t'liriii  of  (  1       '•)"'.  and_/'(  /- )  is  thr  cn  ji.andi'd  fnnii  of 

(  i    ■  ./•)" ;   .and  I  InTifoii' 


HINOMIM.    TIIKMUFM.       ANY    INDKX. 


l.-.l 


/■(//*)     /■(/')       (  I    t-  .'•)"■       (  1    ■  .'■)"      (  1    t  .'■)"■". 
I II  It  «  1  It'll  //(  MI  111  II  Mil'  |iii^iti\  I'  iiitc;.'ci^  till-  l•\|l.•ln^i(lll  i.f  .  1 


IS 


(ill  -»-»/)( //'  '  >l  -  1  )    , 
1   •(//(•/()■'■  •  ,       ,  ■'  ■  *- 


'I'liis   tlii'ii    i^;   till-    I'liria   of  tlic   picMlmt    nt  _/'(///)  </'(/*)   inntl 
riis':^,  \\  li.'itfscr  tilt'  v;ilii('.s  (if  ;;(  .'iiicl  /(  may  1"'  :  anil  in  a;,'ri'fiiifiit 
N\itli  tiiir  |irt'\iiiiis  iiiitatiini  it  may  l"-  tlfiintnl  liy_/'(//4  *  ;/)  ;    tluTc 
fore  /'"/•  <i//  t'lif >'•■•>  I'/  III  iiiiif  n 

Also  ./*(//')  -./■{")     ./■(/')     /{'"    ■  ")   ■■./'</'' 

-/(ill  4-  II  i- 1'),    siiiiilarly. 

I'riict'cdiiii;  ill  tliis  way  wf  may  slifW   that 

l'(iii)      till)  ■  /'(  yi) ..  .t'l  ^  factors      /(ill  ■  II   i- ji  •       111  ^  ii'iiiis  I. 


F.it    cafji    of    tlifsf   iiiiaiititifs    ;/(.    n,  />, 
wliiif  //  anil  /•  arc  )iiisiti\c  iiitci^crs  ; 

■■  :■'■(!  >r  ■'"■'■■ 

liiit  >iiicf /(  isa  j>osiii\c  iiiic^'cr,  /'lA )      (I  .•  .'/■ 

■■•  0  •■■■>■  a'D^ 

Imt   /"("  )  staiitls  for  tlic  scried 


© 


lie    fiiiial    III 


1    ti 


n 


'j 


whit  li    proNcs    tlic    llinomial  'riicoiciu    t        my  jiositi\c   fractioii.al 
incU'v. 


iiK.iii.i:   Ai.(;i;i;ii  \. 


11 


iii' 


;  ;i 


Mr 


\^*K  III    I'l'iirr    III'     III  iii'iii  I'll     /  III  III':  III     irhi  II    ill!      iiiil.,,-   IS   iliiif 

III  ifill  I  I  I    ijiiil  III  il  If 

I  I     li.l  .    1mi   li    |i|ii\  ii\    I  li:.l 

/"(  //(  )        /'(  ,/  I         l'{  III    '    II  t 

tnr     /ill      \.llll"-,     cit      /,,      ;il|i|      /;.  1  >  c  ■[  illli  ■  i  1 1 1;      iii      \,\  n      (wlicic      /(      js 

111  i^ll  I  \  !■  I,    \\  !•   Ii;i  \  !■ 

/'(        "  1         I'l  /'  1         /'(  -     ,(■;/) 

/'ilh 

I. 

situ  <■  .ill  liiiii>  ot  till'  si'iii'-  i\ii|.'    I  lie  lir~l    \.iiii-.)i  ; 

1 


/  (      II) 


/  (  ;/  I 


.III    /  I  /'  1       (1     ■     I  ]'.   Uif  ilii  1/  /.iisilii-i     \  .ill  II'  I  if 


1 


/(        /*>. 


(  I     ■    .'I 
(I     •    .-■)     "        /'(        /(  ) 

I  .III    /(      ./I  vi.iiiiU  ('nr  I  ||i.  si-ri.'s 

(      /'  I  I      /'       I  I 


( 1  +  .<■  I 


(      // 1  (      I)  -    I  )     „ 
"  ""^  1  .  •_•  •^'  "^ 


\Nliiili    |iin\is    flic    Kiimiiiial    'I'licdiTiii    fur    ■■iiiy    ii<'L;;iti\i'     index. 

Ilniic   till'  t  licniiiii    i\  cnlnlilcti'lv  C^t  .1  hi  isliril . 

1^1.  'rill-  |.iiMif  idiii.iiiH'i]  in  til''  two  jifccrdiiij,'  ai'ticlcs  m.TV 
111  it  .'iiijiiiir  \\  li..ll\  s.iti-^t'.iit.iis .  .mil  will  ]iiiili;il(]y  pi-csciit  sonic  dit" 

tii'llltii--    (.1    ill.'    sliidi-lil.        'I'liric     is    (Uily    dlH'    Jiiiilit     tn    wliiiji     \vc 
.■-ll.lll    huW     lltl   T. 

'ii  iiic  i-Ninc^viun  I'lii'  /'( ///)  the  imnilici'  nf  terms  is  tiniic  when 
/;/  i-^  ;i  iM.>itiM'  inieuer,  :iiid  iinlimited  in  Jill  other  eases.  Sec 
.\rt.    1>-.       It   is  t heiet'iirc  ne.es'^arx-  to  eiiijiiire  ill   wli.-it  .sense  we 


--■'_  '^;9- (=^':'>^^k:f 


Ml  NO  Ml  A  I.     IIIKnliKM.  sy     INDKX. 


I'.n 


,ilf    In    Kuaiil    111'  M.it.iii.'l.l    tli.lt  _/()/.  -        /'i  _/'(//!    f/M.        It    will 

111'  srcli  ill  <  'li;ijii'  !•  ,\\l  ,  th.it  \\  lirii  ./  -  I  <-,i.li  nt'  I  lie  m  t  ics  f\lii), 
J  {"),J  {ill  I  /')  is  (•../(;■.  I'/.),/,  ■■iimI  /'( ///  ♦  ,-)  is  the  t  riK-  .ilil  lilni-t  ii  :i| 
f'i|1li\lllflit  lit"  _/'(/;/)  j'i'i).  I'.llt  ulirii  ./•  I,  .-ill  111.  sf  sriii'S  III!' 
(///•>  ;•//.,(/,  ;iii(i  we  can  only  assert  that  if  N\i'  iiiiilli|ilv  tlic  sci  iis 
(iriintcil  liy  /'(//()  liy  till'  siiics  (IriKilrd  l.y  /'(/(),  tin'  tir>t,  r  tiTiiis 
t>i  tlif  lilndiiit  will  ,ii;iiT  uitli  till'  tiisi  ,•  ti'iiiis  i<i  /'iin-i  ii), 
uli,itt\n    Hiiili-   N.iliic   /■  iiii\    iia\i'.       j  >ii-   .\'t.    '.'<<». 


I  .iiiini'h    I.       I    ■.  I'lijil  I  I        1 1     til  fi.nr  1,11 


(I       .M-        I       .,  (        M    . 

:i       :'.    .      1 


'c: .) 


:;(.,  ')''  ■-•) 


i.~^   "  • rrr 


1 


ir. 


/   t,iiiijJ,'  'J.      lApainl  r_'  i  'All    '  t"  finir  l>iii 


:i.i\    ' 


.) 


I      III     '.I  ,  :■. 


-[   '      '       ''Ci^   I    '    '       \".-2   '"{"-2    '  I.-      ,  '    ••    '     • 


(     III     ".I  (     I.I  ,  ;f 


t;^)  •    ] 


I  (.•,  1.!.- 

It.  \  2  •_' 


l.^ll.        Ill     liliilili'4     tlif     Llilifl.il     I'liii     Wf     inilsl      II. lu      i|s4'     till- 
fonillll.'l 

H/'  -   I  I  (  /'  -   -; (//-/•+  1  ;     , 


wi'ittcii   in  full  ;   fur   tlir  synil«)l    "('^  ciu   no  Imii^'fr   li«-  .iiiplovt'fl 
wlifii  //  is  fi'iictiuiial  III'  iu'i;.it  ivf. 

Also  tlic  ((M'tlicicnt of  tln' j;<'iicrai  tcriu  ran  iirvt-r  vani.sli  urilfs.s 
oin>  of  tilt.'  fiu'tors  of  its  iiuiiK-ratiir  is  /I'Vo  ;  tin;  scries  will  tlifff- 
fon>  .stop  at  tlif  ?•"'  tfiiii,  wlifii  11  ~  r  +  1  is  zt-ro  ;  that  i.s,  when 
/•  )i  +  1  ;  liiit  since  /•  is  a  jiositi\e  inte'_'i'r  tins  eijuality  (•■•in  never- 
!in!;!  i-xrijit  «  !ii-n  the  iiiilix  n  is  jiosiir.i-  ami  io:i;;ral.  Tfilis  tlif- 
expansion  Ky  the  liinonii.-il  I'lieoiem  extends  to  7* -t  1  tei-ins  when 
71  is  a  jMisitivt!  integer,  and  to  .m  inlinite  niinilx-r  of  terms  in  all 
other  ra.ses. 


y^-S..l'^*.''*f?tTi^X    -"  1-"'  ~ 


iftHHiiHM 


iMil 


i:.i 


MH;ill.K    AI.»iKliK.\. 


y..(<(»//i/.-   1.       I'linl  til''  I.''  II'  Mil  |i  111!  Ill  till'  c  \|'ail-ii'll  iif  ( I    .  /•)*. 

1/1    . ,  / 1 

Till'  Ir  ■  li"'  I.  Ill 


I'l  M'!  ^)  a '") 


1  (      ll(      ;i|(       O  (     -Jr  t  -ti 

■-"■  '■ 


Thr  iiiiiiiliri-  i.f  fai'toi  -  ill  till'  iiunii  lut'ir  i-;  r.  iiml  r  -  1  of  tli<H»'  nrp  n<'Ka- 
ti\i'.  till  i.fdic,  l.y  t.iUilii.:  1  iMil  (if  inch  nf  tlii-v  in  t';itivi;  fiu-tmr',  »<•  iiiiiy 
u  I  ill'  till'  nliovi.'  cxiirr-s.-^iiiM 


(      If 


I    ;i ,:.         (L'r    :»i 


li 


/•'  iiiini'l.   :>.      I''iiiil  till'  !'■  IK  i;il  li  111!  ill  till'  (  xpaii-'iiin  nf  ( I      ti  r\". 

IIh' (>'      h"  I.  nil  -      >  ^    ^  '  ^  f  {      ,,.,'1'- 

1  1 1      '/111      ■_'(/!  (1      r      1  .  Ill 

.,  (       ll'-;/r,' 

tr     I' 

,      ,  ,.  I  (I      "Ml      •-'»)     .       (I      r      I  .  Ill 


,.   ,  ("     ll  (■-'"      1 1  ('•     \  ■  II      1)    ^ 


(      h'(       II 

I"     i»  rill    ii         (I-    1  .  (I    If 


■f., 


(      ll'(      W   '      (      h'-   1         1. 


•J  . 


KniiiiiiU'  :\.     Find  tlir  t,'(noriil  tiiin  in  tlii'  rxiiaiision  of  ( I  -  j)  '. 


Tlif  (r  t  11"'  t.riii 


(     :*)l      JM     •■')  (     3     rt  1) 


(    I.-'-'-' <^'-'(    ir. 


(     ^f 


[     ll 


.:'■  '••' {r\  •-')    , 

1  .  •-'  .  .!  r       ' 


(/•  .  1)  (/•  .  •_') 


1  .-' 


liy  ri'iiKivin'^  likf  fiieturH  fnnii  tin-  iniiinriitor  iiml  denominator. 


r.lNfiMIAI.    TIIK<i|!KM.       ASV    IMMN.                         1'..") 

EXAMPLES.   XIV.  a. 

Kxp. 

liii  ♦'•   t  tfiiii^  llii'  1'.  .lliiuinj  i'\|'!'i>-.i(>ii-. 

1. 

1                                                  '■                                                '. 
1  4-.'-  -.                     2.       1  +  '  -                      .1     '1     .'  ■'. 

4. 

.  1  +.'■■)   -.               5.      1     •■!'■  '.                 6.     M     :t. 

1 

7. 

'\+±r)'i.                    8.      (  1   t'ji                         9.      M   i'-.'j'  . 

10. 

(if',,)     .          11.      •-'  ,  ,      .              12.    i;. +  •-•'- 

■                                   1                                   1 

13. 

•^  i  \-2.f  '.                14.      '.•     <■•                    15.       1"     "-'     -. 

\Vr,t 

)•  il(i\>  .■  ,'iii<l  viiii|ilit'\  : 

16. 

'I'll.,  v'''  trim  ,.f  .1    .  ■_•       -'. 

11 

17. 

'I'll,-    11"'    t.MM    ..f       1          'J/--'     -. 

18. 

'I'Im'   I t>Tln  ..f     1    (.'!./-/'. 

19. 

'I'll.-  .-."'  t.llu  '■(    :]■>      •-''■      ' 

20. 

•j'll.'   .'/■+-   1     "'    t.TlM    .•!'      1           . 

21. 

'I'll.'      /•         1     "'    t<IIH    ..1        1           .           ' 

22. 

1 

'I'll,'  ■  •  •   1  "'  trim  ..r    1  1  ..    ■. 

11 

23. 

■I'll.-  w-  1   1  "'  t.i'ni  ..f    II  .>■'■. 

24. 

Tli.i  ll"'  tin.;  c.f    :;'"      •_'".'■  -. 

n 

25. 

'I'll.-  T"'  t.i-i,i  ..r  T  4 1;'.(  '. 

1S3 

If  wc   ('.\]>;in<I    (i    -.'■)"  I'V   the    l5iiionii.ll  'riicDirm,  wr 

nlitain 

(1      .,)   '      1  +-.,•  +  . v.-  l.,-^4   ; 

l.ut,  !)}• 

nfcriiiiLr  to   .\rt.   'ii'.    we  sec   that    this   result    is  only  triio 

wlicii  .r 

is  less  than    1.       This    leails  li^  to   eii(|llir-e    whether    we  .ii-e 

always 

jiistitied  ill  as-iiiiiiiiLr  ttii-  tnitii  of  tlie  statenu-nt 

•I    +  .'•)         1    ■    ;-'  4        ,       ,        .'-4 

1  .  - 

l.-.d 


lIKillKIt    Af.OKIiUA. 


-ir' 


.•uii|,  if  Mill,  iiiKiiT  vvImI   luiidit inns  tilt"  cxiJiiiisiciii  of  (1    •  ,/•)''  iii;iv 
III'  iiM'il  as  its  Iriii'  <(jiii\  alciif . 

Sii|i|ii(sr,  fiif  iiistaiii-i',  thai    ;/  I  :   ilicii  wi-  Imm' 

(1        .'•)    '        1    f..    K,'  *   ..:'  .  .r'   ■    (1); 

ill   t  Ijis  ciiiiat  inii   jiiit   .,•       '2:    «!■    t  licii  iililaili 

(      1)    '      I   ^i:  I  li'  ,  J'      -2'      

'I'liis  niiit  lailictorv    ii'Milt   is  siitricirnt    ti>i.!ic\v  lliat,  we  raiiiinh 


taki 


I    .    I'.r  +       '        ^     '  .,     + . 


as  tlic  t  nif  ai  illiiiH'tical  i.|iii\  .ilciit  nt' (  1    *  ,/ i"  in  all  cases. 

Now    fiiirn    tin-    f(piniiil;L    fur    tlir    siiiii    of    a    L,'<'<iinft  iir;ii    iiro 
•,'l<'.->sii.M,      We     kuciu      that     till-     sniii     nf     tilt-    lil^t     /•    ti'l-his    of    tlit> 


.s<'iii'v   I  I  I 


I 


I 

I        .'•        I       .r  • 

ami,    uli-ii   ./•  is  nmiin  ir,il|\    |.>s   tii.in    I.    \>\    taking,'   /■  siitliricnt  1  v 

I  '^' 

li'U"-  "<•  '•■III   iiiak.-  ,!•>  small  ,iv  u.'  pliMsi- ;  that  i-^,  l.vtakiiii,' 

a  Miliiciiht    niiniiMT   nf  tiriiis    tlif    siiiii    r.in    \>r    iiiadf    to   ditl'iT    as 

Hull'    ,is     wr    j.jc.i^c    fiohi  i'.iil     uli.ii    ./•    is    nuiiH'iiiallv 

I  -  .(• 

.-•■•■■'''•     *'i''i'   I.  'Ii''    \.il f      ■  iiKii-.isi-s  with  r,  aiKJ  t licnfon' 

Mo  --iirji  ajijiroxiiiiatioii  to  the  \alu«'of  ,-       is  ohtaincd  liy  lakiii" 

1  .!■  •  » 

any  nuiiil>ri-  of  terms  of  the  series 

1    •  .r  4  ./-'  +  X''  I   

I*  will  lie  seen  in  tin'  .  hapter  on  ('on\  ci  ;.'eiiev  ami  l»i\-er- 
j<i-nrv  of  Series  that  tlie  e\|.ansioii  ],y  the  Hitiumial  'riieorem 
of  (1  +  i)"  in  aseenilinL;  powers  of  j- is  ai\s;i_vs  arit  hmetii-allv  iii- 
1<-Ilii;dili'   w  hen  ,'■  is  h  ^s  tliiii    1. 

I'-nt  it  -■  is  -teater  Mi.in  1.  then  Nimc  the  i,'eneral  term  of 
t  he  sei  )i-^ 

1     t    II  '■    ■  r    4 

1    .    -J 


♦  s-:.k: 
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coiitftiiis  j:\  it  cati  1h'  iii;i«lc  '^ir;it»r  tli.iii   any  tiiiitf  (|ii;iiility  liy 
takiiij;  r  sntHcifntly  laiyt  wliidi  <aM'  tlicrc  is  no  limit  to  tlu' 

\aluc  <•£  till-  alKi\c  serifs  <  tlicn-t'dir  the  fXjiaiisioii  of  (  I   f  x)' 

as  .III   iiitiiiitt'   scries  in  .  lin;,'  iiuwers   ot"  ./•   lias  no   meaning 

.•irithiiictically  intuUigililt       in  i  .'•  is  greater  llian  1. 

184.  We  may  reiri.iik  tliat  we  ciii  always  i'X|i.in(l  (.<■  >  y)' 
1>y  tlit^  Uiiiomiiil  Tiieorem  ;  for  we  may  write  tin'  expression  in 
either  of  tlie  two  following  forms  : 


('•:/■  ""('■;)" 


.111(1     \\e    olit.lin    the    e\|i,uisinn    IroMi    the    lirst    or   seeunil   ot    tlie-e 

.leeording  as  x  is  greater  or  less  th.m  //. 

If^.'i.      To  /hill   in    its    ,siiiiji/ist  Jona    l/f    ij< wrul   (rriii,    lu   tin: 
IJCJHDUHVIl   iij    (1  —  .\)"". 

The  (/•  ,   ])"'  term 

(-  /t)(    /'     1 )(-  H-  ■-')■■  <     "     /■  ♦  h 


t 


(    ■'•) 


{^) 


,,  (t  ( /t  +  I )( /t  +•_')...(  /t  t  /•      1 ) 


n{n+  \)(n  f  L')  ...  (n  n-       I )    , 

.'■ . 

11 

From  this  it  aj)j)eais  th.it  e\eiy  tern,  in  the  exii.iiision  of 
(1  -./•)  "  is  j)<)sitive. 

Althf)ugh  tlie  gener.-il  term  in  the  exii.iusion  of  any  hinomi.il 
may  .always  l.r  found  as  explained  in  Art.  l.'^"-',  it  will  l.e  found 
more  exjiedilious  in  jiraetiee  to  use  tlie  alwive  form  of  the  gener.il 
term  in  all  e.-ises  where  the  index  is  negative,  retaining  the 
form 

)i  (/)  -  I  )(/*-•-')..  V'*       '•  •   1 )     . 

i: 

oidy  in  the  case  of  jiositi\e  indices. 


5-^-  . 
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IIKWIKK  Ai.(;i:i;i;.\. 


K.rdllljilr.       liliil  till'  I'l-IK  lul   |i  Mil  in   thr  ,\|i;ill  -  ioll  i,f 


^  1      .ir 


-1    :..,• 


il     :t.'i 


'I'li.'  (;■      I)"'  Mil, 


1(1   ')('-)       ('    -   'i 


1.1.7  ,  {Ar     •_')  , 

:;-•   r 
1.1.7         (.;/     •_') 


'.(Wl 


t..iinul,i  fnr  tin   ;,',.M.'nil  tnn,,  ,,.|.l.,ri,|.-  :;,■  l,v      :>,. 


<*<.         'I'll.'    Ii,||,.U 


III!,'  .•\|i,ilisi,,iis   sliMiiM    |,r    I-, 


■Iii'IiiImiccI 


(I         .-•) 
(I         ■'■) 


...(/■■     I  ),,•     .... 


.'■  t- 


\** 


In.  ill.'  -.■nrr.-.l  ,„v,.sti,-;,tinM  nf  the  -natrsL  tr.M.  i„  tli.. 
..xpaiiMun  nt  ,1  .,,.,■,  xUh.u  „  is  un,v>,ri,-t...|  i„  valu..,  uHl  |„. 
t-"'i.l  in  Art.  l.s'..;  I„a  ,1h.  .s,,.,!,.,,,  u,ll  Ikh..  no  .lillluitv  in 
.-.^liKin^^    to   ,„,y    umn..nVal    .■x.nni,!,-    tl,..    nutluHl    ,.xi,lai,„.;i    in 

_/:.n,my,/,        J-in,i    tlic-   KKuU.^t   k-uu    in    tla    .x,,anM,.„   uf  ,1   ..  ..)    -  wLcu 
.r-."" ,  ami  (i     'JO. 


U.J   llilV. 


"  f  (■      1 


^.  ■  ■'■       /',-.   nitiii,  rifulhj 


V. 


■■  r, 


tliiit  is, 


r  ;i 


I 


JI.ic.l      uM.lurs  „,•„,,,■•  :w.w,.}wx,.  7.,,      /,..   ..„,   if  ,.     ;iK,,l,,n 
/,.. ,      /    ,  an,l  ll„  :-.    :i,..  tlM    ^.n.it,  -i   t.  n„s.     Tims  th.    :i,su.  ,j„j  ;,.,..  '^J  '  " 


UINOMIAI.    TllKoliKM.       A.W    INDKX. 


l.V.) 


ISS.      Siiiiic   lisct'lll   aiiplii'atioiis  ut    llif    llilioiiiial    'riicunm   an- 
i'xj>laiiic(l  ill  tin-  fi>lli)wiiig  t-xamjilfs. 

Kxamiili-  1.     riiiil  tlif  lii~t  tlirtv  terms  in  tin:  ix|iaiisiiiii  I'f 

(1  ,  :i.,f  (1    -Jx)  ■'. 

Exi)uudiliK  tlic  tv.  J  binouiiuLs  an  far  us  tlit;  tiiin  contaiiiiMK-  .r-,  \\i-  lia\u 


l+:!^-!!.r^       .  j(li^:^-^-        ) 


•1  H 


( 


If  ill  this  Kxiiiiiplf  ./■  1102,  M)  thai  .-  iMHHHiJ,  \m.  >,  ,■  ihal  l\\r  thml 
tt'iiii  is  11  (Ifiiiiiiil  fiinlii'ii  h.  ^'ini'iii;.'  \\ith  .'.  ciiihii.-,.  If  Ihi  i.  fnic  v,r  win 
iciliiiiiil  to  firul  tile  iiiiiiH'iiial  Nahir  uf  thr  ;^i\<n  i.xiirt  ■^sil■ll  tm  ii  ri  t-i  ',  jihui^ 

i)f  il<(  iliials  it  Wdulil  ht;  hiilliciL-lil  til  sub.-titut'     n'l-.'  fur   ■   iii  1   •         .r,  m  i_-li  ut 

ii 

iiiK  tliL-  tvini  iii\  ulviii^'  .1  -. 

E.iamjili' '1.     When  .;•  is  Ml  siiiall  that   it.-.  M|iiarc'  ainl  lii^jhi  i    pi.wii^   may 
l)c  iiLt^lLtttil,  tilid  tlic  MiUit;  uf 


(l.^)       ,.'n 


:  Ij- 


Silicr  .1- uiiii  till    lii^lirr  JiiiWiTs   iiiav  I"'   llivh  itoil.  11    "ill   I"'   sulVicii  lit  tn 
iilaiii    the   hr-t    two    t;ims    iu    thi'  i.\|iaiisiuii    uf  lach    biunmial.      Thrn  fun; 


Uu'  I'Xiirfhsiuii 


'^1  ■'■■■/), 

thi-  Itriii  involvinis'  .r'  Ixiii^;  iit>i.'Uitcil. 


: 
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iiKiiiiK  Ai,«a:iii;\. 


I 


l-:.r,imi.l,'  a.       lin.l  tiir  Valiir  ..I'  t«  f..iii   |.iii.-.  -  >,f  d.  ,i„iiils. 

s  '' 

I  '  I      1  •.       ' 

,-     (IT)         (7-     •-'!   -     _  (  I      "I 
\  ■'  .7-7 

7\       1-      •-'    7'      -J     7"     ■    J 

1        1        IS      1        .-,1 

7  '  7'  '  2-7-  -•7^- 

'111  (p|>l;iiii  til.'  vulilrs  of  tin;  Ml  \.i;i|  ti  llii^  u.    jiri.<-.  ,.,|  -i ,  C.H.ms: 
7  I    I 
7  )   -If-'V,? 
7  )   ■d-JdlllN 

7  MMi-j'.t|.". 
7  )_iMiiMit; 

•tMHMI.'.'.l 


1 


iiMil    \u:  .an   s..:    tliMl    tli.    t,ini    '  .  „.   1-   11  il.  ciiii.il    fia(li,.ii   1., -■iniiin.'   «itli 
•  I  i-ijiliiis. 


1 


1  fj>'">7    ;     (Ml-J'.ll."!   ■     (HIUIISS 


li^.i; 


in 


•iir.sc. 


iiiul  this  HMill  1-  .•..Mirt  t,,  at  Ifust  fuiir  jjhKi'S  ol' il.villials. 

ij-.uiii.l,    I.      l-,|„i  iIh   iiihi;  uicl  i.r  l-_'li  tip  .".  iihu'i  ^  i.f  ckciiiml.-. 

I  I 


i  ■  .")'      '.I  ■  .V'      Nl  ■  .V 
111!         11 

:i  '  ■".-     W  -,    '  si  '.v 
•t  '  Ui-     '.I  ■  10    '  >|  ■  i{(- 

111         IMKi.CJ         (((HKIl^s 
•i  '.t  '  Si 

•(ii:t;i;t:i .        (km mi:!.'. 


•"l:c2'.i,  [,■  fiN,.  |,j,iu.s  i.fiKcini.il, 


lUNoMIAr,   THKOREM        AW    INDKX. 
EXAMPLES.  XIV.  b. 

Killll  tllO    >  f  1;"'   t<Tlll    ill   r.l.h   ,.f  til."  f.  ill.iwilll,'  <•  \  |  M  I1>1.  .|| 


u;i 


1.     (1+..V  '. 

4.     (1  H.r)  ■'■. 
7.     i'l  +  kv)    '. 
1 


10. 


N  I  +2.C 


5.         1    f  .-■-;      ■. 

11.      ,     '         . 

N     1      .i.r;- 


3.      I  f-:{.<  •. 

6.       I      1.     -. 

9.  s',r     .rr. 

12.  .„    ' 


l'"ilicl  the  ^Tfiltest  ti  rill  in  cicli  of  the  folliiw  iiii^  i'\]i.'ill>iniis  : 

13.  '  1  +.'•)    '  «'i''"  •' 

14.  I  +.'■  -  wl    'I  .<■     " 


15.  \\  -'  7.'     '  «  li<-ii  .' 

16.  (:2.r  +  ."iv/-  w'l'li  .'•  '  H  iiiKl   //  =  :{. 

17.  'ri  -  4.1      '  when  .'•     _j. 

18.  :$./•-  + 4'/^)  "  wlioii  .'■-!>,   //     •_',   II      \'y. 
Fiml  tit  tiv«'  {il;u«'.>  of  (IcciniiilH  tiie  v;iliii'  of 

19.  n''.I><.  20.     \'l»!tH.  21.     x'kkkj.  22.     s':;i(K). 


1 
23.      ,, 

v'l2H 


24.     (IJo)'-         25.      f;30^  '.  26.     ;';iTliS: 


If  X  lit-  sii  .'<in;ill  tli;if  it.s  .squan'  and  hij,'lRT  [miwim.s  iii.iy  \<\-  n.'^'!i'rt«'<l, 
liinl  the  value  of 


1  'i 

27.     (1  -  :.'•;•' (1  .  ±')  '■ 


29. 


28. 


30. 


-  -0'-;) 


(l+'^.r)    "y  (4  +  .Tr)-' 


H.  M. 


i! 


E^H 


i 


l(i2 


MICUKU    Af,<;FI'.nA. 


31. 


7'  l-i"v) 


32. 


."H  +  :Vr      xT    r 


>'  I    f  ±r  +  ^/  1       I, 


■  1  +  r>.rr  + 


(..;)■ 


I 


33_      I'lovr  til, it    tin-  (•...•llicinit   ..f  .'■    Ill   tlir  i-M 


<•  i-\|i.in^i"ii  "'f  H   -  4.1) 


34.     I'p.w  tli.it  (1  (  ■',"     --i"  !' 


\+.r  ^       1 


35.  riii.l  till-  tii-t  tliivf  t.  Till-,  ill  tlir  (•\i.,iii>i<>ii  i.f 

1 

1  +.,■•-■  n'I   f  }-■ 

36.  I'lml  til.-  lir-t  thir.-  t.Tiii^  in  til.'  .Niiaii-i-.ii  "f 

:i 

,1  4-,,   '  f  \'l  + '>'• 
(1      .--^ 

37.  Sli.w   th.it    til.-   ;-"'  ."ftVui.'iit    in   tlir   r\l.ali>ioli   of  (1      .--   "   is 
.loiil.lf  of  the  (('        1;"'. 

ISO.       To   I'tii'l  th'-  viiui'rlrtilh/  iprnf.st   I. nil   in  fh,'   e.-fuiixhrn 
iil'{\    ■   X)".  /'or  11)11/  nitioiiiil  ni/iir  of  ii. 

Sin.o  Nv.-  ;iiv  only  .•oiir.Tiir.l  uitli  tli.'  niiiiirrlnil  v.aln."  of  tli.' 
.j,v.-.i.-t  t.Tiii.  NNo  sli.-'ill  .•oiisi.i.r..- tlirmitilioiit  :is  jxisitiv.", 

('\^r.  I.       I.'t  ((  l»'  a  iiosili\<'  iutt'irrr. 
I'll,,   (,■  ,    1)"'   toriii   is  ol.t.iiiitMl    l.y    multiply iii.i,'    tli<'   '"'    tmii 

l,y      "-'■+'     ..,.;     ,l,at      is.      liy      ("     ;     '  l).'-;      .-XhI      tl..T.'f..n'      tlH! 

tniiis  .•oiitiiiiif  to  iiKTcasc  so  loi,.,'  as 

(":'-')■■•■■ 

(//  + 1  ).' 


tliat 


lat   IS, 


1       .'• 


or 


(i>  ■  1  ).'• 

1     t    X 


HIN'iMrAI.    TIIK.oKKM        AW    IN'DKX. 


1  OS 


'i        I  •«'  .'III  i!it<';,'cr.  (Icii.itf   It    hv   ji  .   tlnM    it"  )•     ji.  tli»> 

inultiiilviiii:   fa.tor   is    I,   aiid    tli.'    {, ),  >    1)"'   tciiii    is  ciual    )..   tli.' 
/'"'.  and  tlii-sf  an-  ;;tcat.T  than  any  ..flirr  trriii. 

It        ,  Iw  nut  an    iiiti'i;t'r,  ili'iioti-  its  inf<';.'iMl  i.art   l.v  </ 

I    1  .<■  I  .     / 

then    llic   L,'icatfsf    \alin-  of    ,■   i>   r/,    mimI   tin-   (./       I)"'    t.-ini    is   tli>- 
l,'|-i'atcst. 

('ask  II.       I,i't  /(  111'  a  jHisitivc  fractinii. 

As  iK'foic,  tlif  (/•  .  !)"'  ffrni  is  ol.taiiifd  liy  iiiiilti|ilviiiij  tli<- 
/•"'  tcrni  l.y  (  "  "^      -  1  Yr. 

(1)  It'  .'•  1m-  ^ivafrr  tlian  iiniiy.  liy  incrfasinij  r  fhc  aliovi' 
niiilt  ijilici'  can  Im'  iiiadt-  as  ncai'  as  wc  jilfasf  to  x;  so  that  attcr 
a  ccitain  tiiiii  cacli  tcini  is  ncaily  .<•  tiinfs  tin-  |>i<Tfdiii;,'  tt-rni 
niinn'iically,  ai;'l  tliiis  tlic  Iffiris  inci-casi-  cnnt iiniallv,  and  tiicic 
is  nil  ijtcatf'st  tcini. 

(•J)  If  J-  !>«•  Ifss  tliaii  unity  we  sn-  tliat  flu-  niiiitiplvinj,' 
futni- fontiniics  jiiisitivc,  and  decreases  nntii  r  ■  n  ■  1,  and  fiimi 
this  jtoint  it  JK-conies  ne;;ative  Imt  always  remains  less  than  I 
nilliK-ficaliy  ;   tlietefore  thei'e  will  he  a  i,'ieatest  tefiii. 

As   iM'fiiie.    the    iiiultijilyin;,'   factor     will    ]»•   greater   than    i 


so  ioni'  as 


1  + 


(n  4-1). 


If       ,  lie  an  inte;,'er,  denote  it   lis  }i  :   then,  as  in  C.i^e  I., 

the    (j)  •    1)"'    term    is  ei|iial  to  the  y>'''.  .-ind  f  hes<>  are  i.'reater  tli.in 
any  other  term. 

If       ,  lie  not  an  intc'er,  ht  »/  lie  its  inti  .'r,a!  part  :  tlieii 

1  +  ./•  '  ■ 

the  (y  ^  1)"'  term  is  tiie  trreatest. 

Cask  111.      Let  n  he  negative 

]j<'i    It       —  III,    so    that    /;(    is    jiositi\e;     tlun     the    niiiii' fical 
\aliie  of   the   miiltiplviii':   factor   is  .  r  :   that    is 


1 


•    I 


II 


:v 


f^  ■ :  ^:'^#" 


itiv 


HIOIIKU   AI/iKHRA. 


(1)      It  .'    Iw  ;4iciit(r  tliaii  unity  wr  rn.iy  slicw,  ;ih  in  ( 'asc  IF., 
that  tlitic  is  MO  ■,'rfat<st  term. 

(•_')      If  .1-   lif  Ifss  lliaii   unity,  tlif  mult  iplyim,'   fattor    \*ill    Ik- 
■'iratci-    tlian    1,    s"   \"U'^  as 


('";'■')■ 


that  is, 


1).' 


-  1 


or 


(in-  I)  X 
1  -  .»; 


If    '  '  lie  a  jtnsitivc   intc^^fi,  drnntf  it   hy  y<  ;   tht-n   the 

i  II  I   1 )"'  tiini  is  equal  to  tlit-  /<"'  tfiiii,  and  tlitsf  arc  •,'n'at<T  than 
any  otluT  Urui. 

If    ^"' "        '  1.C  iK>siti\<'  liiif   nut  an   intt';;fr,  let  7  U'  its  intc- 
1      .'■ 
;,'tal  part  ;  then  tin-  (7+  I/''  t.Tiii  is  th.-  j,'i-cat<'st. 

If    ''"■  "        '  l»f  ii('j,'ativ»',  then   ia  is  less  than  unity;  and  liy 
1  -  .1' 

writinj,'  the   niu!tii)lyin<,'   fattor  in   tho  form   M  -  jar,    w<' 

sfc  that  it  is  always  less  than    1:   hont-c  oath  torni  is  less  than 
the  prcii'dinj,',  an<l  consi'ijucntly  the  Hrst  term  is  the  i,'n'atost. 

I'.M).      To Jiml  the.  inimh>r  of  homoijeiieoui*  pro'lwtK  of  v  iliiutii- 
siinis  tlidt  van  h'/uniwd  out  of  the  n  litters  a.  I»,  c,  ami  ttwir 

jiouyrx. 

l?v  division,  or  hy  the  IJinoniial  Thoorojn,  we  have 
1 


1  —  ItX 


1    I  (i.r  +  it'x'  +  ii\>-^ 


1  -  lu- 


1   .-  I,x  4-  h'x'  (  />'x^  + 


I- 


1i     i  i     : 

'   ex  +  ex   i  ''  X 


.>r.=r,; 


■;■»  T 
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M»'h<<-,  liy  imiltijtlii  HfiiMi. 

1  1  I 

\    -  II  r  I  /).;•  1    —    (•  (• 

(I    '  KX  (   a  J-'   r        .)  (  1    i    /-,»•   »  />',.■    ♦  I  (  I    •    r.r   t   .■'..'  j  I 

\  ■{■  r  (a  i  li  i  r  i   .   .)  i  .»■'  (a'   '  nft  *  <"•  t  //     t  /ir  '  i''  •         i  ♦ 

1      •    X  .»■    ♦    •S',.!'"'    ^   S  J-^    ■     SII|)|MISI'   , 

wlu'lt"    >'| ,    .S',,   ,S'  .  Jill-    the    niiitis   of    llii-     In  >rin  i^ciicuiis    |iii> 

•  luftx  of    mil,  two,  tlii-ii , ililiiflisioiis   lli;il     <.ili    Ix-    fonmil    of 

",   /',  f,  iiiid  tlicir  jM)w<Ts. 

To  itlit.'iiii  till'  nniiili'  r  of  tlii-si'  |iriHliirts,  |iiit  (/,  />,  c, i-hi-Ii 

rijual  to  I  ;   I'.'icli  tiTiii  in  .S'  ,  S  ,  .S\, now    Im-ioiiu's  I,  aii<l  tlii' 

viiliii'S   of   ,S'|,  .S'^,    >\, so  olitaiiiiil    ;,'i\i'    tlin    nniiilur   of   tin- 

lionioj»i'ni'oiis  priMliirts  of  o»(c,  two,  t/irei;  iliiiHMisions. 


AU„ 


Im'COIIU'S 


1  1  I 

\      lu:      I  -  Lc      I  —  rx 


1 


ir  ( 1  ^  U-)  ■'. 


(1  -.rf 

Hencu      X^   -  «'o«'tliricnt  of  x'  in  tin;  I'xpjinsion  of  (1  —  x) 
n(n^  !)("-•-  -) (»*+  r-  1) 


\r 


hi  +  /•  -  1 
\r  \n-\    • 


I'.tl.      To  find  tJif.   iiuiuher  ()/  tmua  in  tUn  exjHiiinion  oj'  iini/ 
iniiUinouiial  wlwu  the  iinlix  in  a  jiosi/ici;  intnjrr. 

In  tlu'  ox|)an.sion  of 

(",^  "."".+ +'0', 

every  ftrni  is  of  n  {linii'iisioiis  ;  tlicn-fori'  tlit'  ntiiiilMr  of  ti-iiiis  is 
till-  siiiiif  a.s  the  uuihImt  of  Imnini/ciu^ous  j)rf)(iutts  of  »i  iliniriisions 
that  can  Ix-  fornifil  out  of  tJic  ;•  (iiiantitirs  ii  ,  ii^,  ...  n,,  and  tlit-ir 
jiowiTs  ;  and  I liiM-rfon'  liy  the  prt'ot'diny  ai'ticli-  is  •••jnal  to 

jr  +  n  -  1 

n  \r-  1 


MMl 


.^:^;W't^ 


tt 


Kiti 


IIMillKK    Al.iiK.r.li.V. 


J". 


;'  I  i 


I'.iJ.       KuMii    till-  l«•■^lllf  '>t  Alt.   1'.'"  ">•  iii.iy  ill'. 111. (•  .1  t  lifiiiciii 
(•••liitiii;;  to  the  iiiiiiilwi'  "if   .•.iiiiliiiMti'iiis  of  ?i  tliiii^s. 

( 'oli'-iilir    /'    Iflli-is   <»,  /.,  r.  'I.  .    .        .    tlii'ii    it'    NM-  N\.Tt'    to  vxiiti' 

il.iwip  .'ill    ill'-  liolii"u'''l 1^  |.Iim1ii.  t-  i-i    ;■  ililiirll^ioiis  wllii'll  r.lll   It 

t'"Tiii.-.|  of  tli.sr  l.'tttrs  .'iiiil  lliiir  jiosMi^,  iMiv  sinli  j.iimIii.  t 
VN.ililil  i'i'|ii<'--<'iit  Oh)-  of  till-  i'oiiiliiii;it  ioii>,  /-  al  a  tiiiii-,  of  tin-  // 
irlt.-lN,     \\liili     ;iliV     one    of     till-    li-lliTs     iiii;.'lil     .>.-.ll|-    oli.i-,     Iwi.i-, 

t liri.i-,         up  t.i  /-  t iiiii-s. 

'I'lifii'foii-   I  111-  11 II 1 11 1  Ml-  of  .  iiiiiliiiial  i.lll^  of  //  t  liiii-->  /-  .-it  a  tiiiK- 

vnIm-ii    ii-|ii-t  il  ions   .lit-   :illo\M-il    is   r.iii.'il    t.i    tin-    iiiiiii1m-i-    ot    homo 

t;i-iit-oiis   |iioi|urls   of   /•   iliiiii-iivioiis  wlii.li   i-.iii   In-  foiim-.l  out    ot   n 

|/i  •  /■  -  1 
|i-lt<-IS,  .•itiij   tlirli-folf  i-.ill.ll   to  ,    or    "''      ('  . 


'I'li.-it  is,  tlic  iiiiihIh'I-  of  .'.iiiiliiii.'it  i.iiis  of   //    tilings   ,-  ,it    a  tiim' 
Nvlifii    ri'jH-t  it  ions   arc   allowt-il   is   ciici.il    to    tin-   iiiiiiii'i-i-   ot    roiii 
liin.-itioiis  of    ,(  '  ,-     I    iliiiiL;s    /-   .it    a   tiim-   wln-ii     ir|.i-t  it  ion  ■,    art- 
r\rlu(ic<I. 


i;i:'..      W'l-    .sli.ill    coiu-lii.li-    iliis    .liaiiti-r    uitli     .     f.-u     mis.-t-l 
l.-ini-oiis  cxaiiiplrs. 


il 


I'm  I  III  pi  I-  1.      l-'iuil  till-  o.ii-tlii-iiiil  (if  ./''  ill  till'  i'\|iiilisiini  of 


(1      •-'.'■(- 


(1   I  X)' 
Till'  ixprc-sioii     (1  -  J.r  )  Jj-')(1  f/),.r  +  y..,.r-' I       +/),.r'' •  ...)  bUi>IK)s.-. 

Tilt  ctH-llii-i.'iit  of  .r'  will  In'  olitaincd  liy  nulUilll>ill^.'  7v.  /V   i-  I'r  j  ''y  '■ 
•1,  1  ri'sjioclivt'ly.  iiiiJ  uii.lin^  Uu-  nsults;  li.'ii(-»' 

tlii' n-quiri-il  i-oellifii-nt     y.,.      ly<r   i  l   U'r  ■:■ 
lait  ;v     (-!)'■'.,  .  [Kx.  .■«,  Art.  MJ.  I 


V} 


llriipi-  till'  ri-.iuii-i.l  (-ut-'llicil'llt 


„     ,'■!'■*    I»       ,, 


.   1)^"    ■'.;■   "'  n  !'■  '■ ' ,;  "  ■  i(  ir  ^'''  .,'*'■ 


-  .,--[('■  ;  1  M>  +  •_>)  +  \r  (;■  ;  1 )  i   I/-  ((■     1 ) 


HINkMIAI.    IMKokkM       an^    im>k\.  Iti7 

t-riltiijilr  "J.      I'liiil  llu-  Miliii'  of  tin    m  i  ii  >* 

".' .  :i        :i .  » .  :i' 

.,.,  .,    :i    ".      1      :t    .-.    7      1      :;         v    ■'      l 

3    :.  :<    :.    7  t    ■.    7    '.' 

_-._-     ---     .... 
•I      :t-         \:i        .•!'  I  ■!' 

:;  :t    :.  :'.    .•.     7 

I\.riiiniil-  'A       If  H   is  liny  jm)siIivi:   iiil<ri'l.   --Ill  ^v    tli.U   lli'    ml' /lal   p/iilnf 
{'A  f  ^7)"  IS  nil  ikUI  iiuiiiIhi. 

SiipiM)si'  /  U>  diimtf  tlif  iiiti  j.'rHl  and  i   tlu'  fr.icti'ii.il   |Mit  i>f  (.1  '  ^  7)". 
Tbtn        ;-(-/=:{"  •(■,:<"  's  7  * 'V!"  -'.  7  •  <•,;!     'i„7)'-    d). 

>'ow  :J     ^'7  is  jMjsitivt'  iiiid  liss  lliaii    1.  lliirtfdH'  [A     ^7)'   i--  n  I'lMj^r 
fraction;  diiiottj  it  l)y./ '; 

.•./'^;v'    f,:'"  '\'"  t'V"*"- 7- <■.,■■*"  '(n7»'.  (•-•). 

Add  together  (1)  iind  (_');  tlic  ir/atioiiHl  tiTiiis  ilisuj)!"  .ii ,  iiM'l  wc  li.ivt> 
/+./>/'     2(.i''  (  f,:V'  -.7+  ...) 
an  evi-n  intt';^(  r. 
But  since/ and/'  aiu  proinT  fnictions  thtir  sum  inu-t  U-  1  ; 
.■.  /  —  an  odil  inti'i^'Lr. 


EXAMPLES.    XIV.  c. 


Kind  tlif  I  iiftliciLMit  uf 

1.  .(  ""  in  tliL-  L-NiiiUisii'ii  "f 

2.  «'-  ill  tln' oxiiaiisidii  I'f 

3.  .i"  ill  tlif  cxiiaiisi'iii  iif 


;{     ->.r 
4  -I-  ill     'I- 


_^  ,  I  .=r::v     ^;,  r.^\?,*.  .-.^^f,MSii4^Z^-_-^ll^,-  ^  -  ^. 


MICROCOPY    RESOLUTION    TEST    CHART 

ANSI  ond   I'O   TEST   CHART   No     2 


1.0 


I.I 


1.25 


12.8 


13  2 


U     1^ 


1.4 


2.5 

II  2.2 

I  2.0 
1.8 

1.6 


^     APPLIED   IN/MGE 


•4609       ,SA 

-as  -  Sjsi  -  Fs. 


v.  3  yf^=^. 


\l' 


■■'■% 


i^y^^ 


hjS  IIKJHKIl   AI,(iKHKA. 

-i2  (-.'•  +  .'  • 

4         I'linl   till'  iiH'Hicirnt,   ipt   .''   ill  thr  (AlLlll-^liilI  I'f 

I   ^  .!■)■ 

5.  rru\t'  dial 

II      I  . ;{    I       1  .;{..'.     1       I  .:{.:..  7     1  /:; 

■J.'  ■2'^  -2.  \'  -2-    ■2.^ .t<'  -2     -2.  i .li.s'  2*  v  ;j ■ 

6.  I'r.ivc  Iliat. 

;{    ;! . .".     .{ .."..: 

■*  "^  I       I  .  s      I  .  s  .  I  li     

7.  ri.'MMliat 

2,1       2,1    2ii  \  2        2c    2i,  f  :;    ■■_•/'{■» 

'  ^•;i   '       :5..;       '  :5.(;.'» 

.„.  i|  ,  "  ,  "  "  •  ^'  ,  «("  •  'M"  '  -/  .         i 

8.  I'lnvc  tlial 

(■       /'       //    /'      I        II  '  II      i)  ill     2  I 

'     i'»7+    7.1.     +       7.n.:2I        ^ J 

1' .      II      II  (11  I.   \  ^      II  ill  4- 1     "  +  2)  ) 

\      2        2.  i  2.i.r>  J 

9.  I'liivi'  that  ainuoxiniatily,  when  ./■  is  wry  Miiall. 

10.  Sluw   tliat,   thr   iiitr:;ral   part   nl"  'J)  i  2  s'*',"  !■->  'x^l'l,   if  «   'f   -'i 

]HlsitlVL'    illtl'glT. 

11.  Slu'W   tliat  the   iiitt'u'ivil   part  of  (_S  i  3 s.'' "  i>f  I'llil,  if  /(  l)o  ;i 
[iDsitivf  iiit(  i^ir. 

12.  I'iiiil  Iln'  ((ictVu-icut  lit' .' "  in  tlio  c.xii.iiisiiiii  n( 

(1    -2.r  +  :\.r--     l.^-'  ,    )-". 

;'  1\*" 

13.  .*^litW  lliat  tin' luiililli    term  of  (  ./■  ,       I      isccjllal  to  lliocoftruiclit 

I'f  .'■"    ill   tllC   ('Xl).'lll,-.ioll   (if       1  l.'i  -    . 

14.  i'lMM- i  iiat  t  ill' I'NiMn^iiiii  iif    i      .'■   ■'iiiav   iirpui  iiiin  i  iic  iuriu 
(I -.(■/"• +  3«.-M   -'■)■'""■  +  '","".,  '    ■'■'('     .'■/'"■'  + 
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15.  I'l-civi-  tlijit  tlir  riM'tliiiciit   (if  .)"   ill   til.'  (■\j>iiii>iiiii  _,   i.H 
1.  t),        I  .u'oni'iliii^'  as  n  i-.  Ill'  tlif  Iniiii  .'{,//,  ;{(/(      1,  111-  ',iiii  4  I. 

16.  Ill   till'  fxi>iiii>iipii  111'    .' + /,  f."  tiini     I     tlif   iiiiiiilitr  (if  tfiiii--. 
i^-^j  'lio  sum  lit'  till'  (■ut'liiciciits  111"  tin'  ti'i'iiis, 

17.  I'ri'Vt'  tliiil  if  I'  til'  all  i'\iii  iiitc:;!'!', 

1  1  1  12-' 

"i  /(     I      :{  »    ;{  '  ,")  /'    ."i    '  i« i_  \       \n 

18.  If  '■,,,  '■,,   '■ '„  ■'"■*'  ♦li*''   «"K'tVn  ifiits   in    till'   i'\iiaii.siiiii   uf 

(1  +.',",  wlicii  H  is  a  I'lisitivo  iiiti'giT,  jiri'Ve  tliat 

^'>      '■"     '•."V":i  + +  (    ^'•■r-    ^      '^'\r^^r-^- 

r2)     <■„     2.',-;-;5'.,     4.'.,+ 4".      l''(/(  + I  (■,-(). 

ri 

(3;      <;,-      .',-  +  .■,-     ,y+ +  (       1;".',--  0,  nr  .       1;-.'^, 

according  as  n  is  t«ld  ur  even. 

19.  If  .<„  denote  the  sum  of  tlie  tii-st  n  natural  nuuilM-rs,  iiruvc  that 

(1)     (l-.r)-:'--x,4-.','-  +  v'-+ +Vi'"    '  +  ••• 

2«  +  4 
{■2)     2(.«,,s',,„  +  ^,.S.-i  i  *  -Vh.!)  -  i^  :>,(  _  1  • 

1 

( 1 )     'l.-n.i  +  'li'J-n  +  <h'i:«. -  1  + +  V-i    i7.. . ::  +  'y..7«  '  t     .,  • 

(2;     2  \<{,^  -  ./,'y,^,  _  ,  + '/.//,.,, ..,+ +(  -  1  )"''/,-,'/„,  1 ; 

-'yn  +  i-l."    ''A'- 

21.  Fiii.l  tlie  sum  <pf  the  iiro(hict,s,  two  at  a  time,  of  the  coerticieiits 
in  the  cximnsic  n  of  (1  +.i')",  when  n  is  a  iiositivc  integer. 

22.  If  (7  +4  ^'.3;-     it  +  ,i,  where  a  and  /'  arc  iM.sitivc  integers,  and  ,i 
a  iirojicr  fraction,  shew  that  (1  -  ^i)  \p  +  ,i,  ^  1- 

23.  If  ''o)   '"i-   ''.'I '■«   '"'^'  the   c«K?rticiclits   in    the   e.vi'aliMion   of 

(1  +.''/',  where  /(  is  a  positive  integer,  shew  that 

'■.,      c,  (  -  1  i"  -  '-■„      ,11  1 

'■,  ~ ,:+  .^  f      '     "    1  +.,  +  .,4- +  ... 


r 


.-J  ■  =,. ; 


ciiArrKK  \v 


'f  f 


ili! 


m 


WW 


•it 

'If 


.Mri.TI.NoMI.Vl.    TllKiiKKM. 


lit  I.      W'k     liHVc    ;iliT;i(iy     seen     in     Art.   1 7">,    Imw     \vc    iiiav 
.•ipiilv  tJif*  liiiKHiiial  TliciXf'iii  tn  nlitain  tin'  fxpaiisidn  of  a  multi 
iioinial   <>\|iiTssinii.        Ill    tlic   |ii('sciit    (li.iiitfi-    (iiir   nlijcct    is   not 
so   iinicli   to  obtain   tin-   coinjili'tc  i'\|iaiisioii  of  a   mult iiioinial      ; 
to  liiid  tilt;  coctHcifnt  ot"  any  assii^nrd  teiiii. 

I:.ntmjilr.     Find  llic  coulliciciit  of  o '/,','(/'  in  tlic  ixiiiinsion  of 

[u  ,  b  \  <•  +  (/)'*. 

Tilt'  I'xpunsion  is  the  ])riKluct  (if  1 1  factors  cufli  ciiual  to  a  (  It  f  c  i  il.  aiiii 
fverv  ti'ini  in  tin;  cxjiaiision  is  of  14  diuiensioiis,  bt'in;;  ii  ])ro(lui;l  I'uriiit'il  hv 
taking'  one  letter  out  of  lacli  of  tlicso  factors.  Tims  to  form  tlic  Iitmi  ii*b-r^(l'\ 
we  take  ii  out  of  any  fmir  of  tlio  fourteen  factors,  //  out  of  any  liro  of  tin.'  re- 
mainiiiK  ten.  c  out  of  any  tlinr  of  the  remaining  ei^-lit.  Hut  the  nuinlx'r  of 
ways  in  which  this  can  be  dime  is  clearly  ecjual  to  thi;  nuiiiher  of  ways  of  ar- 
ran^inK  IJ  letters  when  four  of  them  must  be  </,  two  b,  three  c,  and  live  (i ; 
that  i.-i.  cijual  to 

It 

[Art.  l.-.l.l 
|4i'2  3,.-)  ^  ' 

This  is  tlierefore  the  niiniher  of  times  in  which  the  term  n'li-r'-d''  apiiears 
in  tlie  linal  (iroduct,  and  consciiueiitly  the  coellicieiit  reiiuired  is  25'2_'.">20. 

111.").  To  t'linl  till'  riirj/irliiif  aj'  uhi/  nsxiijiifil  (irin  in  t/n'  rx- 
piDtsiiiit  of  (a  +  l>  i  c  •  (1  •    •■■)'',  H'hi  re  p  is  a  jmtiitirf  int'iji-r. 

Tlu!  expansion  is  tlio  pi'odnct  of  jt  f.u'toi's  facii  cijuiil  to 
II  *^  Il  +  c  +  il  +  ...  ,  and  fvcry  tt'fui  in  the  expansion  is  fofuird  liy 
taking;  oiui  icttci'  out  of  each  of  tlicNC  p  f.irtors  ;  a.ni  t liri'cfort! 
tlic  nmiilitT  of  ways  in  wliicii  any  tcrin  ir^lfiiyil^  ...  will  appear 
in  tlie  linal  product  is  ciin.il  to  the  niiinlicr  of  ways  of  arianjiiiii^ 
p  letters  when  a  of  tliciii  must  l>e  c,  fi  must  he  6,  y  must  Ije  <•; 
and  so  on.     That  is, 

.1  ...      •  .  (  ..  1  »    .     K  •  I  ' 

tin-  <  III  ITU  iciit   "I  ir-rr-i-:!!"  ...;:,  _  —  . 

where  u  +  /i^y  +  S+...      p. 
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I'uK.       Ill   tlic  cxjpaii.siiiu   I't 

(((,  f  /.,/■  .  r.i'  +  il.r'  T    . , .)' 
till'  t<Tiii   iii\nl\iii''  if/A'yi/''  .  .    is 


I/' 


a    li    y  \6  ... 


or 


,/' 


'■•  (/.,-■  ■"'  {>.!■)''  {i/y')^ 


ir'li'''<-'iil''  ,. .  .if*  •  •J-y  +  :v6  + 


\N  lli'lf    a   .  /i  .  y  f  S  +  ..  .       /I. 

'I'liis  may  Im-  called  //it;  ij' w  nil  0  rm  nt  ihf  <\|paii.>inii. 

I\.ritiiqili .     I'liul  lliu  cot'lliciiiit  iif  .('  in  llic  l\ji:iii.-'(iii  (if  i.i  +  l,.r  ■  rj-y'. 
Tlie  t,'eli»iul  (trill  of  the  t;\|>iilisi(iii  is 


",/■<   "; 


(li. 


whtri'  a  +  li  i-y-'.K 

We  liiivo  til  otitiiin  by  tiiiil  ull  tlio  jxi^iliv*'  iiit('t,'riil  viiliit  s  of  ,i  mid  -, 
wliicli  sati-fv  the  cciuulion  ,i  ■  -'y  .", ;  the  Viiluus  of  a  cii.i  llnii  be  fiimid  frmn 
Ihu  L'liuation  o  ■  pt  i-y  - '.). 

I'uttiu^'  y  -  2,  we  liiivc  ,-i  1 ,  and  a  -  (J ; 
putting;  -,  -  1 ,  we  liiive  (i  ^  :<,  and  a  —  5  ; 
putting  7  -  (t,  wo  littve  ji     .">,  and  a     I. 

The  required  coctticier  i  will  he  the  sum  of  the  coire«iioiidiiit,'  vahn  .s  of  tin- 
expression  (1). 

Therefore  the  coellicieiit  reijuired 

y  'J  I!) 

=  •2r,'2a'''h,-'  +  ,-.0  licVA-  +  12tia<6''. 

I'Jti.       To  Jniil  till'  ijiHi'ful  (I'riii  in,  (Im  e.fjKin.siuii,  nf 
(a  -  l)x  f  i-.v"  ^  ii.\ '  +  . . .)", 
irJicri'  11  j.<  (til)/  rutloiKil  qumitity. 

By  tlie  JJiiioiiiial  TlieonMii,  tlio  ;,'tii<Mal  ttini  is 
?t  C;i-  lW/t-2)  ...  C/(  -  i)+  1) 

wluTc  ]t  is  H  j)i»siti\t'  iiitcLrt'i-. 


«"  ■■■  (/a/.-  *-  cjr'  +  </,<  ■  +  ...;', 


'm 


I 
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'if^i 


-¥5v 


'Jl 


% 


IS 


Ami,  liy   Alt.    I!*'',  tlir  ;,'riiii;il  lirm  nt'  )lit^  f.\j«;ili.si(>li  (»f 
(b.i:  +  rx'  4- ./.#•'  '   ...f 

\r 


wlirir  /^,  y,  8    . .  .'ii't'  jiiisitivi-  iii1i"^<'i-s  wlmsi'  sniii  is  /I. 

llfiMi'    till'    i;cn<'f.il    tfiiii    ill    tlif  cxiiiiiisiuii    nf  tin-   i,'i\rii   cx- 
|iit'ssii)ii  is 


>/.  (/t  -  1  )  (/t     '2t  ...  {ii.     /I  <   1  ) 


,/tfiy  8 


„"   '7A'>7^  .   .  .,ri'-iy':«'     , 


wluM* 


/i  f  y  4   8  +    . . .        />. 


{'.•7.      Siiiif   (a +  /<.!•  *-<•.<-'  f  (/.!■'  f    ..)"    iii.iy   Iw;   writtni    in   tlif 
foi'iii 

., /.       ''  '^     ■•      '^    .'  \' 

a        1   +        X-    f       .':+-.'•+...  I  , 

\  (I  rl  (t  / 

it  will  1ki  siirticiciit   t(i  coiisidrr  tin-   cast-   in   wliicli  tin;   first  term 
of  till!  iiiultinniiiial  is  unity. 

Thus  the  j^cncral  term  of 

(1  +  bx  +  cjr  +  (/.>:' +  ...)■' 

where  /3  4- y  4- 8  +  .  .     ;». 

Kj-iuiipU-.     l-'iud  tlio  coL'flicient  "f  J''  in  the  expansion  of 

a 
(l-3x-2j--4-tlxT. 

Thi'  (,'oncral  term  is 

^(^^)(^^)^^(^'■^') 


i-,fi-'2^y(i>fJ-'y^ (1). 


We  liave  to  ohtiiin  by  trial  all  tlio  positivp  intejn-al  values  ot  /it,  7.  6  winch 
wativfy  the  eiiiiation  /i  f  27  4  8S=::{;  am',  tlicn  ^1  is  found  from  the  e<iimti(in 
J,  -  fl\  y.i.  J.  The  reijuired  coefficient  will  be  the  sum  of  the  correspondinj; 
values  of  the  expression  (1). 


.'"-'^' 


MI'LTINO.MIAI,  THKORKM. 


IT.'J 


In  tinJin^•  ,i,  -,,  "i.  it  will  hv  Ust  to  CDinnicni'e  liy  K**''>H  ^  '^  xuccvnmw 
integral  Vftluis  lM').'iiwiiii^' \\ith  tlit;  jjieatest  a<lniis!*ililt>.  In  llir  pri'Hcnt  cum' 
till'  values  HTv.  found  to  Ik- 


5=n. 


1.    ,^-1,   r 


3-0.     7-(t.     firH,     p-X 
Sulistitiitin^' tlu'Sf  Viilues  in  (1(  tlic  ri'(|uircil  ciH'tlicirnt 


(i;)  !'■•' '  Q 1 -',)  <  ■■"<■ 


=  1 


4      44 
3      3~3' 


1{)S.     Sonu'tiiiics  it  is  nion-  t'xjH-ilitimis  to  use  tin-   Itiimini.'il 
ThcoiTni. 

I'.rdiniilf.     Find  tlie  coctVicifnt  of  j-'  in  the  expansion  of  (1   -  2j-  t  Hj")   ■''•. 

The  reciuirfnl  coelliciont  is  found  liy  picking;  out  the  coettii'ient  of  j-*  from 
the  first  few  terms  of  the  expansion  of  (1  -  2j- -  3j-')' '  hy  the  Itinoniiul 
Theorem;  that  is,  from 

1  +  3(2x-  3'-")  +•'  C-Jr  -  •*-^-)-  'r  10(2r  -  3.r-)'4.  ir,  (2j-  -  3j--)*; 

we  stop  at  this  term  for  all  the  other  ternis  involve  jvjwers  of  x  higher 
than  J-*. 

The  required  co«'mcient  =  0  .  It  f  10  .  3  (2)'  {     3)  t  1.".  (2)' 

=  -  G6. 


EXAMPLES.    XV. 


Find  the  coefficient  of 
1.     a''b\-*<l  in  the  expansion  of  (a  -  h  -  r'4-(/i"\ 


2. 
3. 
4. 
5. 
6. 


a-b^d  in  the  expansion  of  [n  +  h-r-J  *. 
a^lPc  in  tlie  expansion  of  (2(t  +  ^  +  3f;'. 
x-yr*  in  the  expansion  of  ((/.r-/>y  +  c:)". 
.y^  in  the  expansion  of  (1  +3-<.-  2jr-')'. 


::  tliC  cspanHjon 


.   ,.r  /I    I  .1 ,.  I   o  ..*>\in 


7.  -i^'  in  tlie  expansion  of    1  +  ±i-  -  .v-Y'. 

8.  a'  in  tiio  expansion  if  il      2.c -f  .3.t'-' -  4.i-''/. 


m 


i 


^^■. 
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Kind  till-  1  .«'lli<iilit  .if 

9.      .(-''  ill  tilt    i'\|i,ili>iiili  ipf     I       ±i--\-:Vr'-      .<■'      ,<■'''. 

1 

10.  '"'  ill  till' fX|i:llisi(iii  (if     I      :.'.'•  4- :{./■-'   -. 

I 

11.  r'   ill  tlir  CNl.Mllsiuli  of      1        -Ir  +  '.ir'-       l.r"'    '. 

12.  .'■"  ill  tli<'  iNii;iii.^i(iii  I'f  (1     '     +       j 

13.  ./•'   ill  tlif  fXlialiNiuii  (if     -1       t.r  +  .l.r-]    '-. 

14.  .i'''  ill  tlif  .■x|iaii.si.iii  (if     I  )-  J.(-4  lo.<>  +  i>{)./'     '. 

15.  .i'- ill  tlio  cxiiimNiciM  "!'   ;'»     !."•.( '-t- 1 s./-'';    '. 

1 

16.  Kximiiil  (\     -J.''     :i '•-','  as  far  as  ./•-'. 

17.  Kxpaiiil  (\  +.•?.'"  '  ().>''■}■'  as  far  as  ,--■. 

18.  Kxpaiiil  (H - !».'--•  +  1 S ,'  ■■■  as  far  as  ./•*' 

19.  If  (1 +.'•  +  .'■-'  + +.'■';"     "„  +  ",.' •  +  ",.'•-'  + '^„,.'•"^ 

|)rii\c  tliat 

(1)     ii„  +  <i,+ir.  + +"„,,     (/'+!, "■ 

i^-2)     «,  +  :2'r,  +  3":,4- +"/>.<i,„.     .,"/M/'+l,"- 

20.  If  <■'„,  "i  1  ".,  "  I  .  ■•  arc  tlic  t  itctfniciits  in  "irdcr  nf  <li('  i'xjiaiisii(ii 
<if  (I  +.'•  +  .'■'-/',  pnivf  that 

-r„^~rf,-f<f/  -<f./+ +  (-1)"-'"'     ,      i"..  ;i      '      1'""./ 

21.  If  ilio  fxiiaiision  «if  (1  •  .c  +  .i-)" 

lio  "„  +  "|. '•  +  "..'-+  ...  +"^'-'  +  ■••  +"-..,r'*S 

slii'W  tliat 

"n  +  ":,  +  "«+  ...       ",  +  ",  +  ":+  ...  -"..  +  ",  +  ",+    ■.       3"  '. 


^■-  -?"V\- -.1..  .^^: 


CIIArTKIl  XVI. 
Lo(;AurriiMs, 

199.  Dkkinition.  Til.'  logarithm  <.f  juiy  mimlMr  f..  a  i;ivcn 
base  is  tlic  index  of  tin-  jiowt-r  to  wliicli  tin-  Iwisc  miisf  Im-  i;iisi'<l 
in  onltT  to  «Mju.iI  the  ^jivcn  mniilH-r.  Tims  it'  ii'  .\,  x  is  i.illi.l 
the  loi^aiitliin  of  X  to  the  l>;is«'  a. 

Krmnplis.     (1)  Since  ;5<  =  H1,  the  l(ij.'aritlini  of  Hi  to  hasp  ."i  is  1. 

(2)  Since  lO'^lO,  10-  =  100,  KV-i  -  inOO, 

the  natural  nnmlM-rs  1,  2,  H...  are  rospectivelv  the  lo^'aritliiiis  of  10    KMl, 
1000, tohaHelO. 

200.  Tlio  lo<;antliiii  of  ,V  to  hase  a  is  usually  written  lo;,'^  .V, 
so  tli;it  tlie  same  meaning  is  e.xpressed  \>y  the  two  ('([nations 

a'     X ;  X     loix_A'. 
From  these  equations  we  deduce 

an  i<lentity  which  is  sonu'times  useful. 

Kxamplf.     Find  the  logaritliin  of  A'i^'X  ti>  hiis.-  'l^ii. 
Lot  I  Ih,'  the  required  loj,'arithni ;  then, 
hy  definition,  Ci^''if  =  \Vli^!\; 

1  'i 

.-.  ('i.-i-^'.-Ii^-/': 


3         *21 
hence,  by  einhifini^  the  indico'*.  J*—  ,   ; 


9 
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IIKJIIKII    AI,(iKH!!A. 


r^Tii 


■Jul  When  it  ']<.  uininstoiHl  tli.it  u  |.;irliriil,ir  svstcrn  of 
I(ii{!iritliiiis  i>  ill  iiM',  tlif  Mitli\  (It'll. itiiii,'  t|M>  l,,iM'  istiiiiittfd. 
Tims  ill  (11  itliiiictii;il  ciliiilatidiis  in  uliiili  1(J  is  tin-  luisc,  we 
usually  write  In;,'!',  1m^  .'.,  .   jiisicail  .,f  In:^/    •_',  1,,^/    ,;_ 

Any  nuiiilMi-  iiiiiilit  Ik-  takm  as  tlic  hasi-  i.f  l<ii;aiif Inns,  and 
I'OiTc.sjH.iKJiiij,'  to  iiiiy  sill  li  liasf  a  systiin  nt'  lou'aiit  liiiis  :>(  all 
iiuiiiImtk  cniild  I.C  found.  |!u(  lict'oif  di-  ii-,siiiij  tlic  lii^^aiitliinir 
systems  ei.liiliioiily  Used,  we  sliall  |iio\e  some  i,'eiieial  |iln|.<.sit  ions 
wliicli  are  true  for  all  lo^aritliins  independently  of  anv  ]>arti(iilar 
liase. 

'_'(»■_'.       7'/,,  luijiirilliiii  <-/■  1   M  (1. 

Kor  </"  I  for  all  \ailles  <if  //  ,  tlierefnie  Imj,'  1  (I,  «liate\er 
file   liase  mav   !>♦■. 

*_'()'?.  Till'   /ili/liriffllll    (>/'///»'   llll.sr    i  I  SI  I /'  i  .•)     I 

Kor  (('       (/  ;    tlierefoie  loiT  fr        1. 

l!()l.       Tnjlnil  the  liKjiirilhni  nf  ii  imxliift. 

\aX  MX  lie  the  jiroduef  ;  let  a  Ih-  tlie  Itase  of  tlie  system,  and 
sujijiose 

so  that  ,i'      .]f,  It"      A. 

Tims  tlie  product  .l/.V      ti'  •  ti" 


wlienee,  liy  delinilion,  lo^^'J/.V     x  •  // 

Similarly,  h>-iJfyP     lo-,.»/+  l<)j,'..V  +  lo-^ /'; 
find  so  on  for  any  luimher  of  factors. 


Kxiiinplf. 


loKl2  =  log(2x3:v7) 

log2  +  loga  I  1.)K'7. 


lH)rt.      Tit  ji  till  till'  luijurithm  of  a  fraction. 


Let         lie  tlie  fraction,  and  suppose 
so  that 


Tims  tin-  tia.tiui 


l.'HJAIM  niMS, 

.1/       a- 
.\        .V 
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wluMnf,  liy  (Ifliniiiiin, 


Kxmiiplf.         lii^;  {id)  -\,>^ 


M 


■•'     .'/ 


1-:.'  .1/     I....  .V. 


;«> 


-  lot;  2  4- Io^' ;<  f  lo^',-,    1,.^.  7. 


!'<»♦).        T<,  find  thr  lii'inrithni   >./  „   ),,>,l(/»r  niisf./  /,,  ,,,>;/  J,.„r,,; 

tntfi/rn/  or  frartioiml. 

\.vt  I<)j,',(-I/'')  Im'  n(|uin(i,  .ind  siijij.nsf 

■C       log,  J/,   so  tll.lt  .<•        .1/; 


tlii'i 


\vlit>!i<c,  l.y  (Ifliiiicicii,      li';,'_(.I/')      /,.,;; 
tliHt  is,  lo^',,  (.!/')      /'lo-,  .1/. 

'         1 
Siiiiil.uly,  \«'^^(M')         lo-,.!/. 

-•'7.        It  follous  t'rolii   till'  ttsillts  \vc  Ii;i\.'  jirOM'il  tll.lt 

(I)    the   loitaritiiiii    nf    ,i    [(rodii.t    is   fi|iia|    f,,   tlic   Mini    c.t    tlit- 
logHiitliiiis  of  its  failors  , 

(•1)   tlie  logaritliin  of  .i  fiactimi   is  .ciii.il    ti>  the  ln|,Miit|mi  of 
tlif!  miiiicf;itor  (liiiiiiiisli.'d  \t\  tiic  lo;,'atitlmi  of  tlir  il.ii..iiiiii.itor  ; 

(.5)  tlu'  llo;,',iritliiii  of  (hf  /,"'  j..,w,.r  nf  ;i  iuiiiil.fi-  is  /,  times  tin- 
logHritliiii  of  tin-  iiuiiiIk'I-; 

([)    tho  logaritlllM   nf  the    ,"'    |.M,t    nf  ,i    IiIiiuImi-    i,  riill.-ll    to      til 

of  the  logjiritliiii  of  tlie  iiuiiiIm'I'. 

Al... 41..4.      I.-     il  .-1  •      1 

.A, -I.    A^-    .-t-t;    ti:.tt    "\     X\iv    iisi-    tit    i.i^-.Ui!  Iiiii^    ti..-    i  .|  i.'i  .d  ions    ot 

iiiultiplic.'itioM  and  division  nutv  tn-  replaced  l.y  tliu>e  of  .idrlition 
and  subtraction;  and  tlie  operations  of  involul  ion  .md  exolution 
hy  those  of  nuiltiplieation  and  division. 

H.  H.  .V.  12 
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i 


l-.niinr''-  1       KxinT^-  till'  luvriiiitliiti  I'f  "*.,,    in   t>iiiM>>f  Imi^.i,  ]:i/ I>  iiml 


3 
I/-' 


r'li-  r'h' 


v-5 


Lr'i**^ 


l.r,iii,j.U-->.      I'm. I    r  from  111!    ('limtinll  .(•'..■     ^      '''""'. 
'I'liKlii;'  l"riii  illiiii-'  of  Initll  -iilis,  \M>  llilV.' 

,rlf.t;-i  -'l.rWc      (:<.r  '  1)1.'^''', 
.-.    .r  (lor;  ,,      •Jliii;,-      :Uii;.'/'l       lot,"'', 


lit 


EXAMPLES.    XVI.  a. 

Fiiiil  till!  li._;Mntliiii^  lit' 

1.  If,  to  li.i>i'  ^'-1,  ami   \~i>^  til  liasr  1  ^'W 

2.  \-S>  til  lia.sc  ■)  x'"',  aliil  ■-•">  til  liitM;   I. 

3.  '  .  til  l>ii>f  -2  ^'-2.  ami    i!  tn  Jium'  '.i, 
•2'>it 

4.  (tCijr)  111  liiW  :i,  anil   HKXI  tn  liasc   ul. 

5.  (HH)!  til  iiuM'  (Mil,  ami    i  tn  Im.mj  ;t^';}. 

*/   n-       1  .1/       1. 

6.  V  /  T',    -  ,  ,    V  •'  "    "  *"  '"""'  "• 

7.  Fiml  tlic  value  nf 

1...,1::N     1"..,,|,.    l"^.^,.    H...^^- 


i.l  1'     11       --  ....      1     .  .-    .  ,.^  •  I.  .. ...      C..      4,. *••....      ..I*     1..i>^        l..^v/t       nnH 


log-'. 


8.     log^x'u-/./.  9.     Ingu'"- ■<'''>  10-     l«>g(Va-'n 


LOUAUllllMs. 
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11.     !••.;•'>  '<  '■/'  X  s  III' 


12.     1-,'  V.'  \''>'  :  sl,\'„  . 


13.    1-,'  ,.  14.     l-.'^( ,,..,.,)      .(,,,.   ,j^ 

(a  '6  V-V" 


15.     Sh.w  lliiif.  lu.^'  ^, 


'..     » 


16.     Simplifv  1 


y    7 


17.      l-ruv..  tlMt    l,.^i':     :;l«'>;y^l">^^'^5     l"^^- 


Sdlvn  tin-  fiilldwili^'  (•(HI.■l(i■l|l^^ : 

18.     <i'    ill'.  19.     <i-'.h'    ,-. 

'•I         ,  21.      <!■'  .  /''•      m'  I 


20, 


l^  ' 


.j'^.6-'     //('") 


22.     If  1";;  ■'".'/ 'J'"') '""'  '"'--'       ''»  '""'  '"■-' '' •■""'  I"!-,','/ 


23.      If  '('    •'./'■■•'-    .»^  •■'./'-',  .sliow  that  ..  li 


4;:).-...... 


24.     Solve  tlif  iiiujitiiiii 


(  'OM.MOS    Lim; AIUTIIMS. 


2<tS.  L<i;,'.iritiiiiis  to  tlif  l.;iM-  |(»  ;ii.-  cilNd  Common  Logar- 
ithms; tins  .system  was  tiist  iiitrndiiicd.  in  Itil.'i,  hy  l!iijij;s,  ,1 
conteiiip<^)i;iry  of  Najii    •  tlic  iii\<'iit<ir  of  l<i;,',iriiliiii>. 

Ki'iiiii  tilt'  »'<|ii.'iti"ii  lU'  -V,  it  isfvidcnt  tliat  <<'iimii'ii  liii;ar 
itliiiis  will  lint  ill  yiicral  l>f  inti'gial,  and  that  ihfv  will  m.t 
alwjiy.s  Ik'  positive. 


For  instanto  .'il.M  :-  !<»'  .hkI  -   10" ; 

.•.  log  3151      S  t  H  fraction. 


12—2 


'  I 


i 


,^"!i 


\i 


J 


IMO  iiUJiiKii  Ai-(;i:i!i!A. 

A^Miii,  •(!(]>  1(J--  ;ui(l  -^  10"'  ; 

.•.   lo^'  ■(»()       -  -J  -  :i  fr.utiou. 

L'O'.t.        I  )KI  IMTION.        Tlir   illt  r^JIJll   ].,llt  nf   ;i,  ii.;^';irit  IllJi    is  cillcd 

tlic  characteristic,  anil  tlic  dciiuial  jiart  is  callfd  tlic  mantissa. 

Tlic   cliatactciistic   of   tin-   lo;,'ai-itIiiii   of   any   iiuinlicr    tu   tlit; 
base  ]()  can  lie  written  down  liy  insjicrt  ion,  as  \vi'  .sliall  now  slicw. 

'2\0.       I'll  (liti'i'iiii  III',  tli'i  I'lm  I'liiti  rixl  tr  n/   t/ii-  linfiirif/im  ol'  (my 
nnmliKr  ijria/i  r  tlimt  viutij. 

Sinrr  10'      |(i, 

10-     loo, 

10'      1  (»()(), 


it  follows  that  a  nniiilpcr  uitli  t\M>di:,'ii^  in  its  inlrijial  iiar't  lies 
lictwcen  lo'  and  lo  ;  a  imndicr  with  tliric  dibits  in  its  intc^ial 
jiart  lii-s  hftwccn  lO'  ai.d  K.) ' ;  and  so  on.  Hence  a  iiiindMT 
with  n  digits  in  its  integral  part  lies  Ketween  lO'    '  and  lO'. 


then 


Let    .\'  be   a   niindier   ^^  hose   integral    jiart   eontai'is  n  digits; 

V^      1  ()'"    "  '  "  frMciiijii 
.■.    log  A' =  (H  -   1)  4  a  fraction. 

Hence  tlie  characteristic  is  //  ~  1  ;  that  is,  tJa  rlmrtict)  rislir  of 
thi'  loijii rillnn  nf  <i  iniiitbi  r  i/riufi  r  tlimi  iitii/i/  /.•.•  /tss  In/  vtn;  t/i'ut 
the  nniiihir  n/'t/lijits  iu  <7.s'  intiijrnl  jxirt,  dml  is  pi  is  it  ice. 

lill.  To  i/>  tr.nnitii'  till  i/i<ii(icti  rt.-ilic  <</  tin'  hn/n  rlthiii  of  a 
ilirlinal  Jrtti'l  11)11. 


Sin. 


1(("       1, 

1 

10 

1 
100 


10-' 
1((  ■ 
10^ 


1 

1000 


'11(11 


..    •v-V'^'iy ::=■>. J:. 


.  »»f  =i:='^ 


I.ofJAUITHMS. 


ISl 


it  fnlldws  tli.it  ;i  (Iciiinal  witli  oik*  ciplifi'  iiiiiiit'(l);itcl y  ;ittiT  the 
ilt'ciiiiul  jioiiit,  siicli  as  ■()3lM,  lifiii;,'  i^'icatcr  tliaii  (.*1  ami  ll•^s 
than  '1,  lifs  lictwcfii  lo  '  and  lu  ;  a  ntnnlHT  \villi  t  un  ciplifis 
at'tci'  tilt'  (It'iiiiial  jMiiiit  lifs  liftufcn  \i)  '  and  1*1  ';  and  mi  on. 
HfMiff  a  dfiiiiial  traition  with  n  ii|ihi'rs  iininciiiatfly  after  ihi- 
dccinial  point  lies  lift  Wffii   !<>      'and   lU    ', 

I,i't    />  111'  a  dcriiiial  lii-i;iiininu'  with  /'  ciphri^  ;   thin 

/.        I  ()    (<i  f  1)  «-  II  rrnrtiuii 

.-.    lo^  /)      -  ()i  '    \  )  •  a  t'laclion. 

Ht'iicc  till'  charartfi  istic  is  (/t  ■  i  )  ;  that  is,  //i-'  rliiirnrti  rixlir 
of  tlif  /in/iirit/iiii  lit  II  ill  ri  null  j'riirliiiii  in  i/fi'il>ir  In/  fiinfi/  lliilii  tin' 
iDiiah'r  III  iijiJnrs  inuni  ilmf  1 1/  ii/lir  tin'  ihriiiinl  jminf,  nml  is 
III  'Jilt I  ri'. 

I'll'.  Tilt'  lot,'aritlinis  to  li.isf  Id  of  all  iiii«'L,"-rs  from  i  to 
•JddOdd  havf  Im'cii  foiinil  and  talmlatfd  ;  in  most  'I'alili's  tht-y  aif 
■^ixt'ii  to  st'Vfii  jilacfs  of  dfcimals.  'I'his  is  the  systfin  in  jiiai-t  ifal 
list',  and  it   has  two  ;,'ifat  ail\  antam'^  : 

(I)  Kioni  thf  ifsiilts  alii'ady  jiiovi'tl  it  is  t-v  idfiit  that  tht' 
cliaiarfcii^tiis  tan  lif  writlfii  tiown  Wy  iiisjifit  ion,  so  that  only 
thf  mantiss;i'  lia\f  to  !«'  rfijistfrfd  in  thf  Taliifs. 

(■_')  Tlit^  mantissa'  art-  thf  saiiif  frir  thf  loiiaiit  hm^  of  ail 
niimlifis  whifh  ha\f  thf  same  siuiiitiiant  iliiiil^;  so  that  it  is 
suthtifiit  to  taliiilatf  thf  mantissa'  of  thf  liij,'aiit  Inns  of  int- ,/,',:■<. 

'Iliis  projiosit ion  wc  jirofcfd  to  jiro\f. 

2\'^.  r^ft  >V  1m'  .iny  iiiimlit  y.  tlifii  siiut-  miiitiplyiin,'  or 
divitliiii(  liv  a  |io\M'r  of  lO  nifffly  alters  tin-  position  of  thf 
tlftimai  jioiiit  without  chan^ini,'  thf  sfi|iifncf  of  li;;uit's,  it  follows 
that  .V  ■  jd',  and  X-  Id',  w  hf it-  p  ami  >/  art'  any  intf;,'fis,  art- 
numlifrs  whose  sii^nilii-aiit  iiii.'its  art-  thf  same  as  tliosf  of  3. 


I 


N( )W  1< )<,'  (  .V  X  I  d^)      io^  X  •  /^  lof;  1  (J 


I-4.V-/'. 


(li. 


Again,     !oi;(.V-    lU')     log  .V- 7  loi,' Id 


(■2). 


In  (1)  an  intogfr  is  adileil  to  log  .V,  ami  in  (2)  an  intf^f r  is 
suhtiartfil  from  log  .V;  that  is,  tlif  mantissa  or  dftimal  jMHtioii 
of  the  loyjiritlini  ivmains  unaltfrftl. 


isa« 
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Ill  tliis  .-iiiil  llic  tlircc  prcfcdiiij^  jirticlt's  tlio  iiiantiHSiL-  have 
ln'fii  su|)|>()simI  jHisitivf.  lit  order  to  .sciuic  tlic  iidvjintii;,'t'S  of 
l>ri'4L;s'  system,  we  .•ii'i-iiiii,'e  our  work  so  us  ((hf<ii/K  to  keep  l/f 
iiunitinsd,  jmsilii-f,  so  tliat  wlieii  the  iiiantissa  of  any  logarithm 
has  l)eeii  taken  from  the  Tables  th"  iharaiteristie  Ls  pretixe<l 
with  its  a])|iroi)iiate  sii,'ii  aeiordiiii,'  to  tiie  rules  already  given. 

I'i  1.  In  the  eas(»  of  a  negati\e  lou'aiithm  the  minus  sign  is 
written  nnr  llie  rlKirdctirixlic,  and  not  hefoic  it,  to  indieate  that 
tlie  characteristii-  alone  is  negati\(',  .and  not  the  whole  expression. 
Thus  1  :;(t|():'.,  thelo-.irithmof -UOdL',  is  eiiuivalent  to  -4+  ■;50lu;5, 
and  must  lie  distinguished  from  MSOlU.'l,  an  expri-ssion  in  which 
lioth  the  integer  and  the  decimal  an*  negatixc.  In  working  with 
ncg;iti\e  logarithms  an  arithmetical  artitice  will  sometimes  l)e 
neccss.irv  in  ortler  to  make  the  mauti^s.L  j>ositi\c.  For  inst.ince, 
a  result  such  .'is  -  3'G'.tSll7,  in  «hich  the  whole  exjiression  i; 
negatise,  may  •«'  t  ransfcprmed  hy  sul)tr,ict  ing  I  from  the 
cliaracteiistie  and   aiMing    1    to  the   mantis.-.;i.      'I'lius 

-  .".•(•>!i>;!t7       1(1     C'.is'.t:)     i-;i(U(i;5. 

(Itlier  c.ises  will  lie  noticed  in  the  lv<amjples. 


/•.nn»/-/,'   1.     Kcqiiiicd  tlic  loKaiitliiii  of  aKXW  JiVi. 

In  tlio  TiiMcs  wc  (iiid  tiiat  :iH.",;M'.;tt'.  is  the  iiumtissa  (if  loR-JllfJ  (the 
(li'ciiiial  pdiiit  lis  Well  as  the  cliurai'ti  ristic  licin;^  imiittiHl);  and,  liv  .\rt.  '.ill, 
the  characteristic  of  llie  lot,'arilhiii  of  tlie  Kiveii  limiilier  is    -  I; 

.-.  Idj,'  OtMVJl.-Vi  -  j:<H.-)i)fi;t(i. 
Fniniplf  •>.      Find  tlio  value  (if  i^'-IMl(MM)lT;?i.  ^riven 

lo^.'  If,:.    •j-ji7ls:i;i,  l,,^-  (;;i7f-'l-=')-Hi:M;(t;rt. 


Let  .(•  denote  tlu*  valuc  rei|uii(>il ;  then 


loir  .)■  -  lot;  (■(HMMM)IC..",)''  -  .  \o<!  ((XMXWH'..'.) 


-  .  (t;-2171H:v.»); 

the  viinili^s,i  of  lo'.' ■OnOOnifi")  heiii^'  the  same  a-;  that  of   log  KiS,  and  the 
cluinii-tilistiL-  lieillg  (iretixed  liy  the  rule. 


Now 


1  1 

.  (<;'J171s;i'.ti     .  (10-  J"J171s:i'.i) 


:  -iHilMittlH 


LofJAHirilMS. 


1  S.S 


and  •'<l:U!(t')H  is  ihe  imiiilissa  of  loK ''>••"  t'J  I ;   lit-ncf  .r  is  a  ihiiiiIht  rcm-i-liii^,' 
v(  tlitso  sairiL'  (li;-'its  Imt  \wtli  cuv  cijiln  i  iittir  tin'  ili  iiiii:il  jMiiiit.    [Ait.  'Jl  1.^ 


Thus 


X      OtiDTl-'J. 


21."».       Till'  lllftlind  (if   c.llcill.ltili;^  lii;,'.il  if  lllilS  will    lir  cxipliiilicd 

ill  tilt'  next  cliiiptcr,  uml  it  will  tlific  he  mcu  that  they  air  lii>>t 
fiiuiul  to  aimthcr  hase,  ami  tlu'ii  t liiiisfoi'iiKMJ  into  ('iiiiiniuii  l<i;,'a 
rithiiis  to  hast!  10. 

It  will  tlii-rt'forf  he  iicccs>ary  to  iii\fstii;aN'  a  iiictlidil  for 
traiisformiiii^  a  systfiii  of  lo^^arit Inns  lia\  iii'_'  a  L,'i\fii  liasf  tu  a 
lifW  systt'in  with  ii  ditli'i't'iit  hasf. 


210.  Sll|i|iost>  tliat  till-  |oi;;irif liliis  of  all  lilllilhfi'S  to  h;isf  »/ 
Hit'  known  aiitl  taliiilatt'il,  it  is  i('(jiiiii'ii  to  liinl  tin-  logaiithm^ 
to  hast'  /(. 

Ia'I    X    he    any    niiiiii>ff    w  Iiom-    lo^aiitliin    tci    hasc    //    is    n 
tjllilfd. 


]..t 


•t     //       lou 


that  is 


or 


.V,    so  that  /r      .V; 

// loiC,/'      loL,',-V; 

lo-/, 

l'>«i'^'   - ,      ,   •  I"-  -^  ■ 


.(\). 


Now   sini'i'  .y   and   /i    art*    ^d\fii,    loi;  A'  and    \'>'^Jt   arc  known 
from  tilt'  Tahlt's,  Jind  thus  lo^.V  may  hf  found. 

Henct'   it   appt'ai's   that    to  tiansforni    logarithms   from    ha-i-  a 

to  hast!  ()  wf  liavt'  onlv  tc.  multiplv  tlifiii  all    hv  ,  ;    this    i^    a 

constant  tjuantity  and  is  LjiNcn  hy  the  Tahlfs  ;   it  is  known  as  ih.' 


■_'17.      In   f,|uatioa  (1)  of   the   pri'i-cdin^'  artirlc  jmt  <i  for  .\'", 


thu.s 


}  ! 

loir/  •         loi;/- 

lou."       \ii-j;  f>       1 . 


It 


smiJ-i^--: 


■■.-*. 


f'      :J^ 


HKiMEU   ALOKHRA. 

This  ifsiilt  may  also  1h'  judx  cd  diicitly  as  follows: 
I-''  .'.•      \<>iij',    so  tliat  ti'      I,  ; 

tlliii   hy   taking'   Jii^Mlilliliis  to  l.asr  A,   \\,-  |ia\i- 

,'■  ii'l(,"       1'%/' 
I  : 
.-.      loW,  •<  i,,^,„      I. 

21 S.  Tlir  t'ollowiii;,'  cxatiiiilcs  will  illiistiatf  tlic  utility  of 
li>i;aritliiiis  in  faciliiatini,'  arit  hmctiral  calciilal  ion  ;  l.iit  for"  iii- 
foiinatioii  as  to  tlw  nsr  of  l..i:,'arit  hmir  '|"al>l.'s  tli.-  reader  is 
ifft'ried  to  woiks  on  'rrii^'onomet ry. 

«  r, 

Kniwiilr  1.    (iiviii  l.'k':<-'17712i:<,  find  lo;,'  1(2-7)^  .  (-H])'  :-(i)())4. 

Thr  iv,|uiiv|   villi]..  ;n.,..'  "'    •    .  log, *],_   -  '']>K".H) 

••<  ( l"f,'  ;('      1)  i   .  (lo-  :(*     1')  -  "  (l.i^r  ;{■-■  .  1 ) 


'.t7 


ioi;:i-;;.i; 


lt;L>,so7(;t;  - :,  ,s:. 
•_'-77s(>7i;<;. 

The    student    should    notice  that    the   louiarithni   of   5   and  its 
jioweis  can  always  he  olitained  fro?n  lo^r  "J  ;   thus 

in 

loi^  .)       ],v^    ^  1(,^  10  _  I,,i^r  J        ]    _  ],,,,  o 

i:.r<itiiiilc  •_'.     I'iii.l  till'  nnmhi'i-  of  (li},'its  in  s7.'i'.,  ^-ivi'ii 
1<>^' '-'     •8010:!0(),  l.)^,'  7      s  l.-,0'.WO. 

^    lt;(l(ij;7+  .'ill'),'  .">) 

Hi  (iofj7  t  .'{-inDtj-i) 

-Hi-  2!tl20(M) 
=-l707212M; 
hence  tlu-  luinil.fi-  <.f  ilif-'its  i-  is,      [Ai!.  210.] 
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F.xamplf  3.     (iivcn  li^'i  and  hv'A,  timl  to  tun  places  of  iliriiuals  the 
va'uf  of  X  from  the  Liiuation 

i; '  «  .  V  ■  '     s. 
'I'likiiiK  lo^;iiiilhiiiH  of  liotli  sidi's,  \s<'  liiivf 

(:«      Ijjhvd-t  (.'■-."<)  Io>;  I      lii^'M; 
.-.  (:<  -  \j)  (lo^' 2 4  lo^' :()  »  (.r  -  :.)  •> lo^,-  2    .( lo«  2 ; 
.-.  j-(-4  1oj.'2      1  loK  .-i  •  2  lo- 2)  -  :5  lo- 2     .1  io^' 2     a  lug  ;j     101m^;2; 

10  luK'-j  .  :no^.' ;{ 

■  •  ''^  2  1un-_'f  llu^'li 

init;t;.,'.( 

2-.".  10.".  I. ".2 

-^1-"... 
EXAMPLES.    XVI.  b. 

1.  l'"iiul,   liy   iii>[ifit lull,  till'  ili,ii\utt'ri>tit>  of  tlm  lii.,'aiitliiMM  ul' 

217:}:<,  l':{  f^,  :{:.u,"  •(•;$.'.,  -2,  v'^T,  >;.'>. 
I 

2.  Till' iii.iiitiss.i  lit' l<iL.'7t'.2.'{  is  -.Shj  I  2.")'.» ;  writedown  tlif  loi^aritliui^ 
of7fJ2;},  7<i2;{,  •iM)7(i23,  7ti2;{tH),  •u<»<)(K)7t;2;5. 

3.  llow  iiiaiiv  (liijits  AW  tlicrc  in  tlif  integral  jiart  i4  tin'  nuniU'i-s 
whose  logaritiinis  are  i-e.s|ietti\ely 

4;joio;j,    i-477i2i;i,   ;j(j!»>h;»7,   ■:>(m>\:>i. 

4.  (live  the  (Misition  of  the  tirst  siynilicant  ligiire  in  tlie  nunil>ers 
wlio.se  iugai'itlini.s  are 

2-77Kl'>i:{,     tl'.Mnsi:.,    ,-)-.J,s7i:{,s4. 

(;iven    iog2  =  -»"l():}tHJ,    l.ig  3  =  ■477121;},    log7      ■.'s4.")U;t,HU,  tin.l    the 
value  of 


5.     log<J4. 
8.     log -0125. 

11.     log4T2. 


6.     log.s4. 
9.     log  14-4. 

1.  ...V!?. 


7.         log-12.H 


10.       I<'g4.r;. 


13.     log>-Oln.-, 


14         V\'..:\  fiii'  -;iv."!:t!".  V-.  :i  :t  ■.•X   •'.H.>;*2!    !!:ivi!!"  '.'iven  tluit 

log  44u**23S.s-  7'«)44;iti:io. 
15.     Ciiveti  log  U»4\^44r)  ---  2-2}^9CHKJ,  tiii.l  the  eleventh  riM.t  of  (;jy2/-. 


T^ 
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u. 


if 

I' 


16.  Fiml  tlif  |.i.Mlii,t  nf  ;i7-Jo;'.,  3-7203,    fHi.-JTiHi.-J,  ;{7i(t;V»,  liaving 
givi'ii  that 

l-'-aT-iin.-j.  i:,7():,7,H(),  1111,1  ]i.-i!tir.t;;ji    r,-:is2;ji2(). 

17.  iliM'M  1(.--J  ;.iHi  1m-:{,  tiii.l  lo.:  .  /^C^'.',)  ■ 

I 

18.  <ii\<Mi  l,,-:i;,|l.l  l..-:{,  tiliil  I,.-   ^;'lM  y  l(»^'  ;  Ij't;  . 

19.  (  'alciilati;  ti)  >l.\  (Iciiiiial  Jilaci.^  tin'  \aliii'  of 

V  I  4-  X :{-  ;  • 
<,'ivcii  in^  :i,  loi^'.'j,  lui;7;  alx.  l,i'^' '.»o7t;L'L'(;    I'.  ;i.')7:in:i:{. 

20.  •  'ali'lllatc  til  sl\  |ilarf>i  nf  ilcciiiiaU  tin?  \  aliir  nf 

!XM>  :    I'.t  '  :  v'l'l'  y  71  >; 
V'iMii  liiL,'-,  li'i,'^,  111','";  al>n 

l'i'.,'ll       rtiti;5'.»:i7,  a'ld   !i.,' I  7^1  l' l.'i  li;      t  •_':ii»7t;.'i|. 

21.  I'liHJ  tjji'  iiiiiiiliiT  iif  (limits  in  ;{'-  x  l'''. 

/.»|\  ii"> 

22.  .'>l:tw  that  i.s  uivattT  than  ItHl. 

23.  1  ii'tci mini'  how  manv  iIjiIkts  then"  arc  lictwci'n  tlio  iltvinial 
jHiint  anil  tiic  first  .sit,Miirn-ant  liiijit  in  (   ,) 

Snlve  the  fulliiwini;  cjuaticm-^,  havini:  L,'i\cn  \<>'J,'2,  li"^3,  and  1<|,^'7. 

24.  ;v  - -'--- ."■).  25.    r.-' -- 1  !>■'.  26.    •>■' -  '■'  -  -y '  -. 

27.     :i:'=- 2-^ *'..".'.  28.     i;^.*;-'    -  =  ,V-'-^.7'    ■'. 


29.     ::!^ '"=-(;"         ] 

:v    ^  .3 .  li"  *  ■ ;  ■ 


\30.    .3'^^  y.-.\-y  \ 


\31.     ( iiv.n  li>.-;,„2-  •;?iilo:<,  tin, I  l.ii.',,, -'"<). 

"^2.     (iiv»'n  ln'.',„-2      ■:?ol();{,  1(._'|„7       SJ.-.D'.t,  lin.l  lou-s'ii  antl  loj^V'i"- 


\ 


(IIAITKU    XVII 


KM-nNKMlAI.    ASK    l.ixi  Mil  III  M  H  '    SKKtK.S. 


L'l'.i.  In  <'li,i|>.  \\i.  it  w.is  st.itcil  tli.it  tlif  lni;.iritliiiis  in 
roiiiiiiHii  UM'  svcif  imt  found  diii-rtlv,  hut  tliat  ln^.-iiit Inns  .-iit' 
lirst  t'l'iniil  to  ;ini)tluT  li.isi-,  ,in<l  then  tninst'ornicd  ti>  knis*-  U*. 

In  tin"  jiiTSfnt  ili.ijitri-  SM-  .sli.tll  jiidM-  cfitiiin  f<irninl:t'  known 
(IS  the  Exponential  and  Logarithmic  Series,  .ind  ui\.'  .i  luitftv 

l>l;in;ition   of  tin-  w.iy   in    wliicii    tlit-y    aif   iistd    in   roust  rmt  in^;  a 
tiilili'  of  io'';irit  linis. 


■J'Jl).       7'i>  t'.rjiiiiii/  :i'  III  iisrriiili III/  ji^'irirn  i<t  \. 
I'.y  till-  I'linond.-ii  Tlifoi't-ni,  i/'ii  is  i/rrnti-r  tltnu   I, 
IV 


(''',)■ 


1       ,/.i-(/'.'-- I  )      1        ,n- {ill- -  \)  {,1.1- -~  •!}     1 
n  -  n'  o  I' 


I 


(I 


liy  putting  J'      1,  w<'  olit.iin 
1        /.       V 


\\ 


('  - .' ) 


1.1. 


'-;  ('-:)('-:) 


!•> 


!3 


Hut 


o-y  ;(-:)■;■ 


I-')- 


liil 


1S8  lllfJllKK    AI/;KI'.ltA. 

lirncf  the  MTics  (1)   is  the  .'"'   ]mi\m|-  i  if  llir  Sfli"-,  ^1*^;    tlmf    is, 

,    ■■■(■■-:)  <'-:){■<) 

•J  .) 

hikI    tilis    is    inif    linWfVcr    l;ii-.i1     //    iii,i\-    lie.        If    f licfffnir    ?t    Im; 
imlftiiiitfly  iiHirasnl  \\r  li,i\<' 

1        ■'■'    •'•'    •'■'  /l    ,     '      '      1  \' 

j-'     |:{     |-J  V  •-'      ■•{     ,J  / 

,,,,  ..111 

I  lie   si'|-|r.s  111'  +    .      I  <    

li      i  •>      1 4 

is  llsii.lliy  (Iilioti'il   liv  .'  ;    liflicc 

'■'  '"•'■';':i  ^'•i  ^V^ 

W'lifi'  (■<•  fur  ./•,  flicii 

r   r         r  .;■ 
1    t    '■•'■  '       ..-    '      I  •;     •    

Now    let    (•'      ff,    so   tli;it    )■     loLT,"  ;     li.v    siilist  it  lit  iiiLC    for  r  we- 
olituiii 

,         ,            .'•"(!<  >!.',">"      .'-'(ioi:,")' 
(I       1   :  .rU><:/i  I  ;         ^  .         + 

Tliis  is  the  K-i-pinn'iithil  'I'ln'iiri m. 

1    " 
Coii.      AN  lifii  II  is  iiitlnitt',  tli<'  Hiiiit  of  (  I   ■      \      --. 

fS.H'  Art.  L'Cr,.] 

Also  as  ill  til*'  prt'ccdint^  imcstii^atioii.  it  may  Ik-  sIicwm  that 
wIk'Ii  h  is  iiidctiiiitcly  iiu-rfast'il, 

/         r;"  .r"        j-'        .,•' 

('^J-^'"'"l2^:^'  4^ ■ 


-.  — >rw  -.g-:^^  J 


ff^^g^3f5^->^^^^^g^ 


'''TT.~TT-T'-  :? . 


EXI'ONENTIAL   AND    I-«MiAIUTHMir    SKKIKS. 

thiit  is,  wlicii  «,  is  ititiiiitc,  tlic  limit  of  (  1   t      )      »■'. 
1 


LSI) 


r>y  imtt iii;^  ,  \v«'  li;ivf 


|\-  I/,   ly-i  ■ 


(' :)  o:,)  ■!('  ,1) 


Now  /u  is  iiitiiiiti-  wluii  /t  is  iiitinitc 
tlius  til*'  limit  of 

V 


('-:)"■■-■ 

lU-m-v  tlu-  limit  of        (l~  ^V 


e    . 


'2'2\.      In  tlu!  jirci'fdiiii^  jirtii-lt-  no  r<'stri<-tioii  is  jiLnfd  ujxm 

tilt!  %;iliif  of  x;  also  siiioe      is  less  tliaii  unitv,  tlic,  cxpjiii.sioiis  w*^ 

liavt!  used  give  rtsults  aritlimctiially  iiitflli;,'il)li'.      [Art.  1. *<;{.] 

i'.ut   tlific   is    another   point    in    tlic    fon-^^oini,'    proof    wliidi 
(IcstTVos    notire.      N\'t'    lia\c    assumed    that    when    ii    is    inlinit« 


the  limit  of 


I'- 


Jiur  (ill  viilufs  i>j'  r. 


Ijft  us  denote  the  value  of 

r 


1)V   't 


Then 


a,         1/        r      ^^       ..■ 
11     ,       r  \  n    I       I- 


1         1 


Since  iL  is  infinite,  we  ha\e 


?t         .r       ,  .'• 

— —  —      ;  that  IS,  «  "     ,  • 

II  r  '      r 

n 

Jt  :..    .1......  i.1...*  ii...  i:,..:i    ..t    ..    ;..   ' '    .    l,, ...,.,.   ♦!...   li'i.,U    ,.f 

Jl    in  ilf.li    -..'l.ti    t::r-   I'.ilill    < 'I     rr  ^   I-        — ,     ii'ti''      ' 


X» 


■ , ;  thiit  of  ?t,  is    ,    ;  and  ifenerally  that  of  "    is       . 


I!t0 


HKillKIt    AI.4iKHI{.\. 


.'■_'L'.        'I'll.'  s.iirs 


I  I  I 

l-J     '    I.".     '     '1 


wliirli  \M'  lia\i'  (Iciiiilvil  liv  I,  is  MTV  iiii|»ir't.iiit  ;is  it  is  tlic  Imm- 
fo  wliicli  luj^Mi-itlmi---  ;nr  tir-.!  (.'ilriiliitfil.  I/)'_',iritliiiis  ti>  this 
li.tsc  aif  kiiiixNii  ;ts  fill-  N.ijiit'ri.iM  svstfin,  sm  ii.imu'iI  ;itt<T  N.i|iit'r 
llirir  iiivciilnr.  'I'lify  ;iic  .-iIsk  (•.■tiled  ini/iirfif  ln'^'arit Inns  from  tin- 
f.irf  tli.it  tiny  .•lit'  tlif  fiist  |i.i,',irit liiiis  wliicti  ii;i»ui;illy  come  into 
c(jiisi(l<'i-.itioii  in  iilj,'t'l.i;ii<';il  iii\fsti;,';iti<»ns. 

Wlini  l(i;.MiMt  Inns  .-ire  tisfd  in  t  lit'or'ct  irul  woik  it  is  to  l.f 
I'fmciiilN'ied  tli;it  tlic  hasi-  »•  is  always  undfisto.id.  Just  as  in 
aritlimrt  iral  work  the  liasc   In  is  insariaMy  cmployt'd. 

From  the  .sfrifs  tin-  a|i|iro.\im;tt*'  saliic  of  »•  can  lie  deterniined 
to  ;uiv  re(Hiired  de;,'fee  of  accuracy  ;  to  lO  plan's  uf  decimals  it  is 
foiimi  to  Im«  li'TlSl-'SlM'Sl. 

r.j-iniipli'  1.     Viiul  tlif  Hiiin  of  tlir  ititinite  seric^i 
,       1        1        1 


\Vc  ill 


1    1 


1      11 

■2  '    r.i  '    U 


inil  l)y  imttiii^'  .r  1  in  the  series  fer  i-', 

1        1        1 


'  =  1      If 


1         1 


'■'-(-^,;';>-  ) 


hence  tlir  Mini  of  tlic  series  i 


^      .,  (''^  '■    ')• 


Kxini:))!,'  ■>.      Iind  the  ciicfVui(.nt  (if  ./'■  ill  tile  e\|iansion  ef         ''      ' 


1      ,t.r 


.  1 1  -  II  r  -    r"l ''    ' 


-d      ---ijl      .+        -^ 


-e.   .  +- 


(-  D'-x' 


KXI'ONKNTI  Al.    AM)    l.i  mJAKI  IIIMK'    SF.IMKS. 


11)1 


The  cut'dicicnt  rixiuiri'd ,        . 


(     1»' 


;i   .  .,r-r(r     1,;. 


■_'■_'•'.        I'll  f.ifi'ii"!  Ii'i;,  (1    '  .'■)   in  (l.sri  iiiliiiij  junrt-rs  n/   X. 
Fr.iiii  Art.  L'l'd, 


'■'      1   •  !/!";;.' 


13       '        ;{ 


I II  llii-.  SI  lii's  w  liiv  1    »  .<•  fnr  ('  ;   t  liii> 
(I       .'•)" 
1  ^  yl..-  (1  ■  ..)  •  :^;i-.;:,  (I  •  .r)'r  *  ''jll-;:,  d  •  .');' 


(I). 


Also  liv  till-  I'.iiiiiiiiial  'riii'on'iii,  \n  lifii  ..•  •    I    we  lia\c 


(1  +  '■)"      I    •  //' 


.'/(.'/       I)     ,      //('/       !)(//       •-') 


(•-'). 


Now  ill  (•_'/  till'  i-iM'tlificiit  uf  1/  [-> 


1  . 


1 .  -J .  ;5 


1  .  -J  .  3  .  t 


tli;it   l>. 


t 


K(jil;itf'  this  to  tlif  coftlicicilt   ot"  y  ill  (  1)  ;    tlltis   \m-  li,i\e 


1om;,(1   +x)       ..•       -., 


;<      \ 


This  is  known  as  tiic  /.(n/iiritfi/nir  S- rii.s. 

Kxdmplf.     If.r-    1,1'Xjiiind  |li>t',(l  '   1 1 1'' in  anccndinn  piiw«T.s  <if  .r. 

liv  fnuatiii^;  ttip  cotrticients  nf  i/-  in  the  series  1 1)  uii'l  ("2),  wr  »cc.  that  tlie 
required  fxpansion  is  double  the  coefficient  of  i/'-  in 

V'.v     \)   ^     ij  ill     \\  Uj    2)    ,,  ^y  (//- 1)  (//    iK?/     :ii    , 
1  .  2     ■' '  '         1  .  2  .  H        ''    *"  1  .  2  .  ;«  .  4  ■''   * ■ 

that  i-^,  doiihlc  the  cnelficient  of  ;/  in 

1.2  1  .  2  .  ;>  1  .  2  .  :>  .  s 


1!»-J 


IIK.hlK     \l.<iKIII(.\. 


"2-1.  l'!Mi|it  \sliiii  .r  is  \i'iy  Mii.ill  tin-  scrii's  fur  In;;,  (  I  i  r) 
is  lit'  lillli;  lisi-  tc>l'  lilMiM'I'ical  I'.'ili'iihil  ii>ii>.  W'l-  r.iii,  linw  i'\  tr, 
ili'iliii'i'  i'l'iiiii  it  (it  ii)'i- s(  rii's  \iy  tlir.  iiiil  nt'  wliicli  'I'alilt's  of  liif'ar 
illiliis  lii;ty   ln'  I  iiii>t  lllitcil. 

r.\    wiitiii:;       tnr  .r   uculilaiii  1"^  ,    Ihim  i' 


f^l  It       I  }      liii;.  II 


1  I 


/(        _;<  .1/1 


.(I). 


liy   ^viilini;  -       inv  j:  \\c  nlii.iin   lu:;  ;  Ihik  f,  liy  »li.iii;,'iii' 

II  II 


si;;iis  oil  liiilli  sides  nt'  tlir  ic|ii.il  mil. 

'  '            ' 

V>'A,n      lni;,(/(       I  )  f   .,    , 

It  Zii        .i/t 


Kniiii  (  I )  .tiid  {'!)  liy  .idditi 

ln-,(„  ,   |)_l,,-.(„-  I)      -'  f       1    ..     ,    ,    .     ,    .  ) 

\ii       .lit        .i/t  / 


(2). 


!••!). 


{•'loiii  this  fnriiiiil.i  liy  pnttiiii;  it  '.\  wc  nlit.iin  I--:.',  1  •  In;,-  "J, 
tli;it.  is  Ini;,  •_' ;  .iiid  liy  <'tl'citiii;,'  tli<'  lal'idat  inn  we  lind  tlial  tlic 
\iilui'  nt'    \"'J.t-        'iU.'U  17  1^..  .  ;    wIk'Iuc    ini,'_  S    isklinwii. 

.\L;aiii  liy  jiiittiiij,'  n  '.(we  uhtaiii  1(il,'j  Id  -  InLi^S  ;  v  licinc  we 
lind  In-   10    '•_';!(JL':).^r)U'J.... 


5' 


'I'll   <nii\<Tt    Najiicriaii   In^'arit  liiii^   into  in^aiit  liiii>    m  liasr    K) 

wr    liillllililv  liV   ,  ,      .    ulii.li    is    till'    iiiiii/ii/ii!i   lAlt.   L'hil    nf   the 

"     In^j  10  ' 

rnimiKiii   system,  and   its  \aliie  is  ,  nr  •  I  •!  l"_".' !!>> 

•j;'iUj:t.^.")0'.)... 

we  sliall  dennte  this  liindiihis  liv  /t. 

In  llie  /'nii-i,  ,/iui/s  nf  llir  li'iii/iil  Siic'ii  1 1/  III'  l.iiiiiliiii,  N'nl.  \\\|I. 
]iaj,'e  NS,  I'riife.NMir  ,1.  ('.  Adams  lias  i;i\en  tlie  values  nf  <,  yj, 
Inj,'^  1'.   lni,'j  ;{,    In:.',  ,">    tn  mure  tlndi   :'<iU  Jiiaces  nf  deeimals. 

■'■_'."i  If    we    nmltijilv  tlie   .'ilinve    series    ( lirnlli/hnut    I'V    u.    Wf* 

nlitaiii   fiirmili.e   adapted   tn   tlie  ealeiilat ion  nf  r'(<////(/ii;t  A)7(//-(////;(^. 

TllUS  finm   (1),    u  IniiJ  „    ;     1)        /t  In;,'^//        ^     -  ,4.     '^  . .    • 

/(         '111'         'Sii 


I Al'iiNKV  I  I  \r      \S|i    I  ■  M.  \ltl  I  l|\ll<'    M  nil 
tli:il   i~, 

Sllnll  1 1  I  \    It  Kill   ( '..'  I, 


l't:» 


II         'In  Wii 


(h 


I. 


I-      I  I 


/' 


II  ^11  .Ml 


Kl'Hii  fit  ||i-r  '■!"    I  hi'    ;iliM\  f   |t-,|i|t  -.    \M'  M'f  t  111'    il'    I  III-  lii_  II  il  Inn 

><\     >>\ t'     t\Mi    I  ci|i,.-(   111  |\  r     ||||||llH■|^     I.I'     khilWIl,     till'     iii'.MIItlllll     nt 

till-    c'tlliT    lii,i\     III-    t'lininl.    .ili'i    lliii,    ,1     liMi-    i.f     !..-.ii  it  Inn,    r.ih     In- 
1  i.hsll  llitiil 

I  I  ■^1 II  HI  111  Im-  I  i-iii.ll  ki-cl  I  llll  t  lir  .|I"  n  I-  t'l  II  IiimI.i-  1  I  !•  iillU  liiriliij 
til  i;il.  nl.ll>'  llir  iiiL;.ilit  liiii^  ><\  j^r'nn.  iiu  hil  nl -n.  t'l.r  ihi'  Im-i  lit  lilii 
I't     a    iiiiniiii-ili-    imiiiiIkt    |i,,i\     1 lit;ii|i>M|     li\     ,|.  1. 1 1 1 1  ■_'    1 1  ..:i  ■!  Ini'    |||.. 

Im'^.i  I  il  liin>  lit'   il  >  1  iini|iiiiiiiii   t.iiiiii--. 

I  'I  'inji  1  I'l  rail  illali'  I  111'  I'l-ai  ll  liiii  i.t'  .ili\  mn  i.t'  tin-  -inilli  r 
|i|lllll'  IiIIIIiImI-..  \\r  ijii  ||,it  11-11  ill\  --III,,!  It  Mil'  till'  llMlllliiT-  III  i'IIIhI' 
lit'  llli-  t'ul  lillll.i'  (I)  nr  (■.'),  lull  wr  fl.ili- i\  ..III-  t.i  till.!  si.iii,-  \,i|||i. 
lit'  /'  l.\  wliii-li  ili\i-i.iii  may  In'  ia-i!\  jhi  fm  imil.  mil  -mi,  h  i|i;it 
'  itli'T  ''  I  111  /'  —  I  runt  liii^  llll'  ^i\i  11  uiiinlii  r  ,1--  a  t.ii  lur.  \N  I' 
tiii'li  liliil  liii,'(/(  ■  I  I  111-  |ii','(//  I  I  .iiiij  ill'. III..'  ill.'  I.i'^.ii  it  Inn  ..t' 
t  lit-  ''is  I'll  iiiihiliii 


/'.'.rim/./,.        (   ;lli'lll:ili'     I,,      '_•    llli.i    In..'  :!,    ,.'i\i|i     ,,  I :(  |-_",l  I  t"' 

I'y  |iiittii|..-  ;/       1"  ill  C.'i,  \M'  li:i\i'  tin'  valili' of   I,./  |n      l.i/'.i;    thii« 

1     -Jlo^-.i     ■iii;!|-_",U  H  i  -iHi-JlTI  IT'.'      iMMil  I  IT'i".  '   iiiKMiliis,-; 

'IMMMMMI'<l'iM        'IMHHMMMlT'J       'HI  M  MM  H  H  H  11,  ^ 

1      •_'  I. .(.;;{     'Ul.-.T.-.Tlss, 
lii)-':i       177l-.il-.'"if,. 

I'lltllllv'     );        --(I     ill    ||.,    Ui'    lll.llllll     |..!.'ll         ll.,'.SIl;     iIliis 

■I  i.'i.' :>  -  :t  jiiu' •_'     1      iMi:, i'_'s(;->i     'iMMiu:!:t',r_".i  ;  'U(mhmmi-.'k:i      oiiiHiiMinii:,. 

.'<ln^''J    -•'.MIHl-'.'iU'il        '(Mi;,:!'.).".!):!'.', 

lii.'-j     •:i(ilif.''.i'.i'.i7. 
In      till'      iii'\t      .'iitu'lc      \M'      >!iall     urivi'     , Hint  III'!'     -I'i'ii'-.     fur 

lui.'  ("*  It  Jul'  II  \\!iirll  is  iit'tt'H  Uvi'till  ill  tin'  iuIinI  l  IK-tinn  of 
i,i)i;.'irit  liliiir  'I'alilt'-.  I''ul'  till  t  Iht  iiitui  iii.it  iuii  mi  t  In-  Mlliicrt  tlii; 
rt'.'iilt  r  is  i-i't'ci'ii'(l  til  .M r  ( i lai-lii'i  -  ariirlc  un  LinjiiiitluHs  in  ttm 
h in' iii'iiii'ii ili't  llrilii II iiirii . 


n.  II.  .\. 


la 


^ 


1!»+  HKJIIKH    AI,<;i:iU{A. 

1'1't!.       Ill   Alt.  l'"j;5  uc  li.ivf  j(i(i\c(l  tli;it 

iliuiiLriiiL,' .'■  into  -  .'•,  w<'  li;i\i 

In-  (I  ".'•) 

|'.\  Milit  iJii't  iiiii, 

1  • 


•J  '  :? 


•2      :\ 


I'lit  "  ,    s(i   tliiit   ,!■  :    \\<' tlms  ulifaiti 

1  -.(■  71  -"  -^  1 

Noli:.      I'liis  ISeries  c-onvci'K'''^  vi'iv  nipi'liv,  l.iit  in  ]ii.i(lii-<'  !.■<  nut  iilway.s 
cipiivinii  Ml  !ts  tlio  scrii's  in  Art.  "J'Jl. 


'III1-. 


'JJ7.      TIm'    fnllowiiii,'    fxanipli's    illustrate    tin'    siiliifct    of    tlic 
cliajiter. 

i:.r<imiiU    1.      If  a,  ^  iire  tli<'  niots  of  tlic  ciiiiatinn  .;.r-'  •  /..r  !  r-O,  sli.w 

a-  »  ,-i-     .,     a '  f  ;■<■'    „ 
tlmt         lo»^  (.1  -  hx  4  <-.r-)     lot,'  </  ,  (a  +  rf)  .r  -  -       '     .r-  •  .r^     .  . 

''         .     '■ 
Smro  a  ■  .i      -     ,  aii-      .  we  have 
(I       ■       II 

.1  ■   //.!•  ^  c.r-  -  II  ;  1  +  (a  •  /•()  r  f  a.^.r-'l 

r=,i  (1  i  a.r)(l  f/ix). 

-U  « 1-  _  '-  4-  ' 


1  .  av-      a'x-  ,  /iV-      ,^V 


i:  J- II  mill  I-    -1.      I'i<i\<'    tliiit    tilt'    ciM'IVu'icnt    (if    .1"    la    the   ixpansion    of 

2       1 

Ion  (1  +  X  ■\- x")  is  -  ~  111-     according'  iis  n  is  or  is  not  a  iiuiltijilu  of  3. 
^  11       n 

1  -  x' 
lojMl  f  .r  !  .r  )   -loK  ^       ^       lo{,' (1  -  J-^)  -  log  (1  -  xl 

,,ii      _r.i  _,..»  /  .,.■:      jC  J-'  \ 


KXI'ONKNTI.M,   AM)    LfXiAUITHMlC   SElllPX 


li)/ 


If  .1  i6  a  imilti|ile  of  H,  ilniiito  it  !>>■  :<;■;  then  th«  cooflicicnt  of  j-"  is 

r 

frum  tliu  tirst  series,  td'Ttlior  witli         finiii  tlic  sicdinl  xcrios:  tliat  in,  the 

Ar 

coeiriciimt 


3      1  2 

+ -  ,  or  -     . 
n      ;(  n 


If  11  is  not  a  niiiltiplo  o(  3,  .r"  din's  nut  norur  in  tlic  IJrst  srrios,  thiTcfore 

the  rciiuircd  cooiViciimt  is     . 
n 

2"2S.      To  jyrov'i  that  c  /s  htconnnenxurafili'. 

For  if  lint,  l.'t   ''  ,   wlicro  m  ;im(1    n   a'l-   iMiNiii\c  inti'^crs; 

?< 

.1  m      ,      ,      1        I  11 


n 


A 


n      u-^  [ 


.•.    Ill  71—  1       iliti';;! 


iniiitiply  hotli  sides  liy    n  ; 

1  11 

'/7^1  '  (ii  +  \}{n+-2)  '  {ii^\){ii*--2}( II +:',)' 

V.llt  .4-  -(-  +    ... 

/t  4- 1      (/t  4-  !)(/«  4.  i>)      (ui- l)(ii  r  •J){n  +  :i) 
is  ;i  iiropcr  friictioii,  for  it  is  ^rc.ittT  tliaii         -  -  .-iiul  less  tliuo  tlif 

/i  4-    1 

gooiiiftriojil  jirugrt'ssioii 

1  1  1 

—       4-  4- + 

n+  1      (« +1)-      {"+!)' 

tliut  is,  less  than      ;   hence  an  iiito;^er  is  e(|ii;il  to  an  integer  plus 
a  fivi'lioii,  wliicli  is  alisunl  ;   therefore  '.■  is  inooinniensurable. 


EXAMPLES.    XVIL 


1.      I''in(i  tlie  \aliio  <if 


,      I       I       1       I       1 
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3.  >lii'\v  tlmt 

4.  If 
ll'W  Hint 


IIH;HKK    AI.fJKHIJA. 


.'■-'       .r''       ./■• 
'/       .!■  4-  4- 


) 


ir      II- 


5.      Sli.'W  fliat 

.'      //        1    III    -/,.-        1    ,,(      /, 


"         I     III    -  h\-  ,.(/<,' 

INll 


6.       l'"illil  tlir  Na|>icii,Ui  lo'.'.ii-itli 
i>f  (Icciliiiils. 


'.I'.tK 


■  rriit  to  >.i\fccii  j)l:ic('s 


/ 1       •'      ;{ 

7.  I'-.v.'thaf    .  '  w  ;  4-  -  +  :  +  . 

^    .5  i 

8.  I'lnw  tliat 

lc«,(l   I  .'■.(' *'i  1      .'•/   '     ■_'! 

9.  I'iM'l  the  valilr  nf 

■'■■  y  '  ,., >.■'     .''   + ,.,  ■'     ,""  4-.... 


:i  +  :^...  +  n..;  + 


;5 

10.  Fiiiil  tljf  imiiicrifjil  v.ilii(\s  of  the  idiuiiihii  lo^'aiitlrins  of  7    11 
aii.l  l;{;  f^ivfii  ^      -CMli'.MIM,   iiii;  l'-  -aoKCl'HH). 

11.  Siii'w  tliaf  ir  ii.r-  and  ' .,  are  cacli  Icsx  tlian  unity 

•'(■■=^;=)-'i'(-.-')+»(''^+.'.)--i"^.('+-+"-;i- 

12.  I'n.Vf  that 

i.,,,(i+:uf..,-  :{,,.  ^-;%.-';;^   ';'',...; 

aii'l  tiiiil  Ilic  L;<'ii<'i'a!  icrin  nt'ilu'  scrif'.s. 

13.  Vi^nv  that 

,      1  +;5.''  .■).,'-     ;5.").(-'     t;,"i,* 

■'iiil  tiii<l  tlic  L'tMicral  term  uf  tin-  st'ricv. 


14.      r.Ni'ainl 


,,..T     .     ,.J 


a  M'lit'.s  nt  aMfiiiiiii;^  iMiWfr.-s  i>{  .r. 


E\1'om:m  I Al.    ANI»    I.oii AKI  I IIMH-    si;i;ii;s 


lit? 


15.  K\|'n'.Ns  _j(.  ■' f  '    "y  ill  .!-(  rinliiiu' i"'^M  1'^  "f  ',  wlii'ir  /     \'      I 

16.  Showtliiit 


h- 


h' 


// 


-■        (,-;  +  /. 


/.  '     ;{  .-f  A 


17.  If  (I  .iiid  ,i  !k,' til.   rcicits  (if  .(■-'    j><\'i     I',  >li<\v  tli.it 
li';,'/,  1  -f/'.'--f  7.'-;     ^i  I  ,:<.).'■  _,       ■-  •       ., 

18.  11".'-     I,  tlliii  tlir  -.11111  nf  till'  Mrii-. 


1 


19.     Sli.wTli.it 


In-       I  + 


l\ 


.;) 


■1    .      .'{    .       1 
:i  I  .-. 


1 


20. 


+- 1  I      L'.:;  ,'  +  I  -•     ;5.  1  /.  ;  I   • 

I"'     CXIi.ili.lcd     ill     ;i     ^.Tii'N     iif    .l-r.'ii.liii" 


'""  I +,'■  +  .'-  +  .( 

jMiWi  rs  .if  .)■,  slit'u    tli.it    tlii>  ciM'tri.-i.'lit   dt'  .'"   i>  if  //    lie   .1.1.1,  .i|-  . 

// 

tliu  f.iriu  4//(  4- -,  .'tii.l       if /(  1>.'  .if  till'  t.iiiii   l//). 


21.     Slifw  th.tt 


22.     I'n.vetli.it 


.r:        ;5:;        4:1 


I  1 


2  1..J,',  M-l..g,  («  i  \}  -  ]..,',(,,  -   Ij        „4  ♦  .7-,.-+  •••■ 


in'- 


1  1 

/;  +  l  '*"2(/(4-l/-  '  3i/(+  1   '■ 


23.      Shi'W  tl.;it  +    .  +  4 

•1   ,',,4-   I    ;■-'  -A  ■     ■      ■    ' 


1  I  ] 

)(       -111-      All 


24.     Ifl. 


f?l 


M--'., 


ll.W    tll.lt 


l.-,',2--7'(-2/' '  :!r,  l..-.:i     II'    :{/..-.-■,  I..--,     ic,/     i/.  fT.- 

.'itiil  r.il<-ill;iti    ].!'_',  :2,  l.i'_'. '5,  1"-'.'"'  til  S  |ll.■n•<"^  .if  ilcilii.iK. 
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I  N  i  K  U  VS\    A  N  I )    ANSI!  T 1  KS. 


::t^i:^ 


p 


L'l'lj.  In  tllis  cliaiitcr  we  sii;i11  r\|il;iiu  liuw  tlir  Sdliltioli  of 
(|il(sti()lis  cniiiifi'tcd  witli  IlitfiM'st  iilid  hisioiiiit  iri.iy  1h'  .siiiiplilitMJ 
1(V  tlic  use  of  iilgrliraical  foriimlif. 

W«^  sliall  use  tlic  terms,  hiltnst,  Ilisrannf,  Pnni'nt  Vnho'  in 
tlicir  oi'diiiai y  Jiiif liiiicticjil  sense;  hui  instead  of  takinj^  astlie 
rate  of  interest  the  iiiteicst  on  jElUU  for  one  year,  Nve  shall  lind  it 
nioi-e  eon\enient  to  take  the  intei'est  on  X\  for  one  year. 

■j;i(l.  To  llml  till'  i)i/i  risf.  iniif  amoinit  o/'  a  </!vi')i  kiuh  iti  a 
ijiriiL  tiiiir.  lit  tiiiiipf''  inliTi'sf. 

jA't  /'be  the  principal  in  ])oinids,  r  tlie  interest  of  £1  for  one 
year,  ii  tht!  nmnlierof  years,  /  the  interest,  and  .1/  the  amount. 

The  interest  of  /'  for  one  year  is  /V,  and  therefore  for  u  years 
is  I'lir  ;   that  is, 

/       /'»/•  (1). 


^f  ^r  +  i: 


Also 

that  is,  M      J'{1  '  ,u-) (li). 

From  (1)  and  ("J)  we  see  that    if  of  the  (juantities   /',  n,  r,  /, 

or  /',  II.  r,  M,  any  three  lie  j^iveii  the  fourtli  may  he  found. 


■_'".l.       'J'tijiiii/  f/ii'  prfninf  vdliii'  and  (lifiroKid  of  <i    ijinn  snin 
iiiii'  ill  It  i/iriti.  liiii'\  alldiriiiij  niiiijifr  iiiii'rrsl. 

Ii<'t  /'  lie  the  uiven  sum,   I'  the  present  value,  1)  the  discount, 
/•  the  interest  of  ill  for  one  year,  /;  the  iiumlH,T  of  years. 


INTKKKSl     ANIt    ANMlllKS. 


Il»!) 


Sincf   r   istlifsinii  wliicli   piit   out   tu   intt'if.>t   ;il   tlif  jin'.-.fiil 
tiiiit!  will  ill  It  ^■f.-iiH  jiriinuiit  to  /',  wf  li;i\i' 

/'I'd      ,.,■): 


I' 


An.l 


1   ^  ai-' 

I)    I'    V    r 

I'm- 


I' 


I) 


1  ^  ar 


NiiTi:.  Til"  valu.>  of  I)  Kivcii  liy  tliis  iiiuatioli  is  callcil  tlii'  triK  ili-ruiml. 
I!ut  ill  priictico  whin  ii  sum  .if  inoiiiv  is  [mid  licfnrr  it  is  diii',  it  is  ciistiUMiiiN 
ti>  drduc't  tilt;  inlinst  im  tlii'  drbt  iiistriul  of  tlii'  tiiic  discount,  iiiid  tlir 
numcy  so  deducted  is  called  the  h,uil;ii's  <lisriiiiiil ;   SI)  thill 

IJaiiker's  Discount     I'nr, 


True  Iii^ciiuiit 


I'm- 
I  ■  ,„■' 


Kj-iiiiii'Ii'.  The  dilTen'nce  hetweeii  ih.'  tiiio  discnuiit  and  the  hankt  i'~ 
disciiiint  (111  il'.HK)  [laid  I  months  hetore  it  is  due  is  •>.<.  >*il.:  tin  i  the  rate 
per  cent.,  Kimple  interest  heint;  allowed. 

Let  r  denote  the  interest  on  tl  for  one  year;  then  the  hanki  r  s  dis('>iint 

I'.MlOr 

.     l".HX)r  ,    ,     ,         ,.  .        ■! 

IS  ,  and  ihe  true  discount  is 

1  +  -  r 
I'.tOOr  3  1 


:< 


'-.,-■ 


:<■ 


wher 


I'.lOOr-'^  :{  +  (•; 

li^l+'22S00_  1  !  1.">1 
SHOO  ~    Hsoo 


licjectinK  the  uet^alivc  value,  wr  have  r~ 


1.V2        1 


HMOO     •-'  ■ ' 
.-.   rate  per  cent.  =  l{X>r  ^    I. 

'J.'>2.       To   find  till'  inft'i'i'M  oi/f/  (nauinif  of  'i    ijirf  n    smn    in   a 
ijirni  fiiiifi  at  nnnitnuuil  iiif-  n  st. 

I^'t  /' (Iciiotc  till'  pi  iiniji.il,  A' till' .•iiiKiiiiit   lit'    i' 1   ill  kih' yi'.ir, 
)(  tiio  iiiiiiiIkt  of  yt'iir.s,  /  t  In- intori'st,  ;iii(l  .1/  tin'  ;uiioiiiit. 


.11 


■J.Uf) 


nil. HI  i:    Ml.)  I''I:a. 


'I'll,,  a  Ml ii   I't'  /'  at    I  1 1.'  fhci  I.I   tlif  lii->l   vai    i->  /'A'  .    a  M  1,  silni' 

I  III,   is   ill..   |.i  lii.||.al   t.  .1    I  III'  s.cdiMJ  \..al.   I  lie   a  111'. 11  lit    at    I  lir  i  ml  uf 
ill,.   .,■... imI     \.mi     1./'/,'        /,'  Ml-   /'   .    .        Sllnllallv   till'  . 11111111111    .il    th.' 

.,1,1    ,.t'    til.-    lliir.l    \rar    i^  /'/.'.  .a  imI    ^....ii:    Ih'Ii.'i.    lli.'a mil    ili 

.,   \,.ai  -  is   /'//    .    lli.it    i-. 

1/        /'/,'    . 

/       /'(/,■  I. 

\,,.  ,  ,      ir  /  ij.  ii..|,.  ill.    iiil.  1,  -t  i.n    LI   l..r  ..M.    \.  .11 ,  NM   li;i\'. 

/,■      1   •  '. 

•J.;:;  in  iHisin,.-,  I  raiisai  I  i.iii-  \ili.h  lli''  liiin-  c..  iiil  a  in--  .'i 
tia.ii..ii  lit'  ■>  M'.ir  it  is  ii-ii.ai  L.  alii.w  >/////■/■  iiiliTf-t  tm'  tlir 
tiaiimn    lit'     till-    \iMi\        'I'liiis    til,,    aiiiniiiil    lit'     I'l    ill    I    y''.ii-   is 


I II  K.  iliiil 


lllllll-l     Is     /'/,"  I  I 

\  1.1  Is  is  /'/,'    (  I 


an. I     llir    aiiinillit    i  .1     /'   III     1;   _\.-.iis   al    •■., lulu  nil. il 
.•>iliiil;irl\      tin'     aiiiiuiiii      "t      /'     in 


r] 


It'  till'  iiitiTisI  is  |ia\al.li'  iii'iH'  tliaii  miii'  a  M'.ir  tlnMc  |s  ;i 
,li„i  ill.  I  i.,ii  liitw,,!!  till'  //II//'/""/  "///(""'  /•"'■  I't'  iiitiTfst  ,ihil  that 
a.l  ihllK  irri'iM'il,  w  liiili  lii.i>  ln'r.illiii  \\\i-  frif  'ii'ini'il  ml'  ;  tlllis 
It    till'    illtrlrst     is    jiav.llili'    iwiir    a    y:n\  ami     it'    /•    is    tlir   nmni un! 

aiiiiiial  rail,  nt'  iiitiTfst.  t  lir  aiunUlit  i it  I'  I  in  lialt  a  Vrar  is  1  t  _|  , 
ami  I  lii'ivt'idr  in  tln'  wimlf  vr.ar  I  lir  aiiiniint  nt'  i'l  is  (  I  •  .,  )  , 
,,|.      I    .    /•  .         :     -11    that     tlir    //■"•     annual      rati-     ..t     intrri'st      is 


f 


•_';;|.       It     ilir    iiitiiv-t     is    |.as,il)|r  </    tiiiirs   a    vi-af.  ami    it"    /■   is 
the  •.i.niiiii.il   aiinnal    rati',  tin'   int.Trst   mi    f  1   t'i>r  farh    int.Tval    is 

aii'l   llii'ivt'i.ri'  till'  .anil, lint    nf    /'   in    //    Vi-ais.  ,.|-   qn    inti'fxals,  is 


III  1  ills  las,.  1  li,.  iiiliiisl   Is  .saiil  111  III'  ■iiiiiM'ili'il  liil'i  jii  ini-i|iai 
(J  uniis  a  \  lur. 
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It  I  hf    liiti  li>t     1-.    iiiiiM  It  lliif    llilM    |ililiri|i;il    cm-iv     iii'iiiitiit, 

1  111   II    1 1  l.i'fdlnf^    illlillitl'lN    t,'!''.!'             I  "    lill'l    ill'-   S.llll'-    l«t'    t  llf  Mine  III  lit, 

'■  '                1                               1 

jiiit  1  '~"  '  li'''  7      ''■'■  1    "'" 


t  111'   illlliiUIlt 


/V  ■,   [Art.  -l-HK  CM'.. I 
siiH-c  .1'  is  iiiliiiiti'  uliiii  '/  i>  iiili:iilf. 


■J^'>">.        /'"    find   till'    IT'S'  III    riiliif  mill  ili^r,  imt    ../    n    i/ii<ii  .sum 
iliii    ill  ii  i/ii'iii  lull',  alloii'tiiij  ii'iii  iiiiiniil  mil  list. 

I.rt    /'   ]<>■  till'  L;i\i  11   Slim,     r   till'   jplrsilit    V.lilli',    I)   the    1 1  i>.  i  Ulllt , 

/■'  till'  aiiKiinit  ipf   tl   t'ltr  mil'  y-w,  n  tlir  iiiiihImt  nf  years. 

Silicr     r    is    the    .slllii   w  liiili,   |illt    iillt    to    ilitrlcst    at  tin'  Jilr.-~rlit 
tiiMi'.  will  ill  11  vrars  aiiiniint   tn  /',  we  lia\r 

/'       17."  : 
/' 


aiHl 


/>      /'(I       /.'   ■■). 


/■.  jrnii/i/.  .      'Wii'   jiirx  lit   Viiliif   (if  ,i;ii7l!  liiii'   ill  11  ciit.iin  lliiiti   l!^  .tl2l'i,   l( 
ciriiiiiciiiui  iiiti'K  .-t  at  I,'  i«  r  cmt.  In'  iillipuetl,  tiiiil  llio  tiiiu  ;  Imvii';;  piviii 

l(i-'_'=^-:«)ltW,  Vi'a'.'i       ITTTi. 


H.'i-. 


r=         ----       ,  unci  /i        ,  . 
UK)      -1 »  -M 


l,ft  n  \)v  till'  Ullliilnr  of  VI  Ills;    tlirll 

I       ""'     I    J'' 

.-.  (I  ^l.■^' UK)     lu^r'.M'ii- lo^.' u;     loK':;, 

"  '  2  -  .".  1(>k2  -  li.i,';< 

•7271HI 
"      OlTTii 
thus  tlu'  tiiiii-  is  viiy  luiiiiv  II  yiiir.s. 


-  11,  VI  IT  tu'.'iily  ; 


'I'Jlr^ 
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IlKiHKK    AMiKKKA. 

EXAMPLES.    XVIII.  a. 


Will  II   l'<-<|l|ll'<-<l  tilt'  riillu\Vlll\'  lci;^;illtlllll>  may  In-  llx-ij. 

J.M^:;     ■.•{(i|n:{(H(,     1,,.,'  :$       ITTIiiia, 
l(.-7      sl.-.ii'.tsd,     jo-il    -  I  ini:{;»:i7. 

1.  {•'iinl  till?  aliiiiillit  (if  i.'hHi  ill  :)(l  Ncais,  at  'i  \>i'V  rent,  ri  iiiiii.iiiinl 
lilt.  ri>t  ;  -i\cii  lui;!!  lt;7  I     :.'(i.")'.(  l<i;')U. 

2.  At  >iliilil(!  illtt'l-ot  tlir  ilitcffst,  nil  a  icitaiii  >iliii  nf  liinln  v  is 
£'.tO,  anil  tin-  liisriiiiiit  mi  till'  >aliii'  suiii  Inr  tin  saliir  tiiiic  ainl  at  tliu 
.same  r.ito  is  D^O  ;  liinl  tin;  .^iiiii. 

3.  III  Imw  iiiaiiv  Mar--  will  a  Mini  ni'  niiiiii'\  ilmililr  itsLlf  at  5  pr 
1  rllt.  (■ii||ll«iUllil  iiil,<'rr>t  ' 

4.  Kinil,  (uirfi't  tu  a  t'artliiiiL;,  flit'  i'ii'--pnt  valui'  <<{'  £'1<hhhi  due 
s  goal's  iiciifc  at  5  pir  ci'iit.  ciiiiiiiniinil  iiiti'r('.--t  ;  ^ivi'ii 

li>g<;7<;H:M»i  -  i-s.'jms.'.f;. 

5.  in  lii'W  many  years  will  £|(hh)  ln'iunii;  I'li'iUd  at  lo  ]ic'r  i-i.-nt. 
riini|MMiiiil  interest  ! 

6.  Shew  that  at  simiiK'  intiTt'st  the  tiisioiint  is  lialf  tlu'  liarmniiit' 
iiiraii  li'^twtt'ii  tlic  Mini  ilui;  am'  Mn'  intcri'st  mi  it. 

7.  Slu'W  that  mmii'y  will  increase  mme  than  a  hiinilreiit'ulil  in 
a  ei'iitury  at  .^  Jht  eeiit.  ei)iin>muul  interest. 

8.  ^\'hat  sum  (if  mmioy  at  (i  per  eeiit.  coiiipouiul  interest  will 
.'.iiKiunt  t')  ilUKK)  in  12  years  '.     (iiveii 

l„g  l()(l  =  -2-0-2ry,iO'><.),     Idg  4!«)!»7  =  4-fi9(;32!)2. 

9.  A  man  liorrows  i."(i(M)  fnun  a  iiKnioy-leiidcr,  and  the  hill  is 
renewiHl  every  half-year  at  an  increase  nf  IM  per  cent. :  what  time  will 
elapse  hefiire'it  reaches  £(HH)0  '.     (iiveii  log  1 18- :i()7l8H2. 

10.     What  is  the  aiinnint  of  a  farthing  in  200  years  at  G  per  eciit. 
(Uinxmnd  interest '.    (liven  l(iglOf)=2-0i'r);jU5!),  Idgl  l.V1270^  :2-(X)118(K). 


i. 


AXKIITIES. 

•j.'Jt'i.  An  annuity  Is  a  fixed  sum  paid  }»eriodieally  uiuler 
eeitain  stated  conditions;  tiie  payment  may  In-  made  eitlier  once 
a  year  or  at  more  t'iH'(|iient  iiitersais.  Unless  it  is  otherwise 
stated  we  sliali  siij)j>ost»  the  payments  annual. 

An  annuity  certain  is  an  .•umuity  jiayabje  for  a  fixed  term  of 
years  imlepeiident  of  ;iiiy  contingency  ;  a  life  annuity  is  an 
.uiiiuity  which  is  payahle  durini;  the  lifetime  of  a  person,  or  of 
the  sur\  ivor  of  a  number  of  persons. 


IMKKKsr    AM>    ANNtrilKS. 


•J(i:{ 


A  deferred  anmiity.  ..,•  reversion,  is  iu.  .mnnity  «l.i.  1.  .I-h 
not  iK-in  until  nft.-r  tl...  Ups.-  of  h  .  ,•,  taiu  .n.n.K.r  nt  >'-;-•;;';; 

aft.T  K  y.urs,  ;u..l  tl..-  li.st  ,Kiy..»-nt  is  „...l-  ut   tl..-  ....l  -I   n  ,    1 

If  ,1...  ,u,„uitv  is  to  .■.....{.....■  f..r.-v.-.'  it  is  ...1I-.1  :.  perpetuity ; 
if  i.'.l. ':  ;,..;.. ...l.-n...  ..  ........  it  is  .,.ll...l  .  deferred  perpetmty. 

An  .•,n....ity  l.-ft  uni.;ii.l  f-.-  a  .-.•.t.ii..  n.....l>.'.-  .-f  v.u.s  is  sai.l 
to  U-  forborne  for  tl..it  nunilM  r  ..f  yens. 

•j;i7.  'I'ojind  Ih.-  awn,n,f  of  an  <n„unl;f  !■/'  ,n,,„„.)  Jnr  n  y-V-  ,l 
intmlxr  „/;/>'., rs,  nlloiriv.j  si,,,]'/-'  hilmsf. 

I,.t  .1  !«■  tl..-  annuity,  r  tl..-  int.-n-st  ..f  X'l  f.-.-  .-...•  }<'>.•,  -.  tl.,. 
nun.l.<-r  .>f  y.-JH-S  -'/  tl.t'  .•in.ount. 

At  tl./.-n.l  ui  11..-  ti.-st  y.-;u-  .1  is  .lu.-,  =cn.l  .1..;  .-...".".t  ">  'Li-J. 
sn...  in  the  r.-n.alnini,'  n  -  1  ynrs  is  A  .  (a  -  1 )  r.l  ;  at  1..-  -...I  "t 
.  s.  .-ond  y.-ar  anotl.-r  .1  is  .In-,  an.l  tl..-  .•u....unt  ..t  tl..s  sun.  m 
11...  n-n.ainin^^  (.  -  "J)  y.-trs  is  A  +  {n  -  -J)  rA  :  a...l  s„  ..n.  N-w 
.]f  is  th.!  sum  '>f  all  th.-s.-  junounts  : 
.  ][  J.I  ,.(„  -\}rA\  '  {A+(n-2)rA\ 
tl.f  s..ri..s  .nnsistinj,'  of  n  t..rn.s  ; 

.-,    .)/  =  n.I  +(1  +->  (  :5  i 
n  (/t  —  1) 


u-l)r.l 


7t.l   + 


<rA. 


038       n  /«</   </'.'    amount  of  an  aunuiti/  I'/t   n.q.aid  J<.r  a 
yh-m  nuviher  of  yars,  nl/owiu>,  compouwl  tnt.re.-t. 

Ix-t  .1  »>e  the  annuity,  li  the  amount  .)f  XI   f-.'  on.-  y.ar,   a 
the  nuialK^r  of  y(>ars,  J/  the  amount. 

\t  the  en.l  of  the  iir^st  year  A  is  d-ie,  and  the  an.ount  of  this 
BUnfYu  the  m..ainin,  n  -  1  yea,,  is  AK'-;  at  the  end  ..f  he 
L.-ond  y'-ar  another  Tl  is  due.  an.l  the  anumnt  of  th.s  sun.  u.  the 


remaining  ?t  -  'i  years  is  Ali 


I  years  is  .iA"    ':  and  so  on. 

M    Ali-  '  +  AR"-'  + +  AJ:'  '  Ah'  +  A 

^  (\  a-  ;j  ^  /^'  ;-  .  to  a  terms) 


"^  A'-l 


_'ta 


IIKillKK     \I,i.Klllt\ 


l''l'.>.  ill  limliiii,'  lli>'  |in'vi'iii  Millie  lit  .iMiiiiitiis  ii  is  always 
iii'.iiiiiiaiv  (m  ri'iKuii  I  iiiii^iMiiiiil  iiitiTfsi  ,  ilic  cisiilis  ii!it;iini-i| 
^vlich  siiii|ili'  iiilfitsi  is  riikiiiH'd  L^iiiL;  «-<iiit  i.uiiihpi  y  ami  tin 
I  rust  » lilt  liv  (  >ii  tills  |>iiiiit  iiiiil  fur  t'lirtliii'  iiit'nrnial  imi  on  the 
siilijicl  lit'  aiinlliliis  l|ii>  |i  aijir  liiav  inli^llll  'In-  Trxl  iMniks  of  the 
Ihstiliifc  lit'  Arliiaiir^,  Parts  I.  aii<l  I  I  .  ami  llic  ailirlc  A  iinuitii  n 
in  till'  /•Jiiii/r/iijni  /ill  Until iiitiiii. 

"_'!''.         I'll    flliif  lln'    In'' SI  III    fiiliii'  lit    III!    !•  II II II  il  II    III  Cmil  I  inn'    Int 
It  i/ir'ii    iiiiiii/i'  f  <>/   i/iili\s,  illliiii'l III/  cmii iiiininl  nil'  nst. 

1,1  I    .1    Im'    \\u-  aiiiiuity,    A'    till'  aiiiniiiil    i>t    Jl.\     in   ■   Mar,    ii 

till'  iiiiniliir  lit   wars,    I'  tin-  icijiiii  iil  iniscnt   \aliif. 

'rill-  ]ili'.^rlil    \alui-  lit"  .1    illir  ill  1    yiar  Is  .1  /,' 

till'    |iiisiMi(    \aliii'   nt'    .1  iliii-    ill    '1  \rars    is  .1/,' 

llir    inrsi-nt    \aiiir   I't    .1  iliii'    III    ."•  viais    is  A  Ii   ■' ; 

ami  Ml  nti.     |  A  it.   ■_'.'>."».  ] 

Nii\\      V   is    the    simi    iif    till'    jiri'si'iii     \alii(s    nt'    tlit-    ililli'nnt 
payiiH'lit s  ; 

.-.     V      Ai;  '   *  -lA'      •  .lA'   '  I        ...ti.  II  ti-rms 


Ii: 


P. 


.lA'  ' 


1      A' 


A 


1  -A' 

1  -   A'  - 
A'-   I 


Null:.      This   ri.'snlt  nuiy   iiU"   ln'  "liiuiuuil  liy  liiviilin^  tlio  viiliii:  of  M, 
^ivLii  in  Alt.  •-'.is,  hy  /.'".     (Art.  'i:\-l.] 

C'oi;.       If  wi-   iiial-cc  //   iiitiiiitc  urulitalii   fur  t  In-  jdt'si'iit   valut! 
of  ;i  pi  r/ii  tu'ili) 

V        ''  ' 

/.'  -  1        r 

■_'ll.      if  iiiA  is  till-  [ircscnt  vaiiii'  nf  an  a.iniiily  J,  tlic  annuity 
is  said  to  'if  worth  ///  years' purchase. 

!  .  1  .'  .1  '-.  I  '*  \ 

in   I  m-  i-asr  ;;'    ;;    JM!j:i-i ;;:; :   ;;;;:;;;;;;    ;;;.i  ;    nrncr 


1 


IdO 


}•       rati-  jicr  i  riit. 


4 


IMi:i!K<r     \M»    AVMiriKS. 


•2«i: 


ll.,it  is,  th.-  i>un.l«T  nt   x.s.rs-  ,.nivl,as.-  nf   ,i   i-Tj-.t  iial   :,ni,„ity   i. 
ol.t:iin.'.l  J.y  .li\i<liM','  H't)  l.y  (!..•  lat.-  |..r  r.-ut. 

As  iiistjiii.-.>s  ..f  iMTiK'tiial  ;iiimiiti.-s  vs.-  imav  in.-iilinii  tli.- 
iM.ni.i.'  ;iiisiii;,'  fn.m  iusi-^tiuriils  in  irivd.'rm.ihl.-  .St.wkH  snrli  us 
IH.u.V  <;n^.•M.1„.l.t  S.. mil  its,  (•..ll...l.HinM  Slu.ks,  iili.l  llallvvaV 
prLnitlllfS.        A    -ooll    Ifst     of    tl..-    itvdil    nt"    il  C.N.Iimi.-Ilt     IH    fur 

ni>h..l  I'V  til.'  nuniU'i-  ..f  y.'.us'  j...r.l..iM- uf  itsStu.ks;  thus  th.^ 
-1  I,  ,-  ('nnsnls  nt  !•(»  .in-  wuilli  M  yr.irs'  j.uivlias.- ;  F<y|'ti;iM 
\\,   f.  Si.xk  ill   ',••;  is  wniili  -Jl  y.'iirs'  iMiivlias.' ;   wluL-  Austii.iii 

:>  ji!  !•.  St.M'k  at  >n  is  ..Illy  \v..itli   lf>  y.'.us'  j.iinluiM-. 


•_'i: 


'/',/    /('//./    Ill'     ni-'S'-iit     ni/v    .;/'   it    '!>/' rr.il 


III' 'I    /<> 


,,„,',„"',.,.  „l   /'/,.■  r,„l  .;/■  l-  .'/"'/-s  //,-./    I"  n,,ili,n'>'hn-  U  ../.-Ms,  .'//-./'•• 

/,!</   '•IHIIIillllll'f    I  III'  I'' ■••I- 

b-t  ^1  In-  tl..-  aiinilils,   A'  lli-  .•ii.i...uit  ..f    f  I    in  ..n.'  y.-ar,    I'  ll.r 
iiicsfiit   \aliif. 

Tlu-     lirst     l.uMii.'i.l     is     iiia.l.-     at     tl..-    .nil     ..f     ( y.  t   1  )    \.ais. 

'    •  [All.  -•:'.'■..  I 

ll.Mx-.'    til.'    l.lvM'l.t     salu.'s    ..f    tl,.-    tilst,    s.-.-..n.l,    tliii.l      .   pay 
iii.'iits  arc  n'S|i.'.t  i\.ly 

Ai:  '•■•  ',  .lA'  '■  ,  .1/.'  '■•", 

.     1-     .1/,'    '■'  '  i  .l/i  ''  *■'  ♦  .1  A'  '' ■"+  <"  "  ''■'■i"'^ 

I  -  /r  ■ 


.lA'  ' 


1      A 


A/i'      A />'■-' 
A  -  1        A  -  I 

C.K.      Tli-  l..-.-s-nt   vain.'  ..f  a  i/rfWr^il  }>'n>""''."  »"  '•"•"-".■->.•.• 
,ft.Ty<  V.-ais  is  u  ^.•n  l.V  tl..-  foriiiulil 

.1  A  '■ 
'      AT 
■'i-)       \  freehold  estate  is  an  .-stat.-  wlii.  I.  yi.-l.ls  a  i..-riK-tual 
annuity  <all.cl  the  r.nl  ;  and  tl.ns  tl>.-  vahu-  of  tl..-  .-stat.-  is  .-.,na. 
to  tin- Vr«'s<-'.t  value  of  a  iM-ri)t-tuity  .-.lual  to  tlu-  n-nt. 

ItfoU.ANsfro.nArt.  •-•tl  that  if  nm'  know  tin- nn.nl..r  ..f  years 
.         .      :..   ..-.I..,. +,>  l.uY  !'<«  tariii.  we  ol.tain 

\Z  rate  per  eent.  at   whi.h  interest  is  reckon.-d  l.y  d.vuhng  DU 
l,v  tin-  nuinlM-r  of  years   {.urchase. 


20»i 


HKiiiKii  Ai.<;KnnA. 


,  ( , 


•,11*'" 


h  liiiiiliti-.     Thp  ruytTHion  afti  r    '         •■'  nf  ii  fii'i'liuld  t-itiitc  in  h<iU).'lit  for 
I'JoiiuO,    wli.it   Kilt  oiikIiI  till!  |ii  .r   to   rtitiM-,    n  rkiitiiiij^  (!c>tii)HiiirKl 

inl.  r.si  ut  .".  jitr  edit.?     (ii\.  li  loK  10.",_  (Cil  IH'.CJ,  Ici^-  l;H(K)'.tti       VnvXtH. 

Till'  ri'iit  is  <'<|iial  tn  tlir  iiiiiiiml  viiliu'  of  the  |nT)i(tliity,  dt  ftrrcil   f^ir  •', 
y'lir:*,  which  iiiay  he  |iiirrhiif*cil  for  t'JlKKX*. 

I. it  L"  1  l"'  thi-    iilii''  "f  the  annuity  ;  tliin  ~iin'<'  /.'     l(t."i,  we  hiivc 

A    (l-(i:.)  « 
■o.» 

.-.   .1  ..  (l-OI)   •■'      KMH); 

IdK'.i     f.ldj,' lO'i    :t, 

loi^.i    ;M271.'<,")M    Ic.^;  rtiod'.if,. 

.-.   .1-1;J100".M",,  nn.l  Ilie  nut  in  JLl.'Ud.  L.  IIW 

I'll.  Sii|i|ii>s('  tli.it  ,1  tcii.iiit  l>_v  jiiiyiiii,'  (Inwii  ,1  ( I  itaiii  sum 
li;is  «)l>l;iilii'c|  ;i  li-.isc  (if  ;ili  cstiitf  fur  y<  •  ij  y<';iis,  .■ilid  tli;it  wlicii 
Y  yc.ir's  li;i\t'  t'la|is«Ml  lie  vvislics  to  it'iicw  thf  Icjisc  fm-  w.  fcnii 
p  I  a  yt'.ii-s  ;  the  sniii  lli.it  lie  must  ji.iy  is  iiillcd  the  fine  fur 
mifwiiii,'  ;t  yc.irs  of  tlic  lease. 

lj«'t  .1  l>e  the  ;uiIlUill  s;ilue  of  the  est.lte  ;  tlieii  siiiee  tlie 
tell.ilit  li.is  Ji.iid  foi-  p  uf  tlie  p  t  /(  years,  the  tine  must  lie  ecjUJil 
to  the  jiresent  \iiliie  of  a  deferred  annuity  A,  to  eommenec  after 
p  years  anci  tu  cunfiinie  foi'  u  ye.ai's  ;  th.it  is, 


the  ti 


J  A-'    Ai:  <■ 
/:    1      //  -  I 


Art.  l'l->.] 


EXAMPLES.     XVni.  b. 

The  interest  is  siipiMisi-d  i-unil'iiinid  unless  the  tniitrary  i>  st.itcil. 

1.  The  .tmuuiit    uf  au  annuity  uf   i"l-2<>  whieh  is  left  unpaid  fur 
.'i  ywii-H  is  £(u-2  :  liiid  the  rat(>  pel-  ernt.  alluwini;  sinipli'  inU-rcst. 

2.  Find  the  .imuunt,  uf  an  .mnuity  uf  i'llH)  in   20  ye.irs,  ;illu\ving 
eunipuiind  intenvst  at  4^  jkt  cent,     (liveii 

log  1  04.5  =(»1!)11G3,     lug  241 17=  1-3823200. 

3.  A  fnvhuid  pst.it«  is  liuught  for  £-2'M;  at  wli.it  rout  should  it 
Ix-"  let  so  that  the  owner  may  receive  4  per  cent,  on  the  purehiusc  money  / 

4.  A  freelKild  estate  worth  £120  a  year  is  sold  for  i;40<X);  find  the 
rat«'  uf  interest 
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5.  Hiiw  iiiiiiiy   viarn'   imnha-^o  .shniild    1h-    i^ivrii    fur    i   fii  ••li'>lil 
e^tatl■,  iiit.<'rr-«t  Umii;^  .iiliill.il*'-!  at  :\k  \>iV  rent.  ^ 

6.  If  !i  JM  rjHtii.il  a iity   is  wmtli    :;.'»   vimi-.'   piiirlia>«',  liml   tli-- 

/iiiiiMiiit  ipf  all  aiiiiints  .if  t.;j."i  to  imitinuf  f<ir  2uar.s. 

7.  If  a   |M'r|H'tiial  aiiiiiiitv   is  \\>-  ili   -<>  vcii-^*'  imiilia.-f,  t'lml   tin- 
annuitv  Ui  .■..ntiiiUf  fnv  '.\  \i-ais  wlii.li  laii  In-  juinliaM-.l  fi.r  i'-j:.J-J. 

8.  Wlii'ii  till'  rat*'  I'f  iiitcrfst,  is  t  jxt  <  cut.,  tiinl  whit  sum   iiiii>l 
Ik>  paiil  ll"W  t')  riit'ivf  a  friihold  i-Mtatc  i>f  X  '"•'  a  war  l<l  w-ar^  lu'in  i-; 

liaviii-givcii  I-.' loj    :ii)i7(i:n:j,  l..','fi-7.'.r.f,:,     h-jimicto. 

9.  Fiml  wliat  >iiiii  will  aiiiniint  tu  £.'m"i  iti  .'>•»  \rars  at  :!  [mt  <  iiit., 
jiittTist  U'iiii,'  pavalili'  every  iimiiii'iit  ;  u'lvni  <■  '       'Mn^. 

10.  If  -•'>  M'ars'  imrchax'  iiiii>t  lie  jiaiil  fnr  ati  aiiiiiiit\  to  cciit  iiiiie 
)/  \cars.  aii<l  ;<'•  \i'ar>'  i>ur<li,i-e  fur  an  annmtv  to  luiitiiiiic  -n  years, 
liml  the  rate  jM-r  <-eiit. 

11.  A   III  111  liuiriiWs    iTilNKIat     \   |«r  eilit.  (•■.Iii1m,iiiiiI  iliteri>t  ;    iftiie 

principal  ami  interest  are  t.i  U' re|.aiil  liy  10  e.pi.il  aiiini  al  iii>t.iliiieiit-, 
lim'  the  allliiUlit  iif  laeh  llistalliient  ;    ha\  in.; '_'l\  eli 

1...^' ioi .  •iiTii:;:!;!  .iml  \"Af>i^-><>^    .^s-jiici;:. 

12.  A  man  li.is  a  lapital  cf  i'liiHHH)  fur  which  lie  receives  intiic-t 
at  .'■>  jK'r  cent.;  if  he  .s|h'iiiIs  £"1mk)  every  ye.ir,  shew  that  ho  will  !•< 
ruiiieil  Ut'nre  the  «'n(l  <if  the  17"'  year;  liavim,'  i,'iven 

h,'^-2    •;5(>i():i<H),  i,i.,';j    •J77i-2i.'?,  l.i'_'7     M.-.<»!ts<i. 

\  13.  The  annual  rent  uf  an  estate  is  i'.'.iHi;  if  it  is  let  mi  .a  lease 
of  20  voars,  calculate  the.  tint!  to  In;  p;  i«l  t"  renew  the  Iciuse  when  7  U'ars 
liavc  elapscnl  alluwin'.,'  interest  at  t!  [ht  cent.;   haviiii,'  ,t,'iveii 

lui; kk;  - •2<>-.>r.:v )-.!»,   1 ..: ic^s.-is:.  =  -CTHt^.-w,    l.i;.;:j-i IH042    ■4'.>;}.Hh;i(). 

14.  If  ",  !',  '■  ve.irs'  purdiiuse  nm.st  he  paitl  fur  an  annuity  t«>  cim- 
tiniie  /(,  -111,  ."}/(  years  respectively;  shew  that 

a-     ('''  + 1>-  —  (/(.•. 

15.  What  is   the   present    wnrth   uf   a   pcrjx.'tual   annuity  i.f   £U) 
pavaMe  at   the  immI   cf  the   tii>t  year,  i'-Jn  at   the  cn.l  of  t'.e  seimid, 
£:i{>  at  tho  end   of   the   third,   and  .so  .m,   incrc.i.^ini.'  i'lo  c.icii  year;     / 
interest  lieing  taken  at  .'J  per  cent,  jicr  annuni  ' 

'Ci\    A  (^1  -  o.    /  ) 


1 ,  c  -d"      I 
A      '- 


CIIAITKi:    XIX. 


INK(^I   AMI'IKS. 


m 

m 


lili").      Anv    uiiaiilils'    "    i-^    s.iid  !>    1m-    ^iratiT    tli:i.n    aii'itlHT 

.[iiiiiititv    /-    wliri!    a    - /<    is    |Hi^iti\f;  lliiis    ■_'    is    i,'ivat.'f    tli.ili        .'\ 

Im'c.-uisi'    ■-'-(-;)),    <'!•  ■"•    is   lM)^iti\l■.  AIm)    />    is    .said     ti>    lie    !i'>s 

tli;iii     f   when  /'     "  is  iii'^atiM' :   tiiiis  ."i    is    Irss   tliaii       _',  liccausc 

.")      (     '2),  or       '■')  is  iirL,'ati\i'. 

1,1  aicnrdaiKi'  wilii  ttiis  ilftiiiil  inn,  /•■\>>  nnisl  K.-  i-.':.m  id'"!  as 
if' rat. T  tliaii  any  iicuativc  ijiiaiitity. 

1 11  till' iufsi'iit  .liaiili-r  \vc  shall  sii|i|Misr  ( iinl.'-s  the  .Miiiiary 
is  (lilf<-tlv  stated)  that  tin'  lelt.TS  alua_\s  (Iciicte  iral  ami  j,ir.ili\f 
(|uaiit  it  ii'S. 

•JM'i.       it"     •  /',  then   il    isesideiit    that 

II  +  C    ■  f<  -^  I'  ] 

II  -  c    ■  Il  -  <• : 

u  ■       L- ; 

"       ^' 
I*       <' 

that    is,    ((/(    iii'i/iiii/iti/    irill    still     li'il'l     ii/l' r     i'i''li     .">"/•    /<".v   /;"'// 
iiii-rnisii/.  iliiiiiiiis/ii,l,  /iiii//i/i/ii  i/,   or  ili'-ii/i'l  lif/  fill'   siiiiii    p(i>iiiNe 

tlUlllltlll/. 


I)V  fl<ldill''  (•  t  It  each  side. 


(f  -  (•  ;-  /i. 


II    II  '■  c  : 


wliieli   shews    tiiat    in    ii  n    im  ijiniUti/   in/i/   t>'nii   imii/hi'  tfunxjioaeii 

fllllll    I'lll'  sil/'     til   till'    utJll'l-    il'  its  Kll/ll    III'   '•/lltlli/''li. 


I  (Mil   e  \  nn  til  i  \  I.' 


that    is.    //'  t/i''    sl'/is    of  nil    iiiii/iiii/it^/   bf.   tritHHp(i!>rii,    t/if   siiju  vj 
iiii  i/niilit,/  must  /<-■  ri'i'i-rsn/ 


iNKo;  Ar.niKs. 


•200 


If  <l    ■  l>,    tlicii    ((  -   /(    is  i>iisiti\t'.    iilid    h      It    is    iicL;;iti\t'  ;    dial 
is,   —  (I-  {—  '>i  is  iicg,ili\c,  ami  tlifii-l'orc 

—  (I  ■    —  I) : 

hfiicc,  if  tin:  si'/iis  i)J  'ill  t/ie  f-ri>is  «'/   -'//,   tif  quiiht  1/  l»:  tlnunjiil. 
t/ii;  sijit  <i/'  ini  ijiKi/ili/  iitii!-f  li'-i  ;•/ i''7>' (/. 

Again,  if  (t    -  A,  tliiii  —  ((  •    -li,  .'inii  llii'iffnic 

—  (ir  ■    —  III'  ; 

tliat   is,    //'  thi'   ni'l'M   nf  im    in-  i/mili/i/  In-   iii"l/!/ili"l  lii/  ih-'  Miiif 
Hi'ijdlivi:  ijnniititi/,  tic:,  si'jit  i^l  iiut/intlif;/  must  In;  ri-nrsril. 


•JIS.      [f   ",-'6,   '(,    ■!>.,    ",    -  />,,    («,^  >  6,„.    it    is    .Icar 


tiiat 


and 


II  +11  -\  ii  +...+('     ■  li   '  I' .  I  li^-...  ^  /' „ ; 


(t  (t  It    . ..  a      ■  li  1)  h   ...  // 

1      _'     .1  m  ,      J     .1  * 


■J  HI.      If  '(  -li,  ami  if  ^<,  7  arc  [HP.^itiM'   intr^crs,  tlnii   ^'n   -^h, 

i         1  If 

(ir  «'    -  /-'  ;  and   tlii't    foic  «'    •  l>'  :   that,  i.>,  <i"  .■  h",  wlicrf  11  is  any 
positivf  (jiiant ity. 

Kurt  lift-,  --  ,„  ;  that  is  <i   "      l>  ". 

a        1) 

L'.")').      Tilt!    S(|iiar<'    iif    (Nfiy     i<al    i|iiaiitily    is    |"iMti\«,    anil 
thurofnrc  giviitcr  tlian  /cm.     Thus  ("     /-)■'  is  pnsitivf  ; 

.-.     ««■■-  -I'lh  ■  b'    ■  (J; 

.•.     II'  +  li'  ^  'liilj. 


Sinii!ail\ 


11 


tliat  is,   thu  nr'tliiiiflii:    imnti   of  tuo  jio.si/ir-    ijiiiinlifi' •<    o   'jnat'i- 
thmt,  tJi'lr  i/iiniiitric  iiuan. 

Tlif  int'inialit y  IxHonirs  m  f<inality  wln-n  the  (luanlitics  aic 
t'ljuai. 

2")!.  Tli(>  P'stilts  of  the  {)rfcc(ling  article  "ill  '><■  fonnil  \fvy 
ust'ful,  fsjK'ciiilly  in  tln>  rase  of  inr.iiialitii'.s  in  wliifli  thr  l.tt«-i-s 
are  invf)l\i'(l  .synnnt'tritally. 

u.  n.  A.  H 


:i(> 


iiiciii.K  .\i.<;i;i'.i!A. 


i^ 


IniiiipU   1.      If. I,  /..  ,•  ,lrii(itr  i.M.-iii\i' iiuiintitii.-,  I'lnv,' tliiit 
„■  .  /,■■ .  ,•-  .;.,■  •  ,„  ■  .,}■: 
,,,„l  '  ,„'  .  ;,'  ,  ,■■(   ./.,(/.  ■  .-,  .  .-.,(,■  •  ,1)  ■  ,:!■{. I  ■  In. 

For  /,^., ---/„.  iH; 

,■-  r  -/-    --J.-T. 
,1-  4  //-       2flh: 
wIk'Ikw  liv  iuMinMii  .;        Ir   ■  I--    ■//.■4r.;      .)/,. 

It  liiiiv  1m'     ,olic.  .1  lliiit   llii-  1.  -lilt  i-  tllh    f..r  .nni  I.  ai   v^ilii.  -  i.l  ./.  ''.  •■. 
Ai-'iiiri.  n.-iii  (II  '■'     '"■  •  '  -    ■'"■  >-'' 

r.v  uiiliiit'  .1(.\M.  ill.'  I  ^"  -iniil.ir  iiirqliHlitii-  ana  aiMin^'.  wr  olilain 
•J  („•'  .  /,■  ,  ,  ■)    .//.•  (/-  •  n  •  .  ,(  (,    ;  ,()   .  ah  {,1  ■  h). 

It  sh..nM  lie  (.Ip-.rvid  tliat  C'.l  i-  olitairicl  from  |-J)  liv  ititi  o.liicinr  tin' 
f,,,!..i  '.  ..  im.l  lliat  if  till:-  factor  l,c  m^^'ativf  the  inciiiality  i:'.)  -.vill  no 
l..ni'rr  li.ild". 

Fniiiijilr  •_'.  If  .r  may  liavr  any  r.  al  valm  lincl  wlii.-li  is  tlir  t'ltat.T. 
.r '  I    1  or  J      ■    1. 

.r'  +  1       (.r-  ♦  .!■)      .(  ■      .1-      (I-      li 
_  (./■-      1  I  ir      1  1 
(./■      I  1    I  (■      ll. 
Now   (I-        I)     i.>   I'o.-lIlM  .  In  111  1 

.i''   ■   1    .  -    oi    -     .1         r 
Hrcoi.lui;;  a-  ,r  ,   1   i^  poMliM    .  ir  in  ;'al  i\  t' :    1  hat  I.-,  ai  r.iiili:^;.'  a-  ..      nr  •         I. 
If.c  1,  ihc  iiiniiialils  1"  •■■'iiii's  an  I '|tialily. 

'_'.r_'.        l,ot     .(    aiiil    A    lio    lu.i    [.(.sltiM-    i|iialil  it  lo^.    >'    IIkmi-    sum 
,ini|  /'  llnir  ]pri.i|iii  (  .    tiim  t'lmii  ilio  iilmtitv 

I, (A      (.(•/>)        ("      /'I  . 


\\  r   1 1  a  \  1 ■ 


1/'       .s     -  (,(       /i(  ,    ,iihI    >■■        1/'  ■   {"       '') 


lloihT.    it'  >'    i--    -iMii.    /'  1'  L.'i''alr-(    will  II   .'      /' ;    ami    il'  /'is 
'■I  \  rii,   .S  Is  lra.>l   vs  In'li 

„       I.. 

that  i~.  ;■/'  f/i'-  >nm  >./  tir,,  jmsifirr  ,-,i'n>til'f  ■•<  !.■<  '/i  r.  n .  llnir  jinxhiH 
,s  <ir<<il.'sl  trh,  I,  tl,.]i  nrr  ,<jiiiil  :  alid  i/  ihr  j„:;hi,t  ti/' hm  j.unitive 
,j,iHli/i'S  is  ijii'ii,  th'ir  .•'HI,,  is  /'list  nliin  tl,>  j  <ii>   ojiki/. 


INKQIALITIKS. 


211 


LTi.'?.       Tit  fill'/  ihi'  iiratti.st  mlKf  nf  n  jrii<(iirt  llw  smn  nj  ii'liusr 
/(ictors  in  ran^lii lit . 

Lft    tlicn^    1m      '   factors  <».  h.  <•,   .      /■,    ainl    siipimM-   that    tlnir 
sinii  is  constant  and  cijual  to  x. 

Cnnsidi'i-  tlif  jiiDiliict  iilic  ...  /.-,  anil   suii]i(isi'  that  "  ami   '<  aii- 

any  two  iinc(|uai  factoi's.       If  we  rcjilarc  tin-  two  nnfi|iial   t'artuis 

<i  •  l>      II  ■  f>     ,  ,  1 

(»,  /^  liy  till-  two  ciniai  lactois      _—  .        ^       t  he  ]i|-o(hl(t  l>  mrrrasfU 

while  the  sum  iciiiains  unaltered  :  hem  e  .s«>  /nni/  n.i  tin-  j>r<i'/iirf 
cnnfiilii.s  (in)  n/i'fjiKi/  j'(ic/(>i:'<  it  ran  lie  imri n.'O'l  wil/iinif  tilti'rui'j 
t/ir  niiiii  nf  iJie  j'lirtors  ;  tlierefoi'e  tiie  jifoiluet  is  ^.'r'eateNt  when  all 
tll<'   factors   aiv  equal.       Ill    this   case   the    saliie  of  each  of   the  )i 

factor's  is        ,  and  tiie  ;;|-eatest   \alHe  of   the  ])io(luct    is  (      ) 
/*  \n/ 

fit  *  h  V  c  ^  ...  ^  k \  ' 
\  n  J 

( 'oi!.      If  ",  A,  c,         k  are   nneiinnl, 

c 

If.  )  /'  (  c  t   ...  1  k 


or 


l>  -'■■■■■  +  k\" 
n  J 


tliat  is 


n 


i'l/ic  ...  k)' 


liV  an  extension  of  the  meaning;  of  the  terms  n ril/iniftir  iii>an 
HHil  'j'oiii'.lric  iiiiiin  this  result   is  usually  iploted  a>.  follow.-,: 

(Iir  (trit/uH'tic  irteoii  nf  miif  iiiiiiilur  cj  jmsitirr  ifiiuntili'  .s  i,-<  i/ruiO  r 
than  tlo:  ijintii'tric  imau. 

K.r,niipU:     Slicw  thiit  (1 -■■-"■.  :»'' t        •/('')"    ■ii"(.ii)''. 
where  r  is  any  real  ciuaiitity. 


Siiict! 


n 


\ 

„r,ii 


/  F  *  •2''  '  '^^  -i        i  >'•■  \ 

■■{'  '  "      ; 

whence  we  obtain  tlic  result  retiuired. 


•F.2"..>"  ;(",  liiiil  1.-,,     '{,") 


It—. 
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1.^   '■; 


i 


•J."il.       '/'i,  ihid  ill''  '/i-'ii/rst  nihii;  <•/ n"']i"r'...  ir/ini  a  i  1>  ^  c  (   ... 
in  con.s/ii)i' :  lu,  ii,  |i, ...  I»l>i(j po»itive  inteijerx. 

SiiiH'   ia,   11,  ji.        art'  (•oiistants,   tli.    fxpicssion  '/"'//',•''...    \s 
1.1:   j,'iva1.'.st    wli.'ii   {'^')     (']    y)  ...    is   -ivatcst,       I'.ut    tliis   la.st 
f.\I)n's.siini  i.s  llic  iHDiliirt   of   m  -  h.  \  p  i   ...  factors  wliosf  sum   is 
ia("\  :  '*()  +  /'(')  ■   •■'"'■  't-i  />^c-  ...,   and   tlifrcf(.r<;  con- 
stant,     llcnoc  <rij"c'  ...  will  lit-  ;,'rcattst  wiicn  tiio  factors 

a       h       c 
111       n       J) 

aro  all  ciiu.il,  tiiat  is,  winii 

,(        b       r  (I  I  I)  +  I    •   .   . 

1,1       a      ])  111  +  71+ J)  +  ... 

Tliiis  tin;  groatt'st  valiu'  is 

h  +  ci         ^'"""• 


/a  +  l>  +  r  I    ...\'"""" 

III   nii'...( I 

\in  +  It  *-  JI  +  .../ 


llnuiii^t, .     Fiiiil  tliu  ^'iiiitLst   valui;  of  (,(-t  x)'(<i     ./)'  tor  uny  ic^l  viiUie 
of  .r  miiiicricnUy  less  tliiiii  a. 

Tlic  Kivfii  I  xiiriHsioii  is  ^'lvlltt•st  wluM  (  '    .!      )    (     .j     ]    J>  ^'''t'utesl ;  Imt 

/"  '  -''^       .  /"     •''\  •> 

the  Mini  v[  llnj  factors  of  tins  e.ximssion  is  .'i  I      .^     i  '       I     .1     J  '  *"'        " 

hfnc  (n  f  ..) '  ('I     ■'■)*  is  Kii'atc.-l  nvIrii  '   .^     -^  '    ^ '   ,  or  x -  -  ^  . 
TliUh  tliL' t^rtutcst  viiluo  is  «■. 

!.'.■■>;"•.  Tin-  (Ictrrnii'iation  of  iiio.iiiinuii  and  /////n'//t"?/t  '  aluos 
may  oftfii  lie  nn.ic  .simpl)-  flifrtod  l.y  the  solution  of  a  .juad- 
ratii-  i'<iuation  tlian  liy  tin-  foir-uioL;  un'tliods.  Instamt-s  of 
tlii.s  liavc  already  ociiiricd  in  t'liaji.  I\.  :  we  add  a  furtliiT 
il  lust  i"it  ion. 

y-.'.nim/)/< .     Divide  an  Olid  uiti'Ktr  into  luo  inUgruI   imits  wliose  jnoduct 

is  a  !!!aX!!!!ll!!!. 

Denote  tlie  integer  l)y  2;/  •  1  ;    the  t'vo  jiiirt-  liy  .r  and  'iniX     .r ;    and 
the  i.roduct  hy  ;/ ;  then  (2h  f  \)  .r     s'^-ij  ;  wlieiit. 
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but  Uif  luautily  iiuJur  lli'"  rmliiiil  must  !"•  i)ii>ilivi',  nml  tlicrcl'cic  ij  I'aiiiuit 

be  Kreiiter  tliiiu  ,  (2m  +  1)-,    r  ii'^  r  it -,     ;  uiid  .since  y  in  iutf^ral  its  grcatt'st 

value  must  Ixi  n-  f  ii ;  in  wliich  case  j-  -  »  +  1,  or  ii  ;  tluH  thi'  two  parts  arc  n 
and  n-rl. 

-'>•">.      SoinftiiiM'S  wf  niiiy  u.^*-  tlif  following  inctliod. 


Kxdmplf.     Find  tlic  niininiuui  value  of 
Put  c  +  x-; 
tlio  exi)res>i<)ii 


{a  rj)(h\x) 


Put  f  +  x-ij  ;  then 

("    '■  +•;/)  (''    '■  t  //) 
!/ 

y 

(J (a  ■,)[l,     .) 


V  IJ  \  (I      !■  t  '<      r 


■■;/\     '  .,      .•■  ,  /,      ,•  i  •_'  J(,t      ,)(•,     X). 


Hcnee  tlic  exjiression  is  a  luininnini  wln-n  the  siiiiai"'  term  is  zcrii;   that 
is  wlien  ij  ~  J(ii     <■)  (''     ')• 

Tluis  the  mininiuin  value  is 

„     .•  ■  /.     ,■  ••i^'c     '■)(''     '■)■ 
and  the  correspomliuK'  valiif  i.C  ./■  is  ^  (.<     r)  (/,  -  r)     .-. 


EXAMPLES.    XIX.  a. 

1.  I'rc.Vf  that  {<ih  I  .r>i)  ni.r  +  lij/)   ■i-iluy. 

2.  I'v.tvo  that  (A4 '■;('■  +  "    "  +  '')  •'^"'"■• 

3.  Show    that    tlio   .sum   of  .my   le.il    jiuNitivt!  «iuaiitit\'   and   iti 
icciprocal  is  never  less  than  '2. 

4.  If  ii'-  +  h--    1,  and  ,'-+//-      1,  shew   that  <i.r  +  lu/-    I. 

5.  If  ,i-  +  l,-  +  >-     1,  and  y-+f  +  :--\.  show  th.it 

ti.r  +h>/  +  r:  '    1. 

/.  I -f  /. 

6.  ir  <(   ■  '',  ^Ik'w  that  a'//''  -- .»''/-",  suid  lo;^'^^  -   lug  . 

7.  ."^how  that   U'-j/  i>/-:-i~-.r)  (xt/--i-i/ :-  +  :■'■'-;    •  ;».'''-y':-. 

8.  Find  whicli  is  the  grcitor  ^ili-  ^>r  <r  +  -2l': 

9.  i'rove  that  fri>  +  alf'  '  «'  -i  i>\ 

10.  I'rove  tliat  Gain-  ■--  he  (/>  +  <■)  +  m  (r  +  a)  +  'ib  (n  \b). 

11.  Shew  that  /•-'■-'  + 1 -rf-  +  <'"h'  -  alu:  (u  +  l>  +  r). 


r!  ■• 
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12.  Wlii.h  i-  th.'  -ivat.T  .'-■■  ,.!■  ..-'  +  ..•+- -2  f-'f  1H.,-Iti\v  vahi.'s  ..f  .vt 

13.  Shi^w  that   ./■'' 1  i:?"-'-    •.■>"/•-»'.>■'■•.  it  .'■  -  "■ 

14.  Kiinl    tin'   mc/it.'-f   valur  -f  r  ill   "nliT  th.it    T.-'+H    niay    l.<- 
^Tcitcr  tliali     I  ■  +-  17.C. 

15.  Fma  tlic  lumiiimin  valu.'  of  c-' -  lii.'-f^Xi,  aii.l  tli.'  iiiaximmii 

VallK-nf    -H.r    -H       'JX-. 

16.  Shew  tliat,  (/»)■-■  /'",   alitl   -J  .  1  .  (k  ..l'/'  -    '"  fl   "• 

17.  .^licw  that    ,/•+.'/  +  ;'    ■•27.1-'/:. 

18.  Slicw  that    /(»    -  I  .a. ')...  :i/(      1  . 

19.  If  )i  li.'  a  iMi>itivc  int<"_'('r  ^^Tctt;  i  tliaii  -2,  .sli''W  tli.it, 

^  ■    .;  li"    -If/*  V-"     '• 


20. 


Slicw  that   (./'V'  ■    /'"{      .,      )     • 


21.  ShfW  that 

,li     .'.,•+,'/  +  :/'   -  21  •!/  +  :     .'■}{:  +  ■'■     ;/){■''+."--)■ 
■-)    ■'.''-  "('//  +  -    •'•)>-  +  ■'■    ,'/)  .'■  +  '/;>. 

22.  Fili'l  'li'    inaxiliiuiil  \ahlr,.f  (7      .-)'  ,•_'-*-.'■   •  v\h.-ii  ./  lirs  lK-t\v.-<>li 
7  ;rtiil        -■ 

..    :>  +  .r'2+.r 


23.       I''ili'l  thi'  liiililliiUlu  \ahn-  i>t 


1+. 


^i 


■»         ■ 

5 


*"J.">7.       7'i>   /irari-    thtit    if   ;t    '<»./    h    <//■'■   jmsitiic  mnl    iiiiiiiiin/, 

■i'"  I  1)'"  'i  •  \)\'"  ■  •  •         • 

.  /  '  I    ,  ixci  jit  irht  II  111  '.V  ('  j'lisiliff  jiriijii  rfni'-tioii. 


iii   >  l>       II  ~  li  •,'"       /(»  -  /'       <i    -  /'  \" 


and 


hill.!'"       '    is    less    than    "  \  ',    w"'    may    cxpaml    cath  <it'    flicse 

,  rt      /'        I   .  Ill 

cxiufssidns  in  ascciulini,'  iMiwcrs  ot      ^  [Art.   IM.j 

,r  ■  li"    (II  ■  i'\"    '"  ("i - 1) /"  ^  /'Y""'  /""  j!:V 

•  ■        •_•  \    -2     j     ^       \  .-2       \    -2    J        \    -2    J 

m  (,ii  -l)(ia-  2)  (/a  -  :'>}  (<>  f  hV'  *  /"  -  ''V 

l.J.;5.4  \    -2    J       \    -2    )       ••■• 


INK(M' Mil  IK^.  -I> 

(1)      If    /;(    i-,    .1    jMi-iiiM'    iiii>-.r.   (.1-   .iiiy   iH",M(i\  i-  .|uiiiiiiy. 

Jill    til.'    t.TIl,^   Mil    llic    ll-llt    .11. ■    ]M.Mll\.'.    -Ml. I    !l|.Ti't'..r.' 


Cji       It"     ,„    i>     |,M^ili\.'    .iiiil    Ii'-s    til. Ill     I.    .ill     till'     t<-iiii>    ..11 
th.'  ri'.'lit  •■it'i.T  111''  lii>'  .ir.'  iirL:.iti\<'.  ^iiiil  tlici.'tMiv 


„■■■   .  /,-       /'/   •  /.   ••' 


(i;.       It    III        1    Miiil    |i..--ili\<'.     |.nl    /'/  «  li'if  " 


lure  /(  •    1  ;    '  li'Mi 


I  I         > 


(    ..    I 


(■■'. 


1  i  1 


*  '    ,   li\    I  J  I  ; 


(■■  ;.'■ 


,('"  .  /,"  '"    II  t-  /( 

„■■■     .     /,-'  /,-     .     //N 


.;■) 


Ilfiiir     till'    |irn|Misil  iiill     i--     i--t:ilill^ll 

iiiriiii.ilit  V  In  iiiiiics  .III  ii[ii,ilii  y. 


It  ///     1>,  "I-   I.  Ill- 


.„..,///■;■,     ,/ll,l  llf'l/l'  ■•<    .1.     1'.    '■.  h,    ''" 


■  k\' 


^'"•■''■" ■    ■'"'  -C  ) 

II  V  1  / 

iiiili^s  ii:   IS  II   iins'liri   iii-iij  ■  r  J rui'lii'ii ■ 

SujilM.s.-   1,1   lM   li.lM'aiiy    V.ltur  lint    l_\in-   I..'lur.-U   H  .-.1111     1. 

Cmsiil.T    til..    .•xi-iv.^i.-iL    "■■■  •  ''"  ■  '■'"  ■            '■■'"•    •""'    --"I'l"'^'! 
tli.'it  a  aii.l  /-  .'ii-.-  unr<,u:il  ;   it'  «•■  i-j.l.i...  <>  -.nA  A  l.y  t!>..  1« jUil 

.,u;i.ititi,.s  ";/'.";/'.  til-  v.il. f  "  •/'  •  '■  '    .   .   ■'•■   n-iiiainsnu- 

■'  i  ,  k'"  is  (liiiiilii>ln'il,  '•iii.ir 


;ii  ifi  fu. 


1     ..*       4l 1 *'     ,,■■'       .       /.'" 
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i    ■    : 


HfiMf  SI  I  Imii;  .IS  ;iii_v  two  I  if  till-  ijll.ilit  itirs  <i,  //,  f,. .  fc  aiT  UIic({U;il 
till'  <'\iiii-ssinn  ""  •  //"  t- (■'"  •  ...  •  /■'"  I'jiii  Ih'  (liiiiiiiislii-(l  without 
alti'iiii;,'  tlif  v.tlm-  of  d  >  h  ^  c  '  . ..  *  /' ;  and  tlifi'ct'orf  tin-  value 
of  u"' -^  fi"  '  '•"  ■+  ...  •  k'"  will  111'  li'ast  wlirii  all  tlic  ipiaiit  it  ics 
",  /',  c,..  k  ail'  r(|U.il.       In  tills  lasr  I'.icli  of  llii'  (juantitii-s  is  I'ljual 


to 


(«  +  //  ^  r  ^  ...  +  k 

and  till'  \alnrof  (('"  i  //"  i- c"' +  ...   i  k"'  then  Ih'cohh's 

Oi  •  h  +  c  '    . ..   ■  k  >'" 


lli'mc  wlii'M  (I,  li,  i\      k  ail'  iiiii'ijiial, 

<r  •  /r  i ,'"'-,  ....  k"'     Ai  w< .  o  f ...  .  /.■ 


If  ///  lii-s  lii'twi'i'ii  (1  and  I  wr  may  in  a  similar  iiianniT  ]>ro\p 
thai  ihi'.siiiM  of  ini'ijiialit  V  in  tin'  al>oM'  ii'sult  must  lie  ri'\  t'lsi-d. 

'i'lii'  jiio|iosit'    n  iiiav  111'  statrd   M'lliallv  as  follows: 

77/1'  (I  nlli  III)  I  ir  iiliilii  iif  tlir  111'''  iniiri  rx  iij  \\  linstttV'  il>t(l)ltltli\-< 
IS  (//■iiifir  //mil  till'  111"'  iiiiin  r  iif  llii'ir  iiritli  iii'  In'  nuiiii  III  nil  riix's 
i.ii-r/il  irliiii   111  lii.^  Iirlir,'!  II  (I  miil  1. 

*L'.''.t.       //'a  (I  ml  1)  iirr  jn'si/irr  i  iili  ijir.t,  n  ml  -.x    ■  li.  inul  il  \  fi>'  ti. 

jKisifli;'  (/iniiiti/i/.  (   1     '        )      ■('"*"   I    )  • 

t  lu'  srrii's  roiisistiiii,'  of  ((   •    1   trriiis;   and 
tilt'  series  eoiisistini,'  of  II  .  1  terms. 

After   the   seeond    tes-Mi,  i-n-}i    t;-;;;!    of    ,  !  )  i^    =r,.e:i*.-r    thai;    t!'o 

eorrespondiiij;  term  of  (•_';  ;  moreover  the  iiiiiidK-r  of  terms  in  (1> 
is  irirater  than  the  numlier  of  terms  in  ('_')  ;  lieiiee  the  projMisitiou 
is  estalilislied. 
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•2b().     luj,nn;:tl,<it       /   ^       ^    '  a/  j  _  J^,  - 
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